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Outline

• Mutations, genetic drift, and selection in proliferating cancer cells lead to 

populations with highly diverse genomes and complex dynamics.

• Mathematical tools to describe the resulting stochastic phenomena are classical 

population genetics models such as Wright-Fisher and Moran models, as well as 

more general branching processes (bp) and Markov processes.

• The diversity of cells and genomes frequently leads to models with infinite 

collections of types.



Plan d’action

• Les mutations, la dérive génétique et la sélection dans les cellules cancéreuses 

proliférantes conduisent à des populations aux génomes très diversifiés et à une 

dynamique complexe. 

• Les outils mathématiques permettant de décrire les phénomènes stochastiques qui 

en résultent sont les modèles classiques de génétique des populations tels que les 

modèles de Wright-Fisher et de Moran, ainsi que les processus de ramification 

(bp) et les processus de Markov plus généraux. 

• La diversité des cellules et des génomes conduit fréquemment à des modèles avec 

des collections infinies de types. 



Outline
• This mini-course includes a review of several of these models, preceded by a brief introduction to 

cancer dynamics, including some statistical issues such as early detection paradoxes, followed by a 

brief overview of mathematical tools.

• The lecture will be mathematically elementary, with an emphasis on intuitions and model building, 

but examples of mathematical proofs and references to the body of published literature will be 

provided.

• The overall goal is to generate interest in the field, which is currently expanding and has many 

interesting connections to basic processes in living cells.

• Although these are biologically and mathematically diverse models, they share some “exotic” 

properties, which arise from a non-trivial interplay between cell growth and cell-like transitions.



Plan d’action
• Ce mini-cours comprend une revue de plusieurs de ces modèles, précédée d'une brève introduction 

à la dynamique du cancer, y compris certaines questions statistiques telles que les paradoxes de 

détection précoce, suivie d'un bref aperçu des outils mathématiques. 

• L'exposé sera mathématiquement élémentaire, en mettant l'accent sur les intuitions et la 

construction de modèles, mais des exemples de preuves mathématiques et des références au corpus 

de la littérature publiée seront fournis.

• L'objectif général est de susciter l'intérêt pour le domaine qui est actuellement en pleine expansion 

et qui présente de nombreux liens intéressants avec les processus de base des cellules vivantes. 

• Bien qu'il s'agisse de modèles biologiquement et mathématiquement divers, ils partagent certaines 

propriétés « exotiques », qui résultent d'une interaction non triviale entre la croissance cellulaire et 

les transitions de type



List of Meetings

• Meeting 1: Biological and mathematical background

• Meeting 2: Gene amplification. Role of quasi-stationarity

• Meeting 3: Telomere dynamics, from branching random walk to 
Greider’s model

• Meeting 4: Heavy-tail distributions in cell proliferation models

• Meeting 5: Tug-of-War model of competition between advantageous 
and deleterious mutations



Meeting 1: Biological and mathematical context

• DNA, RNA and proteins, the dogma of molecular biology, structure of human

genomes

• quantitative theories of cancer

• population genetic models - genetic drift: continuous-time Moran model versus 

discrete-time Wright-Fisher model - mutations: infinite allele and infinite site 

models - neutral evolution and the coalescent

• branching processes - Galton-Watson (GW) processes: basic equations of the 

generating function and criticality, Yaglom's theorem - continuous-time processes

and the Goldie-Coldman two-bp model of chemotherapy resistance



Réunion 1: Contexte biologique et mathématique

• ADN, ARN et protéines, le dogme de la biologie moléculaire, structure des 

génomes humains

• théories quantitatives du cancer

• modèles de génétique des populations - dérive génétique : modèle Moran continu 

dans le temps contre modèle Wright-Fisher discret en temps – mutations : modèles 

d'allèles infinis et de sites infinis - évolution neutre et le coalescent

• processus de ramification - processus de Galton-Watson (GW) : équations de base 

de la fonction génératrice et criticité, théorème de Yaglom - processus continus en 

temps et modèle Goldie-Coldman à deux types de bp de la résistance aux 

chimiothérapie



BCM-

HGSC

Genes make up

only 3% 

of the genome

30,000



Genome Sizes

Human                  3.0 x 109 base pairs

Mouse                   3.0 x 109

Worm                    1.0 x 108

Drosophila            1.1 x 108

Yeast                     1.2 x 107

Bacteria       1.0 - 5.0  x 106

Dictyostelium       3.4 x 107















https://www.technologynetworks.com/genomics/articles/what-are-the-key-differences-
between-dna-and-rna-296719



















Wright-Fisher Model of Genetic drift (ca. 1920)
Loss of variants due to random sampling of progeny from 
parental gene pool

Alleles: A1: A2:

Replication = sampling with 

replacement

A1 – becomes fixed

A2 – becomes lost

G1

G2

Gn

...



Coalescent: Drift seen in reverse time

Lineage mergers in reverse time correspond to 

Loss of variants in forward time



Mutation

Mutation times follow a Poisson process with intensity  measured per locus (per 
site) per generation

Model used for rare mutations in long genomes:

Infinite Sites Model (ISM), where it is assumed that each mutation takes place at a 
DNA site that never mutated before
• Mutation sites can be represented as iid uniform(0, 1) rv’s

0 1𝑋 ~ uniform(0,1)

Genome = [0, 1]

mutation



Growing population scenario

≈ tumor growth case

Coalescent tree “star-like”

≈



Coalescence method

• Genetic drift viewed in reverse time

• Estimating the past of an n - sample of sequences taken at present. 

• Possible events that happen in the past are

– coalescences (lineage merges) leading to common ancestors of 

sequences, and 

– mutations along branches of ancestral tree each at a new site 

(“Poisson rain”).



Sequencing cancer DNA

http://www.nature.com/polopoly_fs/7.7203.1351622068!/image/single-cell-sequencing.jpg_gen/derivatives/fullsize/single-cell-sequencing.jpg

https://physicsforme.files.wordpress.com/2012/04/dna.jpg



Mutations, or rather “called somatic variants”
at sites (DNA nucleotides) where reads differ

O. Morozova, M. A. Marra, Genomics, 2008

…TATATGCTAGCTAGCTACGGCGCGCTG…

…TATATGCTAGCTAGATACGGCGCGCTG…



Site Frequency Spectrum (SFS) = Variant Allele Frequency (VAF)
Statistic for neutral mutation distribution (neutral mutations are ticks of molecular clock)

SFS is bar chart of 𝜼𝒊 = # mutations represented in 𝒊 out of 𝒏 cells

𝜂 = {𝜂1, 𝜂2,…, 𝜂20} = 7, 0, 3, 0, 0, 2, 0, 0, 0, 1,… , 0 , Σ𝑖=1
𝑛−1𝜂𝑖 = 𝑠 = # segregating sites

𝜂𝑖



Consequences of star-shaped coalescence:

Exaggerated singletons (   = mutation)

𝜂1 = 17, singletons

𝜂2 = 1, dublets

𝜂3 = 2, triplets
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Expected SFS based on GT-coalescent

𝑞𝑏 = probability that a mutation is present in 

b = 1, 2,… , 𝑛 sequences out of the sample of n sequences

Griffiths and Tavare, 1998
Depend on metrics of the tree:
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Polanski and Kimmel M (2003) New Explicit Expressions… Genetics



How to reconstruct past dynamics ?

• Chief problem: how to measure time ?

• But are mutations not accumulating in/with time ?

• The difficulty is clear from the asymptotic Griffiths-Tavaré/Durrett formula

𝑞𝑚 ቐ
∼

𝑛𝜈

𝛾
ln 𝑁𝛾 , 𝑚 = 1 (singletons)

→
𝑛𝜈

𝛾

1

𝑚(𝑚−1)
, 𝑚 = 2,… , 𝑛 − 1

as 𝑁 → ∞

where 
𝝂

𝜸
𝐥𝒏 𝑵𝜸 =  𝝂𝒕, since  𝑁 = 𝑁 𝑡 = 𝛾exp(𝛾𝑡)

• Notice 𝑞𝑚 decays almost exactly quadratically (so, log-log slope = −𝟐)

• Time is associated with singleton count, but in genome data singletons are 
considered indistinguishable from sequencing errors and discarded



Lambert - Stadler - MK SFS

SFS based on a sample of size 𝑛 from a b-d process 

grown to size 𝑁, with 𝑝 =
𝑛

𝑁

where

e.g.                                                                   etc.



Three curves (G-T, Durrett’s, Lambert-MK)

Lambert-MK based on b-d process sampling



Clone 0

Clone 1

Neutral evolution with a selective sweep in a tumor

(Dinh et al Stat Sci 2020)



How to interpret the SFS? Suppose that ….
• Blue cells grow  and mutate as a birth-death process

• At time around 900, a green subclone emerges and proliferates faster

• Mutation accumulate neutrally, except that
• A (red) subset of mutations leads to the ancestral cell of the green  clone

• When we sample reads from cells, the SFS will show red hump

• The skew component correspond to neutral 
accumulation of mutations

• More subclones →more humps?



𝑄𝑚 = 𝐴
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= 𝑛
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𝑞𝑚
0 =

𝑝0𝑛0𝜐0
𝛾0

1

𝑚(𝑚 − 1)
,𝑚 = 2,… , 𝑛0 − 1 𝑞𝑚

1 =
𝑝1𝑛1𝜐1
𝛾1

1(𝑚 < 𝑛1)

𝑚(𝑚 − 1)
+ 𝐾𝛿𝑚,𝑛1 ,𝑚 = 2,… , 𝑛1

Where 𝐴 is the total of neutral mutations, 𝑛𝑝1 is the mode of the hump, and 𝐾 is the 

area under the hump.



3 clones?





Expanded Biological Background

Introduction to DNA (and other) 
Sequences



BCM-

HGSC

Genes make up

only 3% 

of the genome

30,000



Genome Sizes

Human                  3.0 x 109 base pairs

Mouse                   3.0 x 109

Worm                    1.0 x 108

Drosophila            1.1 x 108

Yeast                     1.2 x 107

Bacteria       1.0 - 5.0  x 106

Dictyostelium       3.4 x 107

























https://www.technologynetworks.com/genomics/articles/what-are-the-key-differences-
between-dna-and-rna-296719



































Structure of the SARS-Cov-2 genome
Single-stranded RNA virus (ca 30 kb in size)

Interesting:

• Spike (S) protein

• Untranslated (possibly regulatory) regions 5 ‘UTR and 3’ UTR



Hidden diversity of viral genomes

Recorded diversity of viral genomes (tip of the iceberg?)

New selectively advantageous variants emerge
Underlying processes
• Mutation
• Drift
• Selection
• Recombination (?)

Can we get a glimpse of the evolutionary processes based 
on mutation trajectories at a given count of sites?

SARS-Cov-2 Genomic Evolution in 1 Slide

Kurpas et al. (2022) Viruses 14(11): 2375













































Holy Graal of Computational Biology

The protein folding problem 

= deducing the tertiary structure of protein based 
on AA sequence

“Cracked” ca. 2020 – 2021 by Alpha Fold AI code

https://alphafold.ebi.ac.uk/

Based on “rules”, “learned” from PDB structures

See comments in 
https://doi.org/10.1073/pnas.22144231

https://alphafold.ebi.ac.uk/
https://doi.org/10.1073/pnas.22144231









