
Post-doctoral position in mathematical biology
Bifurcation and robustness analysis in structured population models:

Application to female reproductive cycles
EPC MUSCA, Centre INRIA de Saclay

Contact : Frédérique Clément Frederique.Clement@inria.fr
Romain Yvinec Romain.Yvinec@inrae.fr

Biological and biomathematical background

There are major societal challenges associated with maintaining the reproductive fitness of female
individuals, whether in a clinical, breeding, or ecological context. Understanding female reproduct-
ive (germ) cell population dynamics is instrumental for maintaining women health and fertility,
managing ovarian aging, developing sustainable breeding practices, and monitoring the effects of
micro-pollutants in humans, livestock and wild species.
The supply of mature female germ cells at each ovarian cycle ensues from a combination of de-
velopmental and (neuro-)endocrine processes spanning multiple timescales. On the one hand, the
production and maturation of germ cells (oogenesis) is a longlasting process, initiated by the asyn-
chronous activation of quiescent cells from a pool constituted early in life, and covering several
weeks or months depending on the species. On the other hand, the typical period of an ovarian
cycle extends from a few days to a few weeks, during which terminally maturating germ cells in
the ovaries participate in and are controlled by both positive and negative hormonal feedback loops
involving the different levels of the reproductive axis (especially the hypothalamus and pituitary
gland) and culminating in ovulation. As a result, several waves of terminal maturation can be ob-
served within a single ovarian cycle, and the recruitment into each wave is in turn deeply connected
with the background oogenesis dynamics.
Mathematical modeling is a powerful mean to “tease apart complexity in the reproductive system,
and to test and provide new hypotheses regarding pathological situations” [3]. Structured popu-
lation models describe population dynamics in terms of individual characteristics such as age or
size, and have been the matter of extensive studies. They have found concrete applications in cell
and developmental biology (e.g. hematopoiesis, neurogenesis) and can help to understand basic
physiology as well as pathological disorders. Up to now, most available mathematical models ded-
icated to reproductive biology have been designed either to represent the whole oogenesis, without
accounting for cyclicity [6], or to mimic the oscillatory hormonal patterns along the ovarian cycle,
without accounting for oogenesis [10]. The objective of the postdoc is to extend previous models
developed in the MUSCA team to couple, in a mechanistic manner, oogenesis with ovarian cyclicity,
to get insight into their reciprocal interactions on both the short and long term.

Work program

The work will be based on population dynamics models of the whole oogenesis (see Figure 1),
formulated either as discrete compartmental models [1, 2] or as continuous structured population
models [5]. In particular, one of the PDE model exhibits oscillatory solutions arising from a Hopf
bifurcation, which qualitatively reproduces the periodic(cyclic) terminal maturation of a cohort of
germ cells subject to an endocrine-mediated negative feedback. For the moment, the recruitment
of the cohort is yet not explicitly connected with the dynamics of the less mature germ cells.
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Fig. 10 Estimation performed with the original or augmented datasets. Top panels: Fitting follicle numbers
after estimation on the initial datasets (Datasets A, B and C, orange lines) and with the augmented datasets
(Datasets A, B C, and D, dotted black lines). The blue points correspond to the experimental Dataset A,
the purple points to the additional Dataset D. Bottom panel: Change in ratio the ratio ȳ0

ytot0
along the first

30 days; orange lines: initial datasets, black dotted lines: augmented datasets (color figure online)

cation for medicine would be both related to the preservation of the follicle reserve
in a physiological or iatrogenic situation (cancer chemotherapy), reversible contra-
ception or potentiation of ovarian stimulation protocols. The experiment is based on
the several-week long administration of high doses of AMH, followed by the moni-
toring of quiescent follicles and growing follicles up to 50days after stopping AMH
treatment. The corresponding numerical experiment is illustrated on Fig.12, where
the period of AMH administration is materialized by the grey area. The simulation
captures well the three main steps of the experiment:

1. During exposure to high levels of AMH, the activation rate is blocked, the growing
compartments are not fueled anymore by the reserve and they progressively get
empty. The emptying duration gives kinetic information on the duration of follicle
growth (Kano et al. 2017). In parallel, the reserve is preserved from the activation-
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Figure 1: (Left panel) Instance of compartmental model fitting to germ cell numbers in different
individuals according to aging (from [2]). (Middle panel) Occurrence of oscillatory solutions in
the size-distribution of terminally maturating germ cells. (Right panel) Bifurcation diagram in the
number of cells P according to the recruitment rate cr (from [5])

The first objective will be to extend the existing size-structured PDE model [5] to account for
the hormonally-controlled and population-dependent recruitment of the cyclic cohort, and for the
(neuro-)endocrine conditions needed to trigger ovulation [4]. A detailed bifurcation analysis will
then be performed to understand how the coupling between oogenesis and hormonal feedback shapes
the properties of the ovarian cycle (e.g. one or several germ cell waves, number of germ cells per
wave, ovarian cycle length and regularity).
The second objective will be to analyze the robustness of these properties with respect to the number
and distribution of germ cells (e.g. stochastic fluctuations, inter-individual variability), as well as
the effect of aging (e.g. diminishing quiescent pool, altered neuro-endocrine control), in the light of
recent computational studies devoted to the ovarian cycle [7, 8, 9].
From these studies, theoretical results on the longtime analysis of coupled PDE/ODE systems
are expected, as well as outcomes in comparative physiology highlighting the shared mechanisms
and species-specific differences in germ cell dynamics among vertebrate species (e.g. in mammals
compared to fish).
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Expected skills A solid background in Applied Mathematics, including expert knowledge on
ODE and PDE is required. Strong interest for interdisciplinary work is needed, and experience in
analysis of parameter identifiability/sensitivity and parameter estimation, ideally applied to biolo-
gical issues, would be a plus.
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