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The model

ii−1 i+1

Space cells: I1, . . . , Ii, . . . , In, ∪ni=1Ii = [0, L]

Speed grid: {v1, . . . , vj , . . . , vm}, v1 = 0, vm = 1

Distribution function: fij(t) = # cars in Ii traveling at speed vj

Density of cars in Ii: ρi(t) :=
∑m
j=1 fij(t)

n∑
h,k=1

ηhk(i)Aj
hk(i)fihfik − fij

n∑
k=1

ηjk(i)fik

Φi,i+1 =

{
1− ρi+1

ρi
if ρi + ρi+1 > 1

1 if ρi + ρi+1 ≤ 1,

Aj
hk(i) := P(vh → vj |vh, vk, Ii)
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Case studies
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Theory: initial/boundary-value problem



dfij

dt
+ vj (Φi,i+1[ρ]fij − Φi−1,i[ρ]fi−1,j) = η(i)[ρ]

 n∑
h,k=1

Aj
hk(i)[ρ]fihfik − fijρi


fij(0) = f0

ij ∈ [0, 1] ∀ i, j

f0j(t) = f̄j(t) ∈ [0, 1] ∀ j, ∀ t

Φ0,1 = Φ̄(t) ∈ [0, 1] ∀ t

Under suitable regularity assumptions on Φi,i+1, η(i), Aj
hk(i):

Existence of the solution f ∈ C([0, Tmax]; Rmn) for all Tmax > 0

Uniqueness and continuous dependence on the data:

‖f − g‖∞ ≤ C
[
‖f0 − g

0‖1 +

∫ Tmax

0

(
|Φ̄f

(t)− Φ̄
g
(t)|+ ‖f̄(t)− ḡ(t)‖1

)
dt

]

Boundedness of the solution:

0 ≤ fij(t) ≤ 1, ∀ i, j, ∀ t
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Perspectives

Road networks

Main and minor roads with different refinements

Junctions handled just as easily as cell interfaces

(Hopefully) easy to extend the theory of IBV problems to the whole
network
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