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Outline 

•  The Three representation of traffic flow 

•  The moving bottleneck theory 

•  Numerical issues 
–  Godunov based numerical schemes 

•  Moving bottlenecks in Eulerian coordinates 
•  Fixed bottlenecks in Lagrangian coordinates 

–  Variational theory based numerical schemes 
•  The shortcut principle 
•  Applications to the three coordinate systems 
•  Related approaches (viability theory) 
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The three representation of traffic flow (1) 

q = ∂t N

k = −∂xN
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Lagrangian coordinates 
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Moskowitz’s surface  
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The three representation of traffic flow (2) 

N(t,x) # of vehicles that have crossed location x by time t   

X(t,n) position of vehicle n at time t 

T(n,x) time vehicle n crosses location x 

Eulerian T coordinates Lagrangian 

(Laval and Leclercq, 2013, part B) 
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First order macroscopic model (1) 

•  The PDE expression 
–  in Eulerian coordinates 

–  in Lagrangian coordinates 

–  in T coordinates 

flow 

density 

speed 

spacing 

kt+Q(k)x = 0 

st+V(s)x = 0 

rt+H(r)x = 0 headway 

pace 
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First order macroscopic model (2) 

•  The Hamilton-Jacobi (HJ) expression 
–  In Eulerian coordinates 

–  In Lagrangian coordinates 

–  In T coordinates 

q=Q(k) 

v=V(s) 

h=H(r) 

Appropriate expression of 
the fundamental diagram 



Intervenant - date 

The moving bottleneck theory 
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(Gazis and Herman, 1992, TS) 
(Newell, 1998, part B) 
(Lebacque et al, 1998, TRR) 
(Leclercq et al, 2004, TRR) 

Bottleneck diagram 

Moving bottleneck 

Regular diagram 

vb 
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The only dedicated experiment 

1 - (Munoz and Daganzo, 2002, ISTTT) 

@(Munoz & Daganzo, 2002) 

@(Munoz & Daganzo, 2002) 

The Richmond-San Rafael Bridge (San Franciso Bay) 



Intervenant - date 

MB and FD 
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Numerical issues 

Approaches based on the Godunov scheme 
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Godunov scheme without MB 
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First historical solution (1) 
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Discretizing the MB trajectory 

(Daganzo & Laval, 2005, part B) 
(Laval, 2004, PhD thesis) 

@(Laval, 2004) 
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First Historical solution (2) 

@(Daganzo & Laval, 2005) 

@(Daganzo & Laval, 2005) 

Δt=12 s Δt=6 s 

Δt=3 s Δt=1 s 

This method converges in N but not in flow 
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Splitting cells around MB (1) 

•  Basic idea 
–  Applying the original concept of the Godunov scheme (Green 

formula) when splitting cells that contain a MB 
–  Properly calculating the increase of N over t on the cell border 
–  The CFL condition no longer holds. Thus, Riemann problem on cell 

borders are no longer independent. We have to carefully track 
waves. 

Space 

Time 

MB 

Cell i 

Subcell i+ 

Subcell i- 

ni
t=ki

tΔx ni
t+Δt=ki

t+ΔtΔx 

qi-1
t->t+ΔtΔt 

qi
t->t+ΔtΔt 

Green Formula 

(Leclercq, 2005, unpublished) 

00 = <
+6

dN q kv dt( )b
t

t t

Subcell i- 

Similar idea can be found in (Li & Zhang, 2012, TRB) 
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Splitting cells around MB (2) 

Wave interactions between borders are easy to catch when the FD is 
piecewise linear because there is no rarefaction waves. 
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The simplest case is when the FD is 
triangular 

Intermediate time steps are introduced when MBs cross the border of the 
original rectangular cells 
We have to determine if the MB is active or not at each time step. 
Inactive bottleneck may lead to change in vb. 
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Splitting cells around MB (3) 
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Solution remains exact 
when the FD is isosceles 

Numerical example (Δt=1s) ; q0=0.8 veh/s 
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Applications to Lagrangian coordinates (1) 
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Numerical issues 

Approaches based on the variational theory 
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VT : General principles (1) 

q =Q(k)  ⇔   ∂t k =Q −∂x k( )
HJ Equation: 
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VT : General principles (2) 
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VT is really relevant for PWL FD 
and especially triangular FD 
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VT : General principles (3) 
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VT: The Shortcut Theorem (1) 

Optimal paths with shortcuts 
are composed with: 

–  Continuous sections of 
bottlenecks 

–  Least duration access and 
egress sub-paths 

–  Inter-bottleneck sub-paths 
with speed u 

(Daganzo & Menendez, 2005, ISTTT) 

MB trajectory - shortcut 
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VT: The Shortcut Theorem (2) 
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Modification of the numerical grid 
when MBs are present 

The main difficulty is to account for feedback 
(downstream traffic conditions => MB trajectory) 
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Historical example 

@(Daganzo & Menendez, 2005, ISTTT) 

VT scheme Godunov scheme & discretization 
of the MB trajectory 
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VT in Lagrangian coordinates (1) 
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VT in Lagrangian coordinates (2) 
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VT in Lagrangian coordinates (3) 

 
 

The Lagrangian Coordinates and First Order Traffic Flow Models  11 
 
 

The only caveat is that in multilane/single-pipe highways rb is not know a priori and therefore 
the arc cannot be introduced in advance. Note that in single-lane highways this problem does 
not exist since rb is always equal to 0. In fact, this problem only arises in multilane/single-pipe 
highways when the moving bottleneck is not active. In this case rb depends on traffic 
conditions; when it is active rb is set to its maximum value, b̂r . 

A general numerical solution method including moving bottlenecks may be described as 
follows between times t and t+∆t: 

(i) include the shortcut arc (arc as in Figure 7b ) assuming rb = b̂r ; let Bj be the point 

of intersections of the shortcut and the network. Notice that this point may 
intersect either arc a1 with slope u1=0 (case a in Figure 7b) or arc a2 with slope 
u2=wkm (case b in Figure 7b). 

(ii) calculate the value of X at the point Bj by applying (6) to the two possible paths: 
Bj-1→Bj and (n,t)→Bj (case a) or (n-1,t)→Bj (case b). 

(iii) if the optimum path to Bj does not include the shortcut arc then set rb such that the 
value of X at Bj is the same on both paths; this condition ensures that rb is 
consistent with traffic conditions and that the bottleneck is not active. 

(iv) calculate the value of X at the grid-point (n,t+∆t) by applying (6) to the two 
possible paths: Bj→(n,t+∆t) and (n-1,t)→(n,t+∆t) (case a) or (n,t)→(n,t+∆t) (case 
b). 
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Figure 7: Moving bottlenecks 

In the case of a single-lane, the above numerical method simplifies significantly. Only case b 
in Figure 7b can take place with a horizontal bottleneck trajectory as shown by the dotted line 
in the figure. Notice that the bottleneck is introduced at a “distance” ∆nb from its leader; this 
distance is determined when the bottleneck is first introduced, and is constant thereafter. It 
can be shown that the position of the bottleneck and its follower are given by: 
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Finally, it is worth to note that fixed bottlenecks can be treated in the same way described 
above by setting vb=0 and noting that passing rates correspond to the flow crossing the 

A careful attention should be paid to determine if the bottleneck is 
active or not 
In some cases, inactivity changes the bottleneck path (feedback) 

Step 1 

Step 2 
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Related numerical approach - Viability 
Theory 

Lax–Hopf algorithm Variational method Godunov scheme Wave-front tracking

Main
disadvantages

Inability to use space
or time dependent
fundamental
diagrams. Results are
not exact for networks
(unless event-based
algorithms are used)

Slower than the Lax–
Hopf algorithm
(requires in the best
case the same
number of
operations as the
Lax–Hopf
algorithm). No exact
derivation of the
density function

Not exact. Limited
by the CFL
condition. Adding
moving
bottlenecks is
difficult

Difficulty to predict
the computational
time in advance. Can
be very slow if the
fundamental diagram
contains a large
number of pieces

4.4. A word on Lagrangian coordinates

The proposed algorithm can be easily extended to problems in Lagrangian coordinates (Daganzo, 2006). Traffic flow prob-
lems in Lagrangian coordinates involve an Hamilton–Jacobi equation with a concave Hamiltonian, for which the solution can
also be expressed semi-analytically (for piecewise affine initial and boundary conditions). Extending the proposed algorithm
to Lagrangian coordinates amounts to performing a variable change, available for instance in Leclercq et al. (2007).

5. Faster algorithm for triangular fundamental diagrams

5.1. Modeling

The triangular fundamental diagram Q is defined by:

QðkÞ ¼
v f k : x 2 ½0; kc%
wðk& jÞ : x 2 ½kc;j%

!

Fig. 11. Three-dimensional representations of the solution components induced by local affine value conditions, for a triangular fundamental diagram. Top
left: Solution component induced by a congested initial condition. Top right: Solution component induced by a free-flow initial condition. Bottom left:
Solution component induced by an upstream boundary condition. Bottom right: Solution component induced by a downstream boundary condition.

1742 P.-E. Mazaré et al. / Transportation Research Part B 45 (2011) 1727–1748

Viability theory is the 
sister of the variationnal 

theory 

Search for solutions from 
the initial and boundary 

(linear) conditions 

Grid free numerical 
scheme that are exact 
even if the FD is PWQ 

@(Mazaré, Dehwah, Claudel, Bayen, 2011, part B) 
As for VT, MB are straightforward to 

account for in such a framework, except 
for the feedback component 
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Conclusion 

•  Solving the LWR model with internal boundary conditions 
is now a well-addressed problem 

•  The choice of the numerical method depends on the 
initial assumptions 

•  Piecewise linearity (for initial conditions and/or FD) is 
really convenient properties because it permits to use 
exact numerical scheme 

•  The three representations of traffic flow with MB provide 
a versatile and consistent framework to represent lots of 
traffic flow problems 
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VT in T coordinates (1) 
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h = H (r)  ⇔   ∂n t = H −∂x t( )HJ Equation: 

@(Laval & Leclercq, 2013) 
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VT in T coordinates (2) 
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Introducing MB in T coordinates 
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The only dedicated experiment (2) 
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@(Munoz & Daganzo, 2002) 


