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Optimal Paths via Dynamic Programming

• Finding optimal paths via direct search is too costly.

• Finding optimal paths via Euler-Lagrange equation is not 
informative.

• Cell problem requires one problem for each direction.

• Instead, use Hamilton-Jacobi equation for function 
whose level sets are arrival times from the origin.
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The first formulation expresses the speed of propagation in the media by
a local speed function. The speed function induces a metric on the space,
given by the least time to traverse using admissible paths, see Figure 2. The
distance function in this metric satisfies an eikonal type Hamilton-Jacobi
equation, which is also the equation which expresses the normal velocity
of fronts. While we use the static version of the equation, the level set
method can be used to propagate fronts in the medium according to the
time-dependent version of the eikonal equation.

The main advantage of our approach is that we solve just one auxiliary
equation to recover H̄(p) for all values of p. For the other methods, a
problem must be solved for each value of p.

We reformulate the distance in an inhomogeneous medium using the ge-
odesic distance. In this case, the velocity of admissible paths are not re-
stricted, but instead a cost function is minimized. The same metric is ob-
tained when the cost function is related to the speed function by a nontrivial
formula, which is explained in §2.6. The advantage of the geodesic formu-
lation is that it leads to a more tractable homogenization problem: the
homogenization of Finsler metrics [2].

1.1. Particle speeds and front normal velocities. In order to prop-
erly link the Hamilton-Jacobi equation with the variational or Langrangian
formulation, we need to be particularly careful when dealing with isotropic
speeds. In the anisotropic case

c(x)|⇤T | = 1

with boundary conditions T (x) = 0 for x � �, T (x) is the time to reach the
point x from the set �, moving at speed c(x).

In the isotropic case, the normal velocity of fronts is di⇥erent from the
the velocity of the moving particles which make up the front.

Example. Suppose particles move horizontally with speed 1, and have no
vertical speed allowed. Then the front with normal (1, 1)/

⇥
2 moves with

speed 1/
⇥

2, whereas a vertical front moves at speed 1 and a horizontal front
does not move at all. See Figure 1.

The example above can be extended to the general case, where the velocity
of particles is given by f(x, �). In that case, the normal speed is

vn(x) = max
⇥�⇥�1

{n · f(x, �)}

Then the function u(x) whose level sets {u(x) = s} are the position of the
front at time s solves the Hamilton-Jacobi equation

H(⇤u(x), x) = 1

with H is given by

HfromSpeedHfromSpeed (1) H(p, x) := sup
⇥�⇥�1

{p · f(x, �)}

T (0) = 0



Hamilton-Jacobi Eqn for General Speeds

vn(x) = max
⇥�⇥�1

{n · f(x, �)}

f(x, �) particle speed in direction �

2 ADAM M. OBERMAN, RYO TAKEI, AND ALEX VLADIMIRSKY

The first formulation expresses the speed of propagation in the media by
a local speed function. The speed function induces a metric on the space,
given by the least time to traverse using admissible paths, see Figure 2. The
distance function in this metric satisfies an eikonal type Hamilton-Jacobi
equation, which is also the equation which expresses the normal velocity
of fronts. While we use the static version of the equation, the level set
method can be used to propagate fronts in the medium according to the
time-dependent version of the eikonal equation.

The main advantage of our approach is that we solve just one auxiliary
equation to recover H̄(p) for all values of p. For the other methods, a
problem must be solved for each value of p.

We reformulate the distance in an inhomogeneous medium using the ge-
odesic distance. In this case, the velocity of admissible paths are not re-
stricted, but instead a cost function is minimized. The same metric is ob-
tained when the cost function is related to the speed function by a nontrivial
formula, which is explained in §2.6. The advantage of the geodesic formu-
lation is that it leads to a more tractable homogenization problem: the
homogenization of Finsler metrics [2].

1.1. Particle speeds and front normal velocities. In order to prop-
erly link the Hamilton-Jacobi equation with the variational or Langrangian
formulation, we need to be particularly careful when dealing with isotropic
speeds. In the anisotropic case

c(x)|⇤T | = 1

with boundary conditions T (x) = 0 for x � �, T (x) is the time to reach the
point x from the set �, moving at speed c(x).

In the isotropic case, the normal velocity of fronts is di⇥erent from the
the velocity of the moving particles which make up the front.

Example. Suppose particles move horizontally with speed 1, and have no
vertical speed allowed. Then the front with normal (1, 1)/

⇥
2 moves with

speed 1/
⇥
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The example above can be extended to the general case, where the velocity
of particles is given by f(x, �). In that case, the normal speed is
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Front Speeds vs. Particle Speeds

• In the anisotropic case, normal velocity of fronts is not 
the same as particle velocity.  

• Suppose particles move horizontally with speed 1, and 
have no vertical speed allowed.   Then front moves 
with normal speed given by projection of the normal 
onto the particle speed.

n

v

v

v vn



Controlled ODEs for paths
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cost function b and the Hamiltonian H are norms on Rn for fixed x. They
are dual norms see §2.7.

2.2. The speed function, vectograms. Consider a medium which allows
motion at limited speeds.
Let x denote the position, and � denote the direction of motion.
Write ẋ(s, �(s)) := d

dsx(s, �(s)). The admissible paths x(t, �(t)) satisfy

dynamicsdynamics (ODE) ẋ(s, �(s)) = f(x(s), �(s))

where �(·) ⌥ A is the control.
We are dealing with a special case where the controlled ordinary di�eren-

tial equation splits into a unit vector component, the direction, and a scalar,
the speed function,

speedfunctionspeedfunction (7) f(x, �(s)) = c(x(s), �(s))�(s)

The speed function c : Rn⇥Sn ⇧ [0,+⌃) gives the maximum speed allowed
in the direction �, where � is a unit vector. Assume that c is convex and
and satisfies the growth condition:

growthgrowth (8) c1|�| ⇤ c(x, �) ⇤ C1|�| for every x ⌥ Rn, |�| ⇤ 1

with 0 < c1 ⇤ C2 < +⌃. The function c, is homogeneous if it is indepen-
dent of x, c(x, �) = c(�), isotropic if it is independent of the direction, �,
c(x, �) = c(x), and symmetric if

speedsymmetricspeedsymmetric (9) c(x,��) = c(x, �).

We assume symmetry to ensure that the resulting norms are homogeneous,
although the assumption can be dropped at the expense of some additional
bookkeeping.

For fixed x ⌥ Rn the speed function can be described its mapping of the
unit sphere, Sn, the vectogram Vc ⌅ Rn.

Vc = {c(x, �)� | |�| ⇤ 1}.
Vectograms [15] are simple way to illustrate the speed profile. See Figures 3
and 8.

sec:arrivaltime
2.3. The arrival time function. We can define a distance on Rn using
the shortest time taken to move between them over all admissible paths.

dsds (10) Tc(x1, x2) = inf
x(·) admissible

{t | x(0) = x1, x(t) = x2},

Define the time to reach the origin,

T (x) = Tc(x, 0).

In the special case where the speed function is homogeneous, c(x, �) = c(�),
the optimal paths are straight lines, and the arrival time is simple given by
the ratio of the distance to the speed.

TimeHomogTimeHomog (11) T (x) =
|x|

c(x/|x|) , when c(x, �) = c(�) is homogeneous
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Optimal Paths via Lagrangian
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where y = x/�. The variable in this last equation is y, so ⌅xu0 = p, an
unknown constant. The left hand side of the previous equation is a function
of y, while the right hand side is constant. Thus we have a solvability
condition: we need to find a periodic function v(y), and a vector p which
solve the cell problem

H(p +⌅v, x) = 1

Then we can define
H̄(p) = 1

and extend H̄ to other values along the line q = tp by homogeneity.
The homogenization theorem says that u� converges (uniformly on com-

pact subsets, possibly with a rate) to the solution of

H̄(Du) = 1
sec:var_fronts

3.4. Variational formulation for fronts. For time-dependent fronts, a
variational formulation of the homogenization problem was used in [11]. This
is based on the Lagrangian formulation of the problem, and the convergence
is in the sense of �-convergence [7]. They solved a problem of the form

L̄(q) = lim inf
T�⇥

1
T

inf
⇥⇤H1

0 (0,T )

� T

0
L(qt + ⇥(t), q + ⇥̇(t)) dt

In this case, the minimization of over curves is performed for each value
of q, and the Hamiltonian H̄(p) is recovered via the Legendre transform.
The resulting Hamiltonian is homogeneous of order one in the gradient,
and the Lagrangian is a characteristic function, as in (8). We note that the
discontinuous nature of the Lagrangian limits the usefulness of this approach
for numerical approximation.

sec:homogmetric
3.5. Homogenization of metrics. In this section, we review a homoge-
nization result for the geodesic distance functional. It has a very similar
appearance to the homogenization of the Lagrangian. The main di⇥erence
here is that, while the Lagrangian is a step function, the metric cost function
b is homogeneous of order one. The homogenized cost functional b̄ is also
homogeneous of order one. This last point is what allows us to approxi-
mate the homogenized cost function by a distance function, which was not
possible for the homogenized Lagrangian.

We use the result from [2]. Consider the functional

J [x(·)] =
� t

0
b(x(s), ẋ(s)) ds,

where J : W 1,1 ((0, t); Rn) ⇥ [0,+⇤). Here, as in §2.6, the cost function
b : Rn � Rn ⇥ [0,+⇤) is convex and positively 1-homogeneous in the
second variable, and satisfies the growth condition (10). In this section, we

Can Homogenize the Lagrangian:



Main Result
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Definition 1. The Hamiltonian H(p, x) : Rn⇥Rn ⇧ R is a metric or gener-
alized eikonal Hamiltonian if for each fixed x, H(·, x) : Rn ⇧ R satisfies the
following

H(·, x) is convex
H(tp, x) = tH(p, x) for all t ⌅ 0
c|p| ⇤ H(p, x) ⇤ C|p| for all |p| = 1

with 0 < c2 ⇤ C2 < +⌃.

Definition 2. The Hamiltonian H(p, x), which is periodic on the cube x ⌥
[�1, 1)n homogenizes to H̄(p) if the viscosity solutions T �(x) of the Hamilton-
Jacobi equation (HJ�) with T �(0) = 0 converge uniformly on compact sub-
sets to the viscosity solution T (x) of H̄( T ) = 1, with T (0) = 0.

thm:HJ Theorem 1. Let H(p, x) be a metric Hamiltonian which is periodic on the
unit cube. The H(p, x) defines a distance on Rn. We can write

H(p, x) = �p�b(x)�

where b(x, p) is corresponding metric cost function. Then H(p, x) homoge-
nizes to H̄(p) which is a homogeneous metric Hamiltonian. Furthermore

HJbarHJbar (17) H̄(p) = �p�b̄�
which is the dual norm (14) of the b̄ norm. The values can be obtained from

fcbarfcbar (18) b̄(p) =
1

c̄(p)
=

T (p)
|p| = lim

��0

T �(p)
|p|

where T � is the solution of (HJ�).

So we can solve one finite ⇥ eikonal equation, and approximate all of H̄(p)
using that solution.

Proof. This result is obtained from translating freely between the various
formulations of the front propagation problems, as summarized in §2.1 and
as explained in the earlier sections.

Since H(p, x) is a metric Hamiltonian, we can recover the cost function
b(x, p) from the Hamiltonian using the dual norm formula (15).

By the results of §2.3, the solution T �(x) of the Hamilton-Jacobi equa-
tion (HJ�) is the arrival time from the origin using admissible speeds c. But
this is equivalent, using §2.7, to the distance in the b� metric. Using the
convergence result for metrics, §3.5, this cost function converges to a cost
function b̄(p), which is also homogeneous of order one. Using the equivalence
of §2.7 again, the resulting Hamiltonian

H̄(p) = �p�b̄�
can be written as the dual norm to the homogenized cost function b̄, as
in (Eikonal).

Finally, the solutions T of (17) along with T (0) = 0 are given by the
time to reach the point x, where the cost to move in the direction � is



Illustration of Main Result



Computations
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We compared numerically our computed values b̄ with the analytical val-
ues of H̄(p) by performing the dual norm calculation numerically numerically
using (15)

⌅q⌅b̄ = sup
|p|=1

{q · p | H̄(p) = 1}

over a discrete set of unit vectors. For visualization purposes we display
vectorgrams which are obtained trivially from b̄.

A full description of the checkerboard example can be found in [1].
All the speed functions are function defined on [�1, 1]2 and extended

periodically. The numerically computed homogenized vectograms are shown
in Figure 8, overlaid on the exact result. We also compared the error for
a fixed pattern (checkerboard or stripes) but di�erent speed ratios c in the
material. The error was computed for a fixed directions as a function of c,
and also as a function of the direction for fixed c. See Figures 9 and 10.

Figure 8: Period domains and computed vectograms: checkerboard, stripes,
squares, and circles.

fig:vectograms

Example (checkerboard).

cch(x, y) =

�
c0 xy ⇥ 0
1 otherwise

The exact solution is an octagon for c0 ⇥ c�0,

H̄(p1, p2) =
c0

(
⇧

2� 1) min(|p1|, |p2|) + max(|p1|, |p2|)
, c0 ⇥ c�0

and for c0 ⇤ [1, c�0] the solution interpolates between a circle and an oc-
tagon, [1]. The plot is for c0 = 2.

Example (Stripes).

cst(x) =

�
1 x2 ⇤ [0, 1)
2 otherwise

These are validations of analytic results



Open Problem: random case
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speed

c(x) =

�
1 with probability 0.5
c0 > 1 with probability 0.5

In this section, computations were performed using higher resolution, but
plots use coarser computations for visualization purposes. Sample optimal
paths are shown in Figure 4 for two di�erent values of c0, and with ⇥ = 1/40.
Experimentally, the homogenized speed c̄(�) is anisotropic; the vectogram is
a circle. Compuations were performed averaging over 20 trials, and sampling
24 sampled directions. Any particular instance gave an approximate circle,
but if c̄(�) is averaged for each direction � over several computations, the
result is circular.

The mean and variance of c̄ were computed, as a function of c0. In each
case, the variance was less than 10�3. Figure 14 shows the averaged c̄(�)
for ⇥ = 0.01 on a 20002 grid (but plotted on an 802 grid) and the ENO
interpolated vectogram with 24 sampled directions, averaged over 20 trials.
The dependance of c̄ on the value c0 is also plotted, It was more informative
to plot b̄ = 1/c̄ as a function of 1/c0., see Figure 14.

Remark (Average cost in the random case). An upper bound for the homog-
enized cost is the average of the costs in each cell. This is achieved by paths
moving in a straight line in the direction �. But since optimal paths can
wander to lower cost cells, the actual computed cost is lower. Better upper
bounds can be achieved by estimating the probability that a neighboring cell
is low cost. We are not aware of any known formulas for the homogenized
speed in this case.
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Figure 14: Illustration of the homogenized speed/cost in the random case.
Left: computed vectogram, averaged over several trials, for c = 1, 1/2 with
probability 1/2. Right: computed homogenized cost b̄ as a function of the
random cost b = 1, or b = b0 = 1/c0 with probability 1/2.
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More Open Problems

• Application: wave propagation in inhomogeneous 
medium.

• Anisotropic eikonal equation.  Similar results?

• Add an external velocity field to the equation.  

• Now measures the combination of growth with 
advection. Model for combustion.   

• Expect to homogenize to either: “shifted 
circle” (non-Finsler metric) or “non-controllable”


