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1. Motivation: Gradient flows in Wasserstein space
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> Relation to convex functions:  Def: K := finite convex functions on R

Theorem (Brenier): Given u € P3°(R%) and v € P, (]Rd) [Brenier "91]
J¢ € K such that Vgupu = v, and Wi (u, v = [ra llz — Vo(2)|* d p(x)

Given any u € P3¢(RY), we get a " parameterization” of Py(R%),

or more precisely, an onto map K — Pa(R?), ¢ — V.
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Gas equilibrium and displacement convexity

» Equilibrium states of gazes: min, ep, gay U(V) + EV)
/ U(o(x))dzif dv = odH? v = particle distribution
Z/[(V) p— Rd
+ oo if not internal energy

EW) = Jpa V() dv(2) + [ra W(z —y)d[v @ v](2,y)

potential energy interaction energy

» Displacement convexity

Definition: F is displacement-convex if for any Ws-geodesic () in pZaC(Rd)’
| the function t — F(v4) is convex. :

Theorem: V, W : RY — R are convex functions = & is displacement-convex
rdU(r=4) is convex non-increasing, U(0) = 0 = U/ is displacement-convex

— strict convexity = uniqueness of minimum [McCann '94]
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Convexity under generalized displacements

» Generalized displacement convexity

~ Definition: F is convex under generalized displacement (u.g.d.) if for any
' 1 in P3¢(RY), the function ¢ € H — F(V4u) is convex.

pe= (1= 0id+190)4n = ((1— Vo + V1)

geodesic for W " generalized geodesic”

Theorem: V, W : R? — R are convex functions => &£ is convex u.g.d
rdU(r=4) is convex non-increasing, U(0) = 0 = U/ is convex u.g.d

[McCann '94]
» Proof: Non-smooth change of variable formula:

E(Voup) = | V(Vo(x))px)da+ [W(Ve(z) — Vo(2))p(2)p(y) dzdy

U(Vo40) = [ U (sckfifs) MA@ Ao MAGI(w) s= det(D?0(e)

Minkowski determinant inequality: A € SDP(R%) — det(A4)Y? is concave



Heat equation as a Wasserstein gradient flow

dp
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Heat equation
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Heat equation

» Solution p(t,.) = gradient flow in L2(R%) of D(p)

dp
ot

= Ap

/0(07 ) — PO p(t,

Time-discretization using an implicit Euler scheme: for 7 > 0,

— 2fHVP

Plt1 = AIZMIN,cpac(Rd) %HPZ - UH%Q(Rd) +D(o).

) € Pa(RY)

)2 dx
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Heat equation as a Wasserstein gradient flow

dp

o =28p  p(0.)=po p(t,.) € P*(R)

Heat equation

» Solution p(t,.) = gradient flow in L(R%) of D(p) := 5 [ ||Vp(z)||*d=

Time-discretization using an implicit Euler scheme: for 7 > 0,

Plt1 = AIZMIN,cpac(Rd) %HPZ - UH%Q(Rd) +D(o).

» Jordan, Kinderleherer, Otto: the heat equation is a gradient flow, for Wg(Rd), of
the functional U(p) := [ p(z)log p(xz)dz = — entropy of p.

Corresponding time-discrete scheme:

Plt1 = ALEMIN,cp(RY) % Wa(pp,0)? +U(0).

» Convergence analysis for the linear Fokker-Planck equation.
[Jordan, Kinderlehrer, Otto '99]



Diffusive PDEs as Wasserstein gradient flows

» Generalization to some evolution PDEs, where p(t,.) € P3¢(R%)

(*)

dp

ot

= div [pV(U'(p) + V + W % p)]

p(0,.) = po
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» Generalization to some evolution PDEs, where p(t,.) € P3¢(R%)

6 | Lo av VU () VW) | p0.) =

Introducing the functionals

; ))da if S5 =0, and U(v) = 400 if v & P2¢(RY
R

= Jpa V(@) dv(2) + Jpa W(z —y) v @ v](z,y),
the PDE (%) can be formally be seen as the Ws-gradient flow of U/ 4 &.

» JKO time discrete scheme: for 7 > 0,

Phy1 = ArgMin, epray 5= Wal(pp,0)? +U(o) + E(o)

» Many applications: porous medium equation, cell movement via chemotaxis,
crowd motion with congestion, models of cities in economy, etc.
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» Numerical applications of the JKO scheme are still limited:

1D: monotone rearrangement e.g. [Kinderleherer-Walkington 99], [Blanchet-Calvez-Carrillo 08]
[Agueh-Bowles 09]

2D: optimal transport plans — diffeomorphisms [Carrillo-Moll 09]

U = hard congestion term [Maury-Roudneff-Chupin-Santambrogio 10]

» Our goal is to approximate a JKO step numerically, in dimension > 2:

For X,Y convex bounded and p € P*°(X),

(o) Min,epy) 5= Walu,v) +EW) +Uv)

» Plan of the talk:

Part 2: Convex discretization of the problem (xy ) under McCann's hypotheses.
Part 3: I'-convergence results from the discrete problem to the continuous one.

Part 4: Numerical simulations: non-linear diffusion, crowd motion.



2. Convex discretization of a JKO step



Prior work: functionals involving the gradient

mingex [x F(¢(x), Vo(x)) d p(x)
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Prior work: functionals involving the gradient

mingex [y F(¢(2), Vo(z)) d p(w) K := finite convex functions on R?
» Negative results: PL functions over a fixed mesh [Choné-Le Meur '99]
» Discretization using convex interpolates [Carlier-Lachand-Robert-Maury '01]

» Discretization using convex interpolates with gradients [Ekeland—Moreno-Bromberg '10]

PCX 6(p) + (z = p|Gu(p)) mingexa(py Y pep F(AD), Gg (D)) 1y

|P|? linear constraints — adaptive method [Mirebeau "14]
— exterior parameterization [Oberman '14][Oudet-M. '14]

10
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Convex functions with constrained gradient

» Let X, Y be bounded convex domains, and 1 € P?°(X) with density p,

11

min,ep(y) 5- Wal,v) +U() +E(v)  Def: Ky :={p € K; Vo € Yae}

= |mingex, 57 Wa(p, Voup) +U(Voyp) +E(Voyn)

» Discretization of the problem: finite set P C X, up := ZpGP UpOp

— finite-dimensional polyhedron

— any ¢ : P — R defines a function in Cy-:

¢}CY — maX{?ﬁ;??b - ]CY and ?MP < ¢}

— NB: ¢ € Ky (P) iff ¢ = ¢, | p.

Mingery (P) 37 Waltr,"Vory #ip”) UV iy ppip”) + EC Vo, 41p”)
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Absolutely continuous pushforward by d¢yc,

» Given ¢ € Ky (P), the function v = ¢, is usually non-smooth at p € P
— subdifferential Oy (x) := {y € R Vz € RE,¢(2) > (x) + (z — z|y) }.
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Absolutely continuous pushforward by 0oy,

» Given ¢ € Ky (P), the function ¢ = ¢x, is usually non-smooth at p € P
— subdifferential Oy (x) := {y € R Vz € RE,¢(2) > (x) + (z — z|y) }.

Defmltlon For ¢ € Ky (P) and pup =, p ppdp, we let V,, := 0¢r, (p)
and define G, jup as the probability measure on Y whose density o satisfies:

(i) o is constant on the subdifferentials {V},},cp;
(i) for p € P, fvp o(x)dx = .

Explicit formula:|o =} deg/ 71y,

piecewise-constant density o of G iy

Vp = 8¢ICY (p. ) %
o/ Y Y
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Convex discretization of the internal energy

Proposition: Under McCann's assumption, ¢ € Ky (P) — U(G%.up) is convex.

Proof: Given U(o) = [U(o(xz))dx and 0 = D pepltp/MA[DI(D)|Logx . (p),

UGTP) = 2 pep U (1p/MAY[9](p)) MAY[¢](p)

NB: similarity with U(Vpxp) = fU( p(x)( )) MA[¢](x)d x
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Proposition: Under McCann's assumption, ¢ € Ky (P) — U(G%.up) is convex.

UGTP) = 2 pep U (1p/MAY[9](p)) MAY[¢](p)

case U(r) =rlogr = — D _pep plog(MAY [9](p)) + > cp Hp log(pp)

Lemma: Given ¢g, d1 € Ky (P), ¢y := (1 —t)dg + td1 and ¢, = [d¢]icy
O, (p) D (1 — )0y (p) ®tdp,(p). B = Minkowski sum

= logH¥(9¢,) > log H((1 — 1)dpy(p) © tdb;(p))-
Brunn-Minkowski = > (1 — t)log H% (0, (p)) + tlog HE(Dd(p))).

— UG pip) < (1= )UGY wpip) + UG 4 1ip)



Convex discretization of the potential energy

» Difficulty: Lack of convexity of ¢ € Ky (P) — E(GE.up).

t =20 t=1 ac
te [lzl]* d G up(x)

Oldolry (P-) Olp1]y (P-)

t=0 =
Eg P= {p:|:7Q}7p:|: — (07i1)7q — (270))' Y = [_17 1]21 Pt = (1 _ t)lqr HpP = 01(5P—|— +5P—) +O85q
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Convex discretization of the potential energy

» Difficulty: Lack of convexity of ¢ € Ky (P) — E(GE.up).

t =20 t=1 ac
te [lzl]* d G up(x)

Oldolry (P-) Olp1]y (P-)

t=0 =
Eg P= {p:|:7Q}7p:|: — (07i1)7q — (270))' Y = [_17 1]21 Pt = (1 _ t)lqr HpP = 01(5P—|— +5P—) +O85q

» We follow Ekeland-Moreno '10, and include the gradient as an unknown:

14
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Summary of the convex discretization

Theorem: Assume that V, W : R — R are convex functions
and U (r~%) is convex non-increasing, U(0) = 0.

Then, the following optimization problem is convex:
Mingyexe (py 5= Waltp, Gouip) + UGS, up) + E(Gppip)

The minimum is unique if e.g. V and r¢U(r~¢) are strictly convex.

[Carlier-Benamou-M.-Oudet]

» The two notions of push-forward seems necessary.
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Theorem: Assume that V, W : R — R are convex functions
and U (r~%) is convex non-increasing, U(0) = 0.

Then, the following optimization problem is convex:
Mingyexe (py 5= Waltp, Gouip) + UGS, up) + E(Gppip)

The minimum is unique if e.g. V and r¢U(r~¢) are strictly convex.

[Carlier-Benamou-M.-Oudet]
» The two notions of push-forward seems necessary.
» If lim, _,orU(r~1) = 400, U is a barrier for convexity, i.e.

UGG 1P) = 2 pep U (1p/MAY[¢](p)) MAY [¢](p) < 400

— ¢ is in the interior of ICy (P).

NB: |P| non-linear constraints vs | P|? linear constraints

» Generalization to non-negatively cross-curved cost functions [Figalli-Kim-McCann]

» Other convex discretization using wide-stencils. Convergence is unclear.
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Proof of the convergence theorem: Lower bound

JKO step: X,Y bounded and convex, pu € P2°(X) with density ¢! < p <e¢
Let m = minsep(y) F(0) F(o) = W5(u,0) + E(0) +U(0)
My 3= ming, ey (p,) FalGe ytin)  Fu(o) = Wi(pin, 0) + E(0) + U(0)

» Step 1: liminfm,, > m
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Proof of the convergence theorem: Lower bound

JKO step: X,Y bounded and convex, pu € P2°(X) with density ¢! < p <e¢
Let m = minsep(y) F(0) F(o) = W5(u,0) + E(0) +U(0)
My 3= ming, ey (p,) FalGe ytin)  Fu(o) = Wi(pin, 0) + E(0) + U(0)

» Step 1: liminfm,, > m

» Step 2: limsupm,, <m = min,cpy) F(0)

l—Using (C2) and a convolution argument

<

Given any probability density o € C°(Y) with e < 0 < e71, 3¢, € Ky (P,)

d Gy bin
d Hd

S.t. hmn_mo HO‘ — O'nHLoo(y) = O, where Onp —




Proof of the convergence theorem: Upper bound

> Step 2':| Given any prob. density 0 € CO(Y) s.t. e <o <e !, o, € Ky (P,)

dGy wubn
d H<4

s.t. limy, o0 ||00 — Op||Lee vy = 0, where o, 1=
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> Step 2':| Given any prob. density 0 € CO(Y) s.t. e <o <e !, o, € Ky (P,)

dGy wubn
d H<4

s.t. limy, o0 ||00 — Op||Lee vy = 0, where o, 1=

Lemma: Given p, =), p ppdp in P(X), there exists ¢, € Ky (F;,)
s.t. Vp € Py, o(V,') = pp, where V' := (0dn]ky (P))

d G2, un o (V™)
. PnH — E : p

(b) If max,ep, diam(V*) — 0 (1), then

limn_mo ”O‘ — O'nHLoo(y) = 0.

(c) Assume not (1): dp, € P, s.t. diam(V*) > ¢.

I 1l oo

Up to extraction, |¢nlic, — ¢, so that
(2) |[diam(0¢(x)) > | where = lim,, p,, € X.

(d) Moreover, Vop = o. By Caffarelli's regularity
theorem, ¢ € C': Contradiction of (2).
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4. Numerical results



Computing the discrete Monge-Ampere operator

UGTyHP) = 2 pep U (p/MAY[¢](p)) MAY [¢](p)
with MAy [¢](p) := H(0¢x, (p)).

» Goal: fast computation of MAy |¢|(p) and its 1st/2nd derivatives w.r.t ¢
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» We rely on the notion of Laguerre (or power) cell in computational geometry
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Definition: Given a function ¢ : P — R, é
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1,
'
’
‘
‘1,
’
1)
‘
:
‘
'
‘,
.

— Decomposition of R? into convex polyhedra

— For ¢(p) = ||p||?/2, one gets the Voronoi cell:

Lagp(p) == {y; Vg € P, |lg — y|* > |Ip — y||*}
— Computation in time O(|P|log |P|) in 2D
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» We rely on the notion of Laguerre (or power) cell in computational geometry

1,
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‘
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'
‘,
’

Definition: Given a function ¢ : P — R, |
Lag} Lagp(p) == {y e RL Vg € P, ¢(q) > ¢(p) + (¢ — ply)}

— Decomposition of R? into convex polyhedra

— For ¢(p) = ||p||?/2, one gets the Voronoi cell:

Lagh(p) := {y;Vq € P, |lg — y||> > |lp — y||*}

o
o . . . .
K . / — Computation in time O(|P|log |P|) in 2D

Lemma: For ¢ € Ky (P) and p € P, 0¢i, (p) = Lag%(p) NnY.
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Computing the discrete Monge-Ampere operator

» Global construction of the intersections (Lagq;g(p) NY)yep in 2D.

Assumption: 0Y = U,cgs,

with .S = finite family of segments.

» Combinatorics stored as an (abstract) triangulation T of the finite set P U S, i.e.

(p1,p2,p3) € T iff (Lagip(p1) N Lagh(p2) N Lagh(ps)) NY # 0
(p1,p2,51) € T iff (Lagh(p1) N Lagf(p2) Ns1) NY # 0
(p1, 81, 82) € T iff (Lag?(pl) Ns1NseNY) £

Computation in time O(|P|log|P|+ |S]) in 2D.




Computing the discrete Monge-Ampere operator

» Global construction of the intersections (Lagq;g(p) NY)yep in 2D.

Assumption: 0Y = U,cgs,

with .S = finite family of segments.

» Computation of MAy (p) = ’Hz(Lag?(p) NY) and its derivatives.

The sparsity structure of the Jacobian/Hessian is encoded in T

OMAYy (p)
9¢(q)

82MAY (p)

Op(r)0¢(q)

# 0 = (p,q) is an edge of T

#+ 0 = (p,q,7) is a triangle of T
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Example 1: Nonlinear diffusion on point clouds

dp _Ap" on X fast diffus-,ion equati.on: me|l—1/d,1)
(%) ot porous medium equation: m > 1
Vp Lny on 0X

Gradient flow in (P(X), Ws). for U(p) = | U(p(x))dx with U(r) =

m—1 = [Otto]
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Example 1: Nonlinear diffusion on point clouds

dp _Ap" on X fast diffus-,ion equati.on: me|l—1/d,1)
(%) ot porous medium equation: m > 1
Vp Lny on 0X

Gradient flow in (P(X), Ws). for U(p) = | U(p(x))dx with U(r) =

m—1 = [Otto]

Algorithm: Input: o= _p j;g T >0
For k € {0,...,T}
@ < arg min¢€,CG(Pk) 5 W2 (,LLk;, G¢#uk) + Z/{(Ga’;&uk) <4— Newton's method

pri1 < Gogppik, Pry1 < spt(fk+1)

GCbk (ZU)




Example 2: Crowd motion and congestion

» Gradient flow model of crowd motion with congestion, with a JKO scheme:
[Maury-Roudneff-Chupin-Santambrogio 10]
E() = [, V(z)dv(z)

H1 = Minyepx) o= Wi (e, v) + E) +UWV) " <’0if dv/dH? <1,
g V) =

\ + oo If not

Prop: The congestion term {{ Is convex under generalized displacements.
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Example 2: Crowd motion and congestion

» Gradient flow model of crowd motion with congestion, with a JKO scheme:
[Maury-Roudneff-Chupin-Santambrogio 10]
— fX V(z)dv(z)

Pk+1 = MIN,ep(X) %Wg(ﬂk,u) +E(v) +U(v) Uw) <( 0if dv/dH? <1,
s V) =
|+ if not

Prop: The congestion term {{ Is convex under generalized displacements.

» Convex optimization problem if V is A\-convex (V + A||.||* convex) and 7 < \/2.

We solve this problem with a relaxed hard congestion term:

r— —r“log(l —rt/%)

ot

= — [ p(x)*log(1 — p(x)/?)dx

Prop: (i) U, is convex under gen. displacements
(i) Uy —— U as a — oo.
BU; 15 U as B — 0.

24
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Example 2: Crowd motion and congestion

Initial density on X = [-2, 2]? Potential
0 (2,2)
HENEBE
_J .
H B ;-
H v

o -2

P = 200 x 200 regular grid. V(z) = |z —(2,0)|* + 5exp(—5|x||*/2)

Algorithm: Input: puo € P(P), 7 >0, >0, 8 > 1.
For k € {0,...,T}
¢ argminge g p,) 57 Wa ik, Gogpin) + E(Gogppur) + alls (G35 k)

v <= Goge bk k41 < projection of vf_, o) 1 5o 0N P.




