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Aedes mosquitoes: A public health problem

Aedes mosquitoes transmit: Dengue fever, Zika, Chikungunya, Yellow
fever, West Nile fever...

Up to 400 million infections every year and 3.9 billion people at risk in
129 countries for Dengue alone.

No efficient vaccine, nor antiviral drugs.

Expansion of vector’s habitat (trade, global warming, reduction of
predator populations ...)
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How to fight it? Two methods

Wolbachia method

- Reduction of the vector capacity. - Wolbachia vertical transmission.
- Cytoplasmic incompatibility. - Population replacement.

Sterile insect technique

- Population suppression. - Recurrent intervention
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The model

S′
H = bHH − βM

H
IMSH − bHSH

E′
H =

βM
H

IMSH − γHEH − bHEH

I ′H = γHEH − σHIH − bHIH

M ′ = bMM

(
1− M

K

)
− dMM−βM

H
SMIH

Impulsive control: u(t) =
∑n

i=1 ciδ(t− ti) Constraint:
∑n

i=1 ci = C

Goal: Minimise J(u) during an outbreak

J(u) :=

∫ T

0
IH(t)dt
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Use of Wolbachia

We add the mosquitoes with Wolbachia:

S′
H = bHH − βM

H
IMSH − βWH

H
IWSH − bHSH

E′
H =

βM

H
IMSH +

βWH

H
− γHEH − bHEH

I ′H = γHEH − σIH − bHIH

S′
M = bMM

(
1− M +W

K

)(
1− sh

W

M +W

)
− βM

H
SMIH − dMSM

E′
M =

βM

H
SMIH − γMEM − dMEM

I ′M = γMEM − dMIM

S′
W = bWW

(
1− M +W

K

)
− βHW

H
SW IH − dWSW + u

E′
W =

βHW

H
SW IH − γWEW − dWEW

I ′W = γWEW − dW IW
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Problem Reduction [Almeida, Privat, Strugarek, Vauchelet (2019)]

We define p := W
M+W , the proportion of Wolbachia infected mosquitoes in

the population.

We assume a high birth rate bN = b0N/ϵ, bW = b0W /ϵ. In the limit, ϵ → 0,
p obeys the equation:

p′ = f(p) + ug(p)
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Problem reduction
1) Assuming a high birth rate we obtain M = K(1− p) and W = Kp.

2) Since SM = K(1− p)− EM − IM and SW = Kp− EW − IW eliminate two
equations from the system.

S′
H = bHH − βM

H
IMSH − βWH

H
IWSH − bHSH

E′
H =

βM

H
IMSH +

βWH

H
IWSH − γHEH − bHEH

I ′H = γHEH − σHIH − bHIH

E′
M =

βM

H
(K(1− p)− EM − IM ) IH − γMEM − dMEM

I ′M = γMEM − dMIM

E′
W =

βHW

H
(Kp− EW − IW ) IH − γWEW − dWEW

I ′W = γWEW − dW IW

p′ = f(p) + ug(p)
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Instant releases

u(t) =
∑n

i=1 ciδ(t− ti) = lim
ε→0

∑n
i=1

ci
ε 1[ti,ti+ε]

p′(t) = f(p(t)) + g(p(t))

n∑
i=1

ci
ε
1[ti,ti+ε].

In the limit

{
p′ = f(p), t ∈ [ti, ti+1], i = 0, . . . , n
p(t+i ) = G−1(G(p(t−i )) + ci), i = 1, . . . , n

Where G(p) :=
∫ p
0

dq
g(q)
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Numerics

We compute the derivative of the criterion with respect to each ti and ci.

We implemented a gradient descent for the times the Uzawa Algorithm
with an augmented Lagrangian for the costs

J(u, λ) =

∫ T

0
IH(t)dt+ λ

(
n∑

i=1

ci − C

)
+

ρ

2

(
n∑

i=1

ci − C

)2

The solution is a saddle point of J(u, λ)

Minimization w.r.t. u: ck+1 = ck − ϵ (∇cJ(uk) + λk + ρ (
∑n

i=1 ci − C))

Maximization w.r.t. λ: λk+1 = max (λk + ρ (
∑n

i=1 ci − C) , 0)
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Results: Wolbachia
C < G(θ): release before the outbreak reaches its peak.

C > G(θ): Release at t = 0.

C = 10000
Reduction:
2.1%

C = 20000
Reduction:
56.2%

G(θ) ≈ 14850
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Use of Sterile mosquitoes

S′
H = bHH − βM

H
IMSH − bHSH

E′
H =

βM
H

IMSH − γHEH − bHEH

I ′H = γHEH − σHIH − bHIH

S′
M = bMM

(
1− M

K

)
M

M + scMS
−βM

H
SMIH − dMSM

E′
M =

βM
H

SMIH − γMEM − dMEM

I ′M = γMEM − dMIM
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Instant Releases

Considering again instant releases the equation for the sterile mosquitoes
becomes:{

M ′
S = −dSMS , t ∈ [ti, ti+1], i = 0, . . . , n

MS(t
+
i ) = MS(t

−
i ) + ci, i = 1, . . . , n

We can solve this equation explicitly, finding

MS(t) =

i∑
j=1

cje
−dS(t−tj), t ∈ [ti, ti+1], i = 0, . . . , n
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Results: 10 releases

C = 3 · 107

Reduction:
14.7%

C = 6 · 107

Reduction:
75.1%
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Results: 20 releases

C = 3 · 107

Reduction:
16.9%

C = 6 · 107

Reduction:
99.3%

Jesús Bellver Arnau PGMO days 14 / 16



Conclusions
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Conclusions

Wolbachia:

Optimal strategy: One single release

If we have enough mosquitoes to trigger a population replacement:
release as soon as possible.

If we don’t have enough: release before the peak of the outbreak.

Sterile mosquito:

Strategy and results depend highly on the number of releases at first.

After ∼ 20 releases almost no improvement.

With few mosquitoes: spaced releases around the peak.

With a lot of mosquitoes: spaced releases from the begginning.

Thank you for your attention

Jesús Bellver Arnau PGMO days 16 / 16



Conclusions

Wolbachia:

Optimal strategy: One single release

If we have enough mosquitoes to trigger a population replacement:
release as soon as possible.

If we don’t have enough: release before the peak of the outbreak.

Sterile mosquito:

Strategy and results depend highly on the number of releases at first.

After ∼ 20 releases almost no improvement.

With few mosquitoes: spaced releases around the peak.

With a lot of mosquitoes: spaced releases from the begginning.

Thank you for your attention

Jesús Bellver Arnau PGMO days 16 / 16



Conclusions

Wolbachia:

Optimal strategy: One single release

If we have enough mosquitoes to trigger a population replacement:
release as soon as possible.

If we don’t have enough: release before the peak of the outbreak.

Sterile mosquito:

Strategy and results depend highly on the number of releases at first.

After ∼ 20 releases almost no improvement.

With few mosquitoes: spaced releases around the peak.

With a lot of mosquitoes: spaced releases from the begginning.

Thank you for your attention
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