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Structure of the tutorial

® Session 1:
v Introduction to inverse problems & sparse models
v Sparse recovery:
v Pursuits

® Session 2:

v L1 recovery guarantees

+ Coherence
+ Restricted Isometry Property
+ Null Space Properties

lrrzia —~

vendredi 19 octobre 12



Inverse problems

Nonlinear
Approximation =

Sparse recovery

Courtesy: M. Davies, U. Edinburgh

~
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A

Signal space ~ RN

Linear
projection

/) #

Observation space ~ RM

M<<N

Set of signals of
interest
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Exact recovery conditions for L1

I
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Proved Equivalence between LO and L1

 “Empty” theorem : assume that b = Ax

v 1if I[Zollo < k()(A) then XLy LES

izl < ]{Tl(A) e CE‘T
v where ;= argAmiil |||,
L=—AT()

e Content = estimation of ky(A)and k;(A)

v Donoho & Huo 2001 : pair of bases, coherence

v Donoho & Elad 2003, Gribonval & Nielsen 2003 : dictionary, coherence

v Candes, Romberg, Tao 2004 : random dictionaries, restricted isometry constants
v Tropp 2004 : idem for Orthonormal Matching Pursuit, cumulative coherence

~
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Recovery conditions based on coherence

e Convention: normalized columns |a;||2 = 1
® Definition: coherence of dictionary

#(A) := max [(a;, a;)
17 ]

® Theorem:
v Assume that

v Then

/ :
+ minimizes,the LO and L1 norm among all solutions U to the linear inverse
problem Ax’ = Ax

+ k steps of OMP performed on b = A xrecover &

&Z’Zt’a/— R. GRIBONVAL - SPARSITY & INVERSE PROBLEMS - JAP 2012 OCTOBER 2012
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Restricted Isometry Constants (RIC)

e Definition: smallest ; such that for any k-sparse «

Azlf;

|
1 —op <
| (|5

<1+ 9

e Computation ? nel il <k

A

N columns

/i\

0 :=  sup
#1<k, cERk

N

|:l:| AI max over B

N — k)] subsets |

A rell|3

lell3

® NP-com plete [Kloiran & Zouzias 2011, Tillmann & Pfetsch 2012, Bandeira & al 2012]

® Can be estimated for certain random matrices

i

_1'

vendredi 19 octobre 12



Recovery conditions based on RIC

e Definition: RIC of dictionary of order 2k

v for any 2k-sparse vectorz
(1= dar)[I21l5 < |A2[|3 < (14 da1)l2]15

® Theorem:
v Assume that

v Then

+ L minimizes the LO and L1 norm among all solutions 517 to the linear inverse
oroblem Az’ = Az

&ZW R. GRIBONVAL - SPARSITY & INVERSE PROBLEMS - JAP 2012 OCTOBER 2012

vendredi 19 octobre 12




In fact ... we will see that

Incoherence

| recovery for all k-sparse vectors

L

”~
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Null space

® Null space = kernel

z € KerA < Az =0

¢ Particular solution vs general solution
v particular solution

Ax=Db

v general solution

Az =b e ' — € KerA

Laniea.
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L1 recovery for a given support [/

® Notation

v restriction of vector zto indexset/ <] — (Zi)iEI

® Theorem 1 [Donoho & Huo 2001 for L1, G. & Nielsen 2003 for Lp & more]
v Assume the «Null Space Property» for a given support /

NSP() | [zl <lzlh/2 Ve € KerA\{0) |

v Then: for every vector £ supported in |

r = argmin ||Z||; s.t. AT = Ax
X

v Sharpness: if NSP(/) fails there is at least one failing vector x
supported in /

. ~
\(ezia—
\
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NSP(/) is necessary

e Assume there exists z € KerA\{0} with ||z7||1 > ||z][1/2
e Define b e A_ZI p— A_(—Zlc)
e Observe that |[zr<|l1 = [|z]l1 — ||z1ll1 < [|21]]1

® The vector 27 Is supported in / but is not the minimum
L1 norm representation of b

Laniea.
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NSP(/) is sufficient

e Consider = with support set /andz’ # = with Az’ = Ax
e Denote < := v — 1 € KerA\{O}

v By NSP())we have ||zr<||1 > ||21||1

v Moreover we have

lz'lly = llz + zly = [[(z + 2)7lls + [[(z + 2) 1

1

lrrzia —
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NSP(/) is sufficient

e Consider = with support set /andz’ # = with Az’ = Ax
e Denote < := v — 1 € KerA\{O}

v By NSP(/) we have HZIC

1> |2zl

v Moreover we have

1
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NSP(/) is sufficient

e Consider = with support set /andz’ # = with Az’ = Ax
e Denote < := v — 1 € KerA\{O}

v By NSP(/) we have HZIC

1> |2zl

v Moreover we have

2|1 = ||z + z||1 = [(z + 2)1|]1 + ||(x + 2)1¢ )1
— CE’"‘Z[ 1 T HZIC 1
> \lz|li — |z1l|1 + ||z1< |1

lrrzia—
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NSP(/) is sufficient

e Consider = with support set /andz’ # = with Az’ = Ax
e Denote < := v — 1 € KerA\{O}

v By NSP(/) we have HZIC

1> |zl

v Moreover we have

lz'lly = llz + zly = [[(z + 2)7lls + [[(z + 2) 1

1
= ||lx 4+ z1||1 + ||21<

> ||zl — llzrll +

1

21

1

lrrzia—
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From “recoverable” supports to “sparse” vectors
=P e e
{1,2} I

U<z 3 L \\\\\
@/{2} |

Trellis of supports
i [1, V]

{N}




From “recoverable” supports to “sparse” vectors

" g
”
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From “recoverable” supports to “sparse” vectors

“BA

supports™

[1, V]

L~

il = ||zlo

\ { N} Recoverable supports

are nested NSP(/)

—>




From “recoverable” supports to “sparse” vectors

< 1< 3}

2
@<{ } Trellis of supports
|
Recoverable supports
{N } are nested NSP(7)

“Bad\‘

supports™

[1, V]

i |
Sulliclently sparse, |I At least one failing support
guaranteed recovery

&, W .
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L1 recovery for a given sparsity k

® Notation

v [k — shorthand for index of k largest entries of vector z

e Corol Iary 1 [Donoho & Huo 2001 for L1, G. & Nielsen 2003 for Lp & more]
v Assume the «Null Space Property» for a given sparsity k

NSP(k) [ lzr |1 < ||2]|1/2 Vz € KerA\{0} j

v Then: for every k-sparse vector &

r = argmin ||Z||; s.t. AT # Ax
xXr

v Sharpness: if NSP(k) fails there is at least one failing k-sparse
vector x

&’1/7/0/.
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Interpretation of NSP

® Geometry in coefficient space:

v consider an element z of the Null Space of A
v order its entries in decreasing order

A

‘)

k
v «mass» of the k largest terms should not exceed that of the tail

lzr lln < lzl1/2 = |2l <ler

1

Null space vectors must be “flat”, not sparse

lrrzia—
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Sparsity measures «between» LO and L1 ?

Flan)

® Lp-norms  [lz[5:=) |z, 0 <p <1 A
k
e f-norms! lzllf = flax)
k P=O
® Constrained minimization >
Lk

1 = 2%3(b,A) € argmin |[z||; subjectto b=Ax
X

® When do we have 7;(Axg, A) =z ?

lrrzia —
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NSP for sub-additive sparsity measures

® Theorem 2 (c. c nieisen 2003
v Assumption 1: sub-additivity (for quasi-triangle inequality)

fla+0) < f(a) + f(b),Va,b

v Assumption 2:

NSP(L) |zl < llzll;/2 V2 € KerA\{0}

: x :
v Conclusion: Zl?f recovers every I supported in 1

v Sharpness: if NSP fails on support / there is at least one
failing vector x supported in /

&’zﬂ/a/—
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NSP for LO:
|dentifiability of sparse representations

e Case of LO: identifiability

v LO min = guaranteed unique sparsest solution if
+ elements in null space have at least 2k+1 nonzeros
+ equivalently: every 2k columns are linearly independent

k 2k+ |

k= llzrllo < llzrgllo

lrrzia —
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Stability and robustness

I
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Need for stable recovery

Exactly sparse data Real data (from source separation)

'&’7°/'a,-!
21
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Formalization of stability

e Toy problem: exact recovery from b = Ax

v Assume sufficient sparsity |z]lo < kp(A) <m

v Wish to obtain z;(b) = x

® Need to relax sparsity assumption
v New benchmark = best k-term approximation

—  inf _
ok () ||;|ﬁgkux Y|

v (Goal = stable recovery = instance optimality of order k

|z, (b) — x| < C- op ()

[Cohen, Dahmen & De Vore 2006]

lrrzia —

22

vendredi 19 octobre 12



Stability for Lp minimization

e Assumption: «stable Null Space Property»

4 D

NSP(kpt) | [12ncllp < t-[l2rgll; V2 € KerA\{0}

\. J

e Conclusion: instance optimality for all x
I+t

|z, (b) =zl < C(t) -ox(x), C):=27—

® Sharpness: stable NSP is necessary

[Davies & Gribonval, SAMPTA 2009]

i
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vendredi 19 octobre 12



Robustness

®* Toy model = noiseless b=Ax

® Need to accountfornoise b = Ax + e

v measurement noise
v modeling error
v numerical inaccuracies ...

® Goal: predict robust estimation

|z (b) — z|| < Cllef| + Coy ()
® Tool: stable + robust NSP (cf. Foucart & Rauhut book)

Laniea.

24
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Comparison between algorithms ?
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Recovery analysis
for inverse problem b = Az

® Recoverable set for a given “inversion”
algorithm

® | evel sets of LO-norm
v 1-sparse
v 2-sparse
v 3-sparse ...

/

{x = Algol(Ax)}

D

26
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Recovery analysis
for inverse problem b = Ax

® Recoverable set for a given “inversion”
algorithm

e | evel sets of LO-norm

v 1-sparse
v 2-sparse
v 3-sparse ...

”~
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Recovery analysis
for inverse problem b = Ax

® Recoverable set for a given “inversion”
algorithm

e | evel sets of LO-norm

v 1-sparse
v 2-sparse
v 3-sparse ...

”~
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Comparison between algorithms

® Theorem: recovery conditions based on number of
nonzero components ||z|jo for 0 < ¢ < p <1 satisfy

kenp (A) < K1 (A) < kyp(A) < ko(A) < ko(A),VA

: Proof
e Warning : -

v there often exists vectors beyond these critical sparsity levels,
which are recovered

v there often exists vectors beyond these critical sparsity levels,
where the successful algorithm is not the one we would expect

® How do we estimate these sparsity thresholds ?

[Gribonval & Nielsen,ACHA 2007]

lrrzia—
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Explicit guarantees ?

I
hm—- R. GRIBONVAL - SPARSITY & INVERSE PROBLEMS - JAP 2012 OCTOBER 2012-

vendredi 19 octobre 12




Signal Processing Scenarios

® Range of “choices” for the matrix A

v Dictionary modeling structures of signals
+ Constrained choice = to fit the data.
+ Ex: union of wavelets + curvelets + spikes

v «Transfer function» from physics of inverse problem
+ Constrained choice = to fit the direct problem.
+ Ex: convolution operator / transmission channel

v Designed / chosen «Compressed Sensing» matrix
+ «Free» design = to maximize recovery performance vs cost of measures
+ Ex: random Gaussian matrix... or coded aperture, efc.

e Estimation of the recovery regimes

v coherence for deterministic matrices
v typical results for random matrices

V7 P
30
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Example 1: Multilayer Audio Decomposition

® Audio = superimposition of structures

:~ W

b= (O}

4

® Model = Gabor atoms gs.-¢(t) := Lw (t —

o [

n -

TRYTT TG T TR TR T aNrEEITAT
: LY | J A LT 45 o

- o w Vi antien
. o B e TR
= 30 s o
¢ 4 18 T St

3 A ¢ eneReAed
) X - vityy e

R
's'::‘;.\\:':i
ety

. ~ - ~ . ~ - - -

transients = short, small scale
v harmonic part = long, large scale

lrezia—

ictionary matrix:

NE S
A, = {gsn,Tn,fn (t)}t

(A=[A...Ay] |
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Example 1: Multilayer Audio Decomposition

v transients = short, small scale
v harmonic part = long, large scale

o Model = Gabor atoms  g,.».;(t) :i= ——uw (t — T) e2imft

NE S
* Dictionary matrix: A, = {gs, + 1 (t)}

(A=[A...Ay] |

31
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Caricature of two-scale Gabor dictionary

N=2m

e Dirac-Fourier dictionary A = m

2imnt/m

On (1)

€

31~

® Coherence u=1/\/m

® Sparsity thresholds #wp(A) > 0.5¢/m

| eniss. |
‘ 32
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Example 2: convolution operator

® Deconvolution problem with spikes

b=hxx+e
v Matrix-vector form b = Ax + e with A = Toeplitz or
circulant matrix [A4,..., ApN]

[A’I’L (’L) p— h(’L — ’n,)] by convention HAHHS — Zh(l)2 =1

v Coherence = autocorrelation, can be large
— ATA, = hx h({
po=max Ay, Ay = max hx h(l)
v Recovery guarantees

+ Worst case = close spikes, usually difficult and not robust
+ Stronger guarantees assuming distance between spikes [Dossal 2005]

v Algorithms: exploit fast convolution to apply A and adjoint.

. ~
\(ezia—
\
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Coherence vs RIP vs NSP
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Tools that we can use

Incoherence

Stable Lp recovery for all k-sparse vectors, for all p<=|

”~
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How small is the coherence ?

® Orthonormal basis A =B B'B=1d,,
p(A) =0

® Orthonormal basis + some unit vectors A = B;C
p(A) = 1/vm 1+1/w)/2 5 vVm

® Welch bound: A ¢ R™*YN with unit norm columns

u(A) > \/ mjsz__ml)

Laniea.

36
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RIP from coherence

* Lemma
v Assume normalized columns [ Aill2 =1

v Define coherence [ = max Al A
i7]
v Consider index set | of size § <k

v Then for any coefficient vector C & R’

| (b 1y < VAT

<14 (k—1)u

5
v In other words Iel|2

&Zm— R. GRIBONVAL - SPARSITY & INVERSE PROBLEMS - JAP 2012

vendredi 19 octobre 12
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Coherence vs RIP

e Deterministic matrix, such as . ® “Generic” (random) dictionary
Dirac-Fourier dictionary [Candés & al 2004, Vershynin 2006, ...]
N 5 k
" A [ 7
i o Isometry constants
5 (t) 1 62z'7rnt/m if m > CklOgN/k

® Coherence

p=1/ym

then P62 < V2—-1)~1

Elad & Bruckstein 2002] [Donoho & Tanner 2009]
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Compressed sensing

® Approach = acquire some data y with a limited
number m of (linear) measures, modeled by a
measurement matrix M: b= My

e Key hypotheses

v Sparse model: the data can be sparsely represented in a
known dictionary ® : Yy ~ Px, with ox(z) < ||z

¢ Overall matrix (A = M® ) is «incoherent»: oz (A) < 1
leading to robust + stable sparse recovery

® Reconstruction = sparse recovery algorithm

biria—
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Compressed Sensing: key requirements

e Sparse model= dictionary P

v need to «fity» the data
+ does not always exist: e.g. white Gaussian noise cannot be sparsified!

v dictionary design:
+ expert knowledge
+ dictionary selection from a library (wavelets, curvelets, Gabor, ...)
+ dictionary learning

® Measurement matrix M

v physically feasible: hardware implementation!
v recovery guarantees: incoherence of M ®

e Efficiency:
¢ fast computation of M®y, (M®)’'b

&’7 o/’a/—

40
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Compressed Sensing: when is it worth it ?

® Worthless if high-res. sensing+storage = cheap
I.e., not for your personal digital cameral!

e Worth it whenever
v High-res. = impossible
+ no miniature sensor, e.g, certain wavelength
v Cost of each measure is high
+ Time constraints [fMRI]
+ Economic constraints [well drilling]

+ Intelligence constraints [furtive measures]?
+ Constraints on data flow

v Transmission is lossy
(CS=robust to loss of a few measures)

| Gr2ia
| 4]
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Example : single-pixel camera, Rice
University

single photon detector
Low-cost, fast, sensitive — =
optical detection Y )>

PD
)‘)\> A/D
Xmtr

Compressed, encoded
image data sent via RF

(DLP.

Image encoded by PMM PMM for reconstruction
and random basis M_LU < <
Y DSP
S Recvr
Random pattern on DMD array Image reconstruction

| breia—
42
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Stability & robustness from RIP

[Candés 2008] l I \/55/(1 — 5)

e Result: stable + robust L1-recovery under assumption that
o (A) < V2 —1~0.414

Foucart-Lai 2008: Lp with p<1, and dor(A) < 0.4531
Chartrand 2007, Saab & Yilmaz 2008: other RIP condition for p<1

G., Figueras & Vandergheynst 2006: robustness with f-norms

Needell & Tropp 2009, Blumensath & Davies 2009: RIP for greedy algorithms

R

”~
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Is the RIP a sharp condition ?

® The Null Space Property
v “algebraic” + sharp property for Lp, only depends on KerA

[Davies & Gribonval, IEEE Inf.Th. 2009]

" g
”
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Is the RIP a sharp condition ?

® The Null Space Property

v “algebraic” + sharp property for Lp, only depends on KerA
v invariant by linear transforms A — BA

> BA

A
RIP(k,0.4) ] NSP(k, /?)

[Davies & Gribonval, IEEE Inf.Th. 2009]

lrrzia —
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Is the RIP a sharp condition ?

® The Null Space Property

v “algebraic” + sharp property for Lp, only depends on KerA
v invariant by linear transforms A — BA

e The RIP(k, 0) condition

> BA

A
RIP(k,0.4) ) NSP(k, /P)

[Davies & Gribonval, IEEE Inf.Th. 2009]

biria—
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Is the RIP a sharp condition ?

® The Null Space Property

v “algebraic” + sharp property for Lp, only depends on KerA
v invariant by linear transforms A — BA

e The RIP(k, 0) condition

v "metric” ... and not invariant by linear transforms

> BA

A
RIP(k,0.4) ] NSP(k, /?)

[Davies & Gribonval, IEEE Inf.Th. 2009]

lrrzia—~
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Is the RIP a sharp condition ?

® The Null Space Property

v “algebraic” + sharp property for Lp, only depends on KerA
v invariant by linear transforms A — BA

e The RIP(k, 0) condition

v “metric” ... and not invariant by linear transforms
v predicts performance + robustness of several algorithms

> BA

A
RIP(k,0.4) ) NSP(k, (P)

[Davies & Gribonval, IEEE Inf.Th. 2009]

lrrzia—
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D

Phase transitions for Gaussian A

L1 fails with
high probability

45

m > Cklog N/k

P(dor <V2—-1)=~1

N m
"~ 2elog N/m

ki1(A)

[Donoho & Tanner 2009]
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Phase transitions for Gaussian A

L1 fails with
high probability

45

m > Cklog N/k

P(dor <V2—-1)=~1

m

A) =~
kL (A) 2elog N/m

[Donoho & Tanner 2009]
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Phase transitions for Gaussian A

L1 fails with
high probability

m > Cklog N/k

P(dor <V2—-1)=~1

m

A) =~
kL (A) 2elog N/m

[Donoho & Tanner 2009]
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Excessive pessimism ?
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Recovery analysis
for inverse problem b = Az

® Recoverable set for a given “inversion”
algorithm

e | evel sets of LO-norm

® Worst case
v =too pessimistic!

{x = Algol(Ax)}

lrrzia —
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Recovery analysis
for inverse problem b = Az

® Recoverable set for a given “inversion”
algorithm

® |Level sets of LO-norm

® Worst case
v =too pessimistic!

® Finer “structures” of x

Borup, G. & Nielsen ACHA 2008, A =Wavelets U Gabor,
recovery of infinite supports for analog signals

support(z), sign(z)

Fuchs 2005; Zhao & Yu 2006; Zou 2006; Yuan & Lin 2007;
Wainwright 2009; Duarte & al 2009

lr2ia |
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Recovery analysis

e Recoverable set for a given “inversion” b
algorithm

® |Level sets of LO-norm

® \Worst case
= too pessimistic!

® Finer “structures” of x

Borup, G. & Nielsen ACHA 2008, A =Wavelets U Gabor,
recovery of infinite supports for analog signals

support(z), sign(z)

Fuchs 2005; Zhao & Yu 2006; Zou 2006; Yuan & Lin 2007;
Wainwright 2009;

Ax

® Average/typical case

G., Rauhut,, Schnass & Vandergheynst, [FAA 2008,
“Atoms of all channels, unite! Average case analysis of multichannel
sparse recovery using greedy algorithms”.

lrrzia —~
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Average case analysis ?
L0 > b= Aaﬁ()

direct model

inverse problem

Typically (pseudo-curves, drawn by hand?): \

P(x™ = xo) o /T/Ep = arg Aa{nlgxo |z

———
—

b (A) EL(A) Fra(A) ko(A)
50
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Average case analysis ?
L0 > b= A230

direct model

inverse problem

Typically (pseudo-curves, drawn by hand!): \

P(x™ = xo) o /T/Ep = arg Aa{milxo |z

f— —
—

Dossal, Peyré, Fadili 2009:
heuristic algorithm to find
worst-case
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Average case analysis ?
L0 > b= A230

direct model

inverse problem

Typically (pseudo-curves, drawn by hand!): \

P(x™ = xo) E /T/Ep = arg Aa{milxo |z

f— —
—

P=1—-¢ex1

Dossal, Peyré, Fadili 2009:
heuristic algorithm to find
worst-case
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Average case analysis ?
> L > b= AQ?()

draw ground truth direct model

[ Bayesian! Favorable priors!’ ] inverse problem

Typically (pseudo-curves, drawn by hand?): \

P(x™ = xo) E /T/Ep = arg A:im,gxo |z

f— —
—

P=1—-¢ex1

Dossal, Peyré, Fadili 2009:
heuristic algorithm to find
worst-case
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Conclusions

e Sparsity: prior to solve ill-posed inverse problems

e |f solution sufficiently sparse, reasonable algorithms are
guaranteed to find it (even one step thresholding!).

e Computational efficiency still a challenge
v problem sizes up to 1000 x 10000 already efficiently tractable.

® Theoretical guarantees are mostly worst-case
v Empirical recovery goes far beyond but is not fully understood.

e Challenging practical issues include:
v choosing / learning / designing dictionaries;
v exploiting structures beyond sparsity;
v designing feasible compressed sensing hardware.
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Hot Topics, not covered in this tutorial

e Structured sparsity: group LASSO, etc.

e Combinatorial algorithms: submodular functions, etc.
® Approximate Message Passing algorithms

® Analysis vs synthesis sparsity

® Dictionary learning

® | ow-rank matrices & sparsity

i
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