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Telomeres
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Olovnikov’s paper
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Consequence of shortening
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Rules of telomere shortening

From Anais Rat (2024) PhD disertation
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Immortalization
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Immortalization
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Three modeling questions

How to model shortening (and reconstruction, as in germ cells) of
telomeres?

How to embed telomere shortening into population structure?

How to model immortalization of cells in cancer?
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Recent papers with models inspired by telomere dynamics

Long-time behaviour of a multidimensional age-dependent
branching process with a singular jump kernel
Jules Olayé (CMAP, MERGE), Milica Tomasevic (CMAP, MERGE)
arXiv:2408.02476
[Submitted on 5 Aug 2024]

Stochastic branching models for the telomeres dynamics in a model
including telomerase activity
Athanase Benetos (DCAC), Coralie Fritsch (SIMBA, IECL), Emma
Horton, Lionel Lenotre (IRIMAS, ARCHIMEDE, PASTA), Simon
Toupance (DCAC), Denis Villemonais (SIMBA, IECL, IUF)
arXiv:2407.11453
[Submitted on 16 Jul 2024]
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Recent comprehensive model (Benetos et al. 2024 BiorXiv
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Benetos et al. Model cont.
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Essentials of Olofsson-Kimmel

Originally conceived as a model for 2-ends dynamics

Olofsson and Kimmel, Math Biosci (1999)

Due to outdated view of telomere shortening (overhangs in wrong ends),
qualifies as a single-end model only.

However, of some methodological interest, as an example of a reducible
multitype branching process.

Main assumptions:

k →
{

k
k − 1

; 0 → 0

i.e., telomere shorter by one unit in one of the progeny cells

- Cell lifetimes iid ∼ G (t)

- Reproduction laws flexible
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More about the OK model

Let the ancestor be of type i (has i t-repeats)

Mi ,i−k(t), is the expected number of i − k-type cells at time t

m
(n)
i ,i−k , is the expected number of i − k-type cells in the n-th

generation.

Basic relation:

Mi ,i−k(t) =
∞∑
n=k

m
(n)
i ,i−k(G

∗n(t)− G ∗(n+1)(t)), (∗)

where G ∗n is the n-fold convolution of the cdf G , or the distribution
of the sum of n iid lifelengths.
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OK, OK ...

Because,

at time t, cells from any generation may be present, and

there are m
(n)
i ,i−k individuals in the n-th generation and each of these is

alive at time t with probability G ∗n(t)− G ∗(n+1)(t)

Summing over all the generations gives us Mi ,i−k(t).

Further,

In particular, if lifelengths are exponential(α),

G ∗n(t) = e−αt
∑n−1

k=0
(αt)k

k! ⇒ Mi ,i−k(t) = e−αt
∑∞

n=k m
(n)
i ,i−k

(αt)n

n!

If there is no cell death, m
(n)
i ,i−k =

(n
k

)
and hence

Mi ,i−k(t) = e−αt
∞∑
n=k

(
n

k

)
(αt)n

n!
=

(αt)k

k!
e−αt

∞∑
n=k

(αt)n−k

(n − k)!
=

(αt)k

k!

as in Arino et al. (1995).

M. Kimmel & M. Doumic with advice from M.T. TexeiraModeling Telomere Dynamics Nov 21, 2024 14 / 25



OK, OK, OK ...

If there is cell death, negative exponential terms quench the growth.

In addition, if the lifetimes are non-exponential, literally the same results
obtain asymptotically.

However, the telomere shortening model is only OK (note the pun,
please!)
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Acceptable model?

so that ...

n m + 1

n + 1 m
−→


n-1 m+1

n m
n m

n+1 m-1

or, more concisely (n, m) −→
{

(n − 1, m)
(n, m − 1)
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Two-dimensional grid flow

(n,m) −→ (n,m − 1) −→ (n,m − 2) −→ · · ·
↓ ↓ ↓

(n − 1,m) −→ (n − 1,m − 1) −→ (n − 1,m − 2) −→ · · ·
↓ ↓ ↓

(n − 2,m) −→ (n − 2,m − 1) −→ (n − 2,m − 2) −→ · · ·
↓ ↓ ↓
...

...
...

Assuming one ancestor in (n,m), no cell death etc., we obtain

m
(k)
(n,m)→(n−i ,m−j) =


(k
i

)
i + j = k, i ≤ n, j ≤ m

0 otherwise

for the count of cells with nonzero-length telomeres. Accumulation of
senescent and dead cells is easily obtained.
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Expectations in time

Final expression provides expectations at time t for the counts of cells with
given imbalance between telomere deficiencies on both ends of the double
helix.

M
(k)
(n,m)→(n−i ,m−(k−i))(t) =

∞∑
k=i

m
(k)
(n,m)→(n−i ,m−(k−i))(G

∗k(t)−G ∗(k+1)(t)), (∗)

i = 0, 1, · · · , n; k − i = 0, 1, · · · ,m

To be continued ...
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Alternative telomere lenghtening pathway in yeast
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Summary of findings

Kockler and Colleagues carried out titration experiments in beer-yeast
(MK and PO favorite eukaryotes) cultures without telomerase, to
determine frequency of survivers arising.

Survivor clones arose most likely (8/8 experiments) if a very large
number 105 cells per ml was used.

Survivor clones arose less likely (3/53 experiments) if a smaller
number 250 cells per ml was used.

The group carried out interesting (though somewhat vaguely
described) simulations supporting diverse aspects of the experiments.

The ALT telomeres (stable and unstable) found, were thoroughly
dissected with a number of interesting conclusions.
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Aims (ours)

To investigate if the titration findings are consistent with a simple
statistical theory.

To construct a toy (as yet non-calibrated) model of the experiment to
understand how the process might be mechanistically working.
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Statistical consistency of the experiments

In a population of N individuals each of which has probability p to start a
survivor clone, the probability of no survivors arising equals

q(p,N) = (1− p)N ∼ e−Np

If we observe experimentally q̂, we obtain an estimator for p, defined as

p̂ = 1− q̂
1
N ≈ − 1

N
ln q if ln(q)N ≪ 1.

Based on the data from Kockler et al., where for N = 250 cells and 53
experiments 3 cultures which survived, we obtain q̂ = 50

53 , hence

p̂ ≈ − 1

250
ln(1− 3

53
) ∼ 2.33.10−4

Binomial proportions 0.95 CI for q̂ estimate depends on the method, but
does not differ much from q ∈ [0.8, 0.98], hence the 0.95 CI for p̂ is not
very different from p ∈ [8× 10−5, 7× 10−4].
With N = 105, this makes probability of survivors arising almost equal to 1.
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Simplified model of the ALT growth-phase
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Expected trajectories of the model
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Conclusions

Some insights emerge from applications of mathematics to measurements
of telomere dynamics.

Still enough to do for everybody ...
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