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Outline

 The Three representation of traffic flow
* The moving bottleneck theory

* Numerical issues

— Godunov based numerical schemes
* Moving bottlenecks in Eulerian coordinates
* Fixed bottlenecks in Lagrangian coordinates

— Variational theory based numerical schemes
* The shortcut principle
« Applications to the three coordinate systems
« Related approaches (viability theory)
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The three representation of traffic flow (1)

Moskowitz’s surface

0 Time (7)

Eulerian coordinates
N(t.x)

Lagrangian coordinates
X(t,n)

T coordinates
I(t,n)
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The three representation of traffic flow (2)

Eulerian T coordinates Lagrangian
N(t,x) X (t,n)
partials V. \
symbol
name

N(t,x) # of vehicles that have crossed location x by time ¢

X(t,n) position of vehicle n at time ¢
1(n,x) time vehicle »n crosses location x
(Laval and Leclercq, 2013, part B)
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First order macroscopic model (1)

rowA
 The PDE expression
— In Eulerian coordinates
kiO(k), = 0 dopsty

— in Lagrangian coordinates  speed

sHV(s), =0

— In T coordinates spacing
headway ,,t_|_ H(V)x = >

/pace

>




First order macroscopic model (2)

« The Hamilton-Jacobi (HJ) expression
— |In Eulerian coordinates

700 \
— In Lagrangian coordinates Appropriate expression of

the fundamental diagram
v=V(s)

— In T coordinates
h=H(r)
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The moving bottleneck theory

Regular diagram

Bottleneck diagram

Moving bottleneck

(Gazis and Herman, 1992, TS)
(Newell, 1998, part B)
(Lebacque et al, 1998, TRR)
(Leclercq et al, 2004, TRR)
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The only dedicated experiment
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MB and FD
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Godunov scheme without MB

Cell ii Cell i+1 \ X . A
tDt tDt JA = ! _|_( (StHAL 1ot ;)_
. k; B Kin J ’ 9i-1 9; Ax
Link q;
t—t+At e t y
. N\ B g, = mln(/l(kl. ),,u(kl.+1 ))
DX \
pstream cell demand Downstream cell supply
7% [~ o
CFL condition:
Ax = ult
k _k k k
c S X C X

k k

R

How to introduce moving discontinuities ?
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First historical solution (1)

Discretizing the MB trajectory

space
space

Ax{|

time @(Laval, 2004)

(Daganzo & Laval, 2005, part B)
(Laval, 2004, PhD thesis)
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First Historical solution (2)
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. mnutes  @(Daganzo & Laval, 2005)

vehicle number

This method converges in N but not in flow
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Splitting cells around MB (1)

t >t+A‘[AZL
Space

A
n!=k!Ax _
ik reen Formulg)| ;, rrat=g r+arpy
\/ /

& U / ; t >IHAtA ¢

/ t+At /\
\ = [dN= [ (g-kv)dr

» Basic idea

— Applying the original concept of the Godunov scheme (Green
formula) when splitting cells that contain a MB

— Properly calculating the increase of N over t on the cell border

— The CFL condition no longer holds. Thus, Riemann problem on cell

borders are no longer independent. We have to carefully track
waves.

(Leclercq, 2005, unpublished) T / f
Similar idea can be found in (Li & Zhang, 2012, TRB) ENTPE Y




Splitting cells around MB (2)

Wave interactions between borders are easy to catch when the FD is
piecewise linear because there is no rarefaction waves.

Space

ki-+1 A
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kijL Vi
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_______ kl‘_/;-\ T Presccnes k

kz | ime

Intermediate time steps are introduced when MBs cross the border of the
original rectangular cells

We have to determine if the MB is active or not at each time step.
Inactive bottleneck may lead to change in v,.
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Splitting cells around MB (3)

Numerical example (At=1s) ; q,=0.8 veh/s
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Solution remains exact
when the FD is isosceles

Space [m

2000

1800

1600

1400

1200

1000

800

600

400

200

50 100 150 200 250 300
Time[s]

\\\I

UNIVERSITE D= LYON

0,,
| x|
=
o |
-~
-




Applications to Lagrangian coordinates (1)

IV Fixed bottleneck

|
|
1 X,

igure 1: Diag fond
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Applications to Lagrangian coordinates (2)

Classical approximation Cell splitting
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VT : General principles (1)

HJ Equation: q A
g=0(k) < 0,k=0(-0,k) @)
General expression for the solutions o)

. c(2’(1),ko)
N, = NO(F) + A(F)) v

A(D)=[" r(ykod

>
o(r) k0

r('(t),k)=dN=09 N+y'(t)d N
r(y'(®),k)=Q(k(®))— y'(t)k(1)
R(y'(1)) = sup(c(y'(1)).k))

Legendre transformation
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VT : General principles (2)

Piece-wise linear initial condition

VT is really relevant for PWL FD 2 /

and especially triangular FD Univarsirs oz Lyon 4 2 )
pecially ang S BNt




VT : General principles (3)

Defining a sufficient rectangular grid




VT. The Shortcut Theorem (1)

Paths with same costs

(Daganzo & Menendez, 2005, ISTTT)

Optimal paths with shortcuts
are composed with:

— Continuous sections of
bottlenecks

— Least duration access and
egress sub-paths

— Inter-bottleneck sub-paths
with speed u
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VT. The Shortcut Theorem (2)

Restriction ~

+t——r
At

Modification of the numerical grid
when MBs are present

The main difficulty is to account for feedback o
(downstream traffic conditions => MB trajectory) 2 /




Historical example

Godunov scheme & discretization
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VT in Lagrangian coordinates (1)

HJ Equation: v=V(s) < atszV(—an)

S 4

X, =min(X,r,, +AT), X,

XA

veh

(Newell, 2002)

+A(T,,))

(T )

X, = X(1,i) = min(X(tO,i)+u(t —1,).X(t —,i—l Z1/K

free— flow

| congestion




VT in Lagrangian coordinates (2)

Numerical grid in Lagrangian

’L.
Wy
MB trgjéctory In Lagrangian, MB can be
g slower vehicles but also fixed
S~ Eulerian discontinuities
An
lwl/p
°
+—r t
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E / :
UNIV=RSITZ D= LYoN )
S SO/




VT in Lagrangian coordinates (3)

A careful attention should be paid to determine if the bottleneck is
active or not

In some cases, inactivity changes the bottleneck path (feedback)
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Related numerical approach - Viability

Theor
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@(Mazaré, Dehwah, Claudel, Bayen, 2011, part B)

As for VT, MB are straightforward to
account for in such a framework, except
for the feedback component

L 200 ©
" 600 400

Viability theory is the
sister of the variationnal
theory

Search for solutions from

the initial and boundary
(linear) conditions

Grid free numerical
scheme that are exact
even if the FD is PWQ




Conclusion

* Solving the LWR model with internal boundary conditions
IS now a well-addressed problem

* The choice of the numerical method depends on the
Initial assumptions

* Piecewise linearity (for initial conditions and/or FD) is
really convenient properties because it permits to use
exact numerical scheme

* The three representations of traffic flow with MB provide
a versatile and consistent framework to represent lots of
traffic flow problems
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Thank you for your attention
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VT in T coordinates (1)

HJ Equation: h=H(r) & d,t= H(—th) 5 Ny
1
2 B candidate
x+0n
h A -0
£ \cost = n(Q-1- g)
0
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(0,0) z "

@(Laval & Leclercq, 2013)
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VT in T coordinates (2)

Practical numerical scheme (mesoscopic scale)
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Supply time for next entering vehicle:
t; (i) — tL (i - I’ZKL) + L/W UNIv= RSI::_D LyoN
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Introducing MB Iin T coordinates
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The only dedicated experiment (2)
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