


Rn

µ ν

•

• dx

T Rn Rn

T∗µ = ν, T ∈ L∞
loc

min
T

∫

Rn
|T (x)− x|2µ =: W2(µ, ν)

2

Tµ,ν.



Tµ,ν
µ :

µ0 − µ1 → 0 =⇒ Tµ0,ν − Tµ1,ν → 0

‖Tµ0,ν − Tµ1,ν‖L2(X,dx) ( W1(µ0, µ1)
α

α > 0?



• µ0 µ1
X

• ν

Y

• infY
ν
dy > 0



c0

‖Tµ0,ν − Tµ1,ν‖L2(X,dx) ≤ c0W1(µ0, µ1)
1/2

µ0



c

‖Tµ0,ν − Tµ1,ν‖L2(X,dx) ≤ cW1(µ0, µ1)
1/2n

c

• X

Y

• Y

δ(:= supY (ν/dy))



•

•
n

n

•



φ Rn

Tµ,ν = ∇φ, (∇φ)(Rn) = Y

R)

(∇φ)−1ν = µ

φ

Rn :

MAν(φ) = µ, (∇φ)(Rn) = Y



MAν(φ) = µ, (∇φ)(Rn) = Y

• µ

dx.

•

‖∇φ0 −∇φ1‖L2(X,dx) ( W1(µ0, µ1)
α

• µ0

∇2φ0 ≥ εI, ε > 0



MAν(φ) = µ, (∇φ)(Rn) = Y

µ

1

N

N∑

i=1
δxi → µ

h

h := max
i≤N

(Ci)

Ci X

φh

‖∇φ−∇φh‖L2(X,dx) ( h1/2

‖∇φ−∇φh‖L2(X,dx) ( h1/2
n



φ Rn

(∇φ)(Rn) = Y (:= ν)



∇2φ0 ≥ εI,
∫

X
|∇φ0 −∇φ1|2 dx ≤ c0

∫
(φ1−φ0) (MA(φ0)−MA(φ1))

2n−1.

• X Rn

•
∣∣∣∣
∫

Rn
(φ1 − φ0) (µ0 − µ1)

∣∣∣∣ ≤ (Y )W1(µ0, µ1)

W1(µ0, µ1)



•

• Rn



ν = 1Y dx

MAν(φ) = det
(
∇2φ

)
dx

Y



n = 1

Y = [0,1], MA(φ) =
(
∇2φ

)
dx.

∫

R
|∇φ0 −∇φ1|2 dx =

∫

R
(φ1−φ0)

(
∇2φ0 −∇2φ1

)
dx.

(φ1 − φ0) (∇φ0 −∇φ1) (±∞).

(∇φ)(Rn) = [0,1] =⇒ (∇φ0 −∇φ1) (±∞) = 0

(φ1 − φ0) = O(1).



n > 1
∇2φ0 ≥ εI

‖∇φ0 −∇φ1‖2L2(X,dx) ≤ c0

∫
(φ0−φ1) (MA(φ1)−MA(φ0))

•

MA(φ) := det
(
∇2φ

)
dx ∼ (∂∂̄φ)n.

•

• R2



2,π



MA(φ1)−MA(φ0) = (∂∂̄φ1)
2 − (∂∂̄φ0)

2 =

=
(
∂∂̄φ1 − ∂∂̄φ0

)
∧
(
∂∂̄φ1 + ∂∂̄φ0

)
.

∫

R2
(φ0 − φ1) (MA(φ1)−MA(φ0)) =

∫
(φ0 − φ1)

(
∂∂̄φ1 − ∂∂̄φ0

)
∧
(
∂∂̄φ1 + ∂∂̄φ0

)
=

∫
∂(φ0 − φ1) ∧ ∂̄ (φ0 − φ1) ∧

(
∂∂̄φ1 + ∂∂̄φ0

)
≥

∫
∂(φ0 − φ1) ∧ ∂̄ (φ0 − φ1) ∧ ∂∂̄φ0 ≥

ε ‖∇(φ0 − φ1)‖2L2(X,dx)



z := x+ iy ∈ Cn := Rn + iRn

d dzi
dz̄i :

d = ∂ + ∂̄,

∂ :=
n∑

i=1

∂·
∂z

dz∧, ∂̄ :=
n∑

i=1

∂·
∂z̄

dz̄∧

∂∂̄φ(z) =
n∑

i=1

∂2φ

∂zj∂z̄j
dzi ∧ dz̄j

φ = φ(x),

∂∂̄φ =
n∑

i=1

∂2φ

∂xj∂x̄j
dzi ∧ dz̄j



∂∂̄φ =
n∑

i=1

∂2φ

∂xj∂x̄j
dzi ∧ dz̄j =⇒

(∂∂̄φ)n = det

(
∂2φ

∂xj∂x̄j

)

dx ∧ dy = MA(φ) ∧ dy

u = u(x) φ0 = |x|2/2,

∂u ∧ ∂̄u ∧ (∂∂̄φ0)
n−1 =

(
|∇u|2dx

)
∧ dy





∫

Rn
(φ0 − φ1) (MA(φ1)−MA(φ0)) =

=
∫

XY

(φ0 − φ1)
(
(∂∂̄φ1)

n − (∂∂̄φ0)
n
)

XY

(∂∂̄φi) φ0 − φ1

XY .



x ∈ Rn, z =
x+ iy ∈ Cn.

y−

iRn ! i(R/2πZ)n.

zi = logwi ∈ C, w ∈ (C∗)n

xi = log |wi|

∫

Rn
(φ0 − φ1) (MA(φ1)−MA(φ0)) =

∫

(C∗)n
(φ0 − φ1)

(
(∂∂̄φ1)

n − (∂∂̄φ0)
n
)

∫
R/2πZ dy = 1/(2π)n.



(C∗)n

n = 1) :

C∗ ↪→ P1C(:= C∗⋃{0,∞},

P1C

(∇φ)(R) = [0,1],

1 =
∫

R
∇2φdx =

i

2π

∫

C∗
∂∂̄φ =

∫

X
∂∂̄φ

∫

R
|∇(φ1 − φ0)|2 dx =

i

2π

∫

P1C
∂(φ1−φ0)∧∂̄(φ1−φ0)



(∇φ)(Rn) = Y

Y.

(C∗)n ↪→ XY

∂∂̄φ (C∗)n XY

φ0 − φ1



• Y = [0,1]2 ⊂ R2 XY = P1C × P1C.

• Y Rn XY = PnC

XY

C∗n.





XY " Y
! !

∇φ : Rn " Y̊

• dimXY = 2n

• XY Y̊ n−
Tn

•
Y.



• Tn XY

• µ Tn−
XY

• ∇φ

ω XY

ωn/n! = µ.

• ∇φ

Tn− (X,ω) :

XY"Y ⊂ (Tn)∗ = Rn (

•
(
ωn

n!

)

dy Y :

(∇φ)∗

(
ωn

n!

)

= (∇φ)∗µ = 1Y dy,



•

ω = i∂∂̄φ


