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Two—Phase Description
The Classical LWR Model
Otp+0x(pV)=0
t te[0,+oo] time x  x € R space coordinate

p traffic density V.V = V(p) traffic speed

Different drivers have different maximal speeds

(o V) = p=p(t, x) traffic density
{?/fp_+ Ox(pV)=0 V=V(w,p) traffic speed
= w(p) w=w(t,x) >0 maximal traffic speed

¥ € C2([0,R]),%(0) = 1,9(R) = 0,9(p) < 0, describes the
attitude of drivers to choose their speed depending on the traffic

density at their location
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Two—Phase Description
The Classical LWR Model

t te[0,+oo] time x  x € R space coordinate
p traffic density V V= V(p) traffic speed

We assume that there exists an overall maximal speed Vinay:

with v = min {Vmaxv WQ/)(P)}

Oep+0x (pv(p,w)) =
Orw + v(p, w) Oxw = 0

Since de(pw) + O« (pw v(p, w)) =
p (0w + v(p, w) Oxw) + w <8tp + O« (pv(p, W))) we obtain an
equivalent form of the system:
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Two—Phase Description
The Classical LWR Model
Otp+0x(pV)=0
t te[0,+oo] time x  x € R space coordinate

p traffic density V V= V(p) traffic speed

A 2 x 2 system of conservation laws with a C%! flow:

{ 31&/) + ax (p V(IO7 W)) =0 with v = min {Vmax: Wl/)([))}

de(pw) + 0x (pwv(p,w)) =0

S. Blandin, D. Work, P. Goatin, B. Piccoli, A. Bayen: SIAM J.Appl.Math. 2011
R.M.Colombo, F.Marcellini, M.Rascle: SIAM J.Appl.Math. 2010



Two—Phase Description
The Classical LWR Model

t te[0,+oo] time x  x € R space coordinate
p traffic density V V= V(p) traffic speed

With n = pw:

{ Oep + 0x (pv(p,w)) =0
0

e + Ox (nv(p, 1)) wikh v = min {Vmax’ p W))}



Two—Phase Description

The speed bound V. induces two distinct phases:



Two—Phase Description

The speed bound V. induces two distinct phases:
free phase F ={v = Vinax} high speed low density



Two—Phase Description

The speed bound V. induces two distinct phases:
free phase F ={v = Vinax} high speed low density
congested phase C = {v = W¢(p)} low speed  high density



Two—Phase Description

The speed bound V. induces two distinct phases:
free phase F ={v = Vinax} high speed low density
congested phase C = {v = W¢(p)} low speed  high density

The Fundamental Diagram




Two—Phase Description

The speed bound V. induces two distinct phases:
free phase F ={v = Vinax} high speed low density
congested phase C = {v = W¢(p)} low speed  high density

The Fundamental Diagram




Two—Phase Description — The Riemann Problem

For all states (p', '), (p",n") € F U C, the Riemann problem of

c?tp + 8)( (P V(,O, 77)) =0 wi % = min Q
{ e + Ox (nv(p.m)) =0 th vipm) = {Vmax’ p w(p)}

with initial data

/ H / ;
) p ifx < 0 )7 ifx < 0
p(O7X) - { pr If X > O U(Oax) - { r If X > 0



Two—Phase Description — The Riemann Problem

For all states (p', '), (p",n") € F U C, the Riemann problem of

c?tp + 8)( (P V(,O, 77)) =0 wi % = min Q
{ e + Ox (nv(p.m)) =0 th vipm) = {Vmax’ p w(p)}

with initial data

/ H / ;
) p ifx < 0 )7 ifx < 0
p(O7X) - { pr If X > O n(OaX) - { T/r If X > 0

Theorem (R.M.Colombo, F.Marcellini, M.Rascle: SIAM J.Appl.Math. 2010)

The Riemann problem admits a unique self similar weak entropy
solution (p,n)



Two—Phase Description — The Riemann Problem

For all states (p', '), (p",n") € F U C, the Riemann problem of

c?tp—i-(?x (P V(,O, 77)) =0 wi % = min Q
{ e + Ox (nv(p.m)) =0 th vipm) = {Vmax’ p w(p)}

with initial data

/ /

) p ifx < 0 )7 ifx < 0
p(07x){pr IfX > O n(oax){nr IfX > 0

8tp + O« (,0 Vmax) =0

If /.,7/7 r77r € F then
(P/ ]) (p ]) 8t7]—|—8x(nvmax) =0

(standard situation, single characteristic speed)



Two—Phase Description — The Riemann Problem

For all states (p', '), (p",n") € F U C, the Riemann problem of

Ocp + 0 (pvlpm) =0 i, 1) = min { Vinas, !
{3t77+3x(77v( n) =0 th  v(p,n) = {Vmax,p¢(p)}

with initial data

/ H / ;
) p ifx < 0 )7 ifx < 0
p(O7X) - { pr If X > O U(Oax) - { T/r If X > 0

Dep + Oy -
If (o), (p",1") € C then { aﬂ’;ia ((m(p )3) =0

(M(p,m) = n'(p) + v(p,m) and Xa(p,n) = v(p,n))



Two—Phase Description — The Riemann Problem

For all states (p', '), (p",n") € F U C, the Riemann problem of

c?tp + 8)( (P V(,O, 77)) =0 wi % = min Q
{ e + Ox (nv(p.m)) =0 th vipm) = {Vmax’ p w(p)}

with initial data

/ H / ;
) p ifx < 0 )7 ifx < 0
p(O7X) - { r U(Oax) - { T/r If X > 0

‘ Phase Transitions ‘
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A single driver starting from p, at t = 0 follows the particle path
p = p(t) that solves

{p =V (p (t, p(t)) , W ((t7 p(t))) V(p, W) = min {VmaX7 Wl/}(p)} ’

P(0) = po
b= (i)
! piy1—pi’ !

If the follow-the-leader model ¢ ppi1 = Vinax is such that

pl(o) = Po,i

/
ZI.: m X]pi(t),piza(t)] (x) = p(t,x) ae.



Follow-The-Leader Model

A single driver starting from p, at t = 0 follows the particle path
p = p(t) that solves

p=v (0 (P W (EPO)) ) ) min {Viwe, wis(o)]

P(O) = Po
(o
pi=V (Pi+1—Pi’ W,)
If the follow-the-leader model § pi1 = Vinax is such that
,D,'(O) = Po,i
2 T X (x) = p(t,x) a.e.
pi+1(t) — pi(t) |pi(8).pisa(1)] )

i

then p solves the macroscopic model.
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Follow-The-Leader Model

Scheme
(5, W) — (p(t), w(t))
discretize d T n— +o00
(B7, W) - (7 (1), wi(1))

Cauchy Theorem



Traffic Modeling — Other Macroscopic Models

—0
9+ 0« (nv(p,m)) =0

v(p,n) = min {VmaX7 % lb(/’)}

{ dep + Ox (pv(p,m))
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0
0

dep + Ox (pv(p,m))
9 + 0« (nv(p,n))

v(p,n) = min {VmaX7 % ¢(P)}

Aw, Rascle: SIAM J.Appl. Math., 2000
Zhang: Transportation Research, 2002

Dep + O F v(p, y)}] =0
Ory +0x [y v(p,y)| =0

_ Y

v(p,y) =% — plp)



Traffic Modeling — Other Macroscopic Models

8tp + O« (P V(pv 77)) 0
8t77 + O« (77 V(p7 77)) 0
v(p, 7]) = min {VmaX7 % ¢(P)}

Aw, Rascle: SIAM J.Appl. Math., 2000
Zhang: Transportation Research, 2002

Dep + O F v(p, y)}] =0
Ory +0x [y v(p,y)| =0

_ Y

v(p,y) =% — plp)

p




Traffic Modeling — Other Macroscopic Models

0
0

8tp + Ox (P V(pv 77))
8t77 + ax (77 V(p7 77))

v(p,n) = min {VmaX7 % ¢(P)}

Colombo: SIAM J.Appl. Math., 2002

Free flow: (p,q) € F, Congested flow: (p, q) € C,

Oep + Ox {p ~ve(p,q)] =0
Op + ax ' = 0’
tp+ Ox [p - ve(p)] 9:q+ 0 [(g—g.) - ve(p.q)] =0

vr(p) = (1—8) -V ve(p.q) = (1 - %) - ¢



Traffic Modeling — Other Macroscopic Models

Orp + Ox ( v(p, 77))
81‘77 + ax ( ( ))

v(p,n) = min {VmaX7 % ¢(P)}

0
0

Colombo: SIAM J.Appl. Math., 2002




A Kinetic Model

dep + Ox (pv(p,m)) =
8em + 0x (nv(p,n)) =

v(p,n) = min {VmaX7 7 %b(P)}

0
0



A Kinetic Model

dep+ 0« (pv(p,m) =0
den + Ox (nv(p,m)) =0

v(p,n) = min {VmaX7 7 %b(ﬂ)}

Benzoni-Gavage, Colombo, Gwiazda: Proc. Royal Soc. London, 2006

Or(t, x; w)+0x |wr(t,x;w)p </VW r(t, x; w') CI'W/) =0.

w

The unknown r = r(t, x, w) is the probability density of vehicles
having maximal speed w that at time t are at point x



A Kinetic Model

dep+ 0« (pv(p,m) =0
den + Ox (nv(p,m)) =0

v(p,n) = min {VmaX7 7 %b(ﬂ)}

Benzoni-Gavage, Colombo, Gwiazda: Proc. Royal Soc. London, 2006

Or(t, x; w)+0x |wr(t,x;w)p </W r(t, x; w') CI'W/) =0.

w
If the measure r solves the kinetic model and is such that

I’(t,X; ) = ,O(t,X) 5W(T.',X)

than (p, w) solves the 2—phase model
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Fundamental Diagram by
R.M. Colombo, F. Marcellini, M.Rascle
SIAM J.Appl. Math. 2010
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Micro—Macro Description
The Macroscopic Part: LWR Model

t te[0,+oo] time x  x € R space coordinate
p traffic density V.V = V(p) traffic speed

The Microscopic Part: Follow-the-Leader Model

/
b ()
Pi+1 — Pi

pi = pi(t) is the position of the i—th driver, for i =1,...,n
| is the vehicles' lenght and

piy1—pi > |



Micro—Macro Description
The Case LWR-FtL

'atp+ O (pv(p)) =0 t € RT andx < pi(t)
bi:v(pi+f—p,- t € RY andi=1,...,n—1
Pn = W(t) t € RF
p(0, x) = p(x) x < p1
p(0)=p

\



Micro—Macro Description
The Case LWR-FtL

(atp—i— O (pv(p)) =0 t € RT andx < pi(t)
bi:v(p,urf—p,- t € RY andi=1,...,n—1
Pn = W(t) t € RF
p(0, x) = p(x) x < p1
p(0)=p

\

Theorem (R.M. Colombo, F. Marcellini: Preprint 2013)
The Problem admits a unique solution



Micro—Macro Description
The Case LWR-FtL

(atp—i— O (pv(p)) =0 t € RT andx < pi(t)
bi:v(pi+f—p,- t € RY andi=1,...,n—1
Pn = W(t) t € RF
p(0, x) = p(x) x < p1
p(0)=p

\

Theorem (R.M. Colombo, F. Marcellini: Preprint 2013)
The Problem admits a unique solution

» C. Lattanzio, B. Piccoli: Math. Models Methods Appl. Sci., 2010
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The Case FtL-LWR

'atp+ax (pv(p)) =0 t € RT andx > p,(t)
pi=v (5% t € Rt andi=1,...,n—1
pn=v(p(t,pa(t))) t € RT

p(0, x) = p(x) X > Pn

p(0)=p

LWR and FtL alternated along the real line

Well Posedness
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