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SCIENTIFIC CONTEXT - OPTIMAL CONTROL

®

cnNes

CENTRE NATIONAL
D'ETUDES SPATIALES

THALES

Minimum time control of the Kepler equation (CNES / TAS / Inria / CNRS collaboration):

min [l dt = max m(tr)

. u .
g=—r =t m=—fllul, [u] < Tma te][0,t].

Fixed initial and final Keplerian orbits, free final time t;.



SCIENTIFIC CONTEXT - OPTIMAL CONTROL PROBLEM

min  g(x(to), x(tr)) + [ (£, x(t), u(t)) dt

(OCP) x(t) = f(t, x(t), u(t)), u(t)eU, telt,t]ae.,
h(t, x(t),u(t)) <0, telt,te

c(x(to), x(tr)) =0,

g : boundary cost

O : running cost

f : dynamics

U : control domain

h : control/state constraints

C : boundary constraints



SCIENTIFIC CONTEXT - NUMERICAL METHODS AND SOFTWARES

Numerical methods:
= Direct and Indirect: simple shooting, multiple shooting, collocation.

— indirect: OCP — PMP —— NLE: Newton solvers.
— direct: OCP — NLP — KKT: Interior points solvers, SQP solvers.

» HJB (value function, cf Dyn. Prog.) and LMI (to compute a lower bound).
= Homotopy techniques to solve a one-parameter family of ocp's.

= Conjugate points computation.

Softwares:
» Bocop: direct method (collocation) and “HJB",
» HamPath: indirect method (simple and multiple shooting), homotopy and conjugate points,

See appendix A of the following ref for a survey on numerical tools: S. M. Rogers, Optimal Control
of Nonholonomic Mechanical Systems, PHD Thesis, 2017.



TECHNOLOGICAL CONTEXT - BOCOP SOFTWARE

The Bocop project (bocop.org) began in 2010 in the framework of the Inria-Saclay initiative for
an open source optimal control toolbox, and is supported by team COMMANDS.

File Build and Run Help

TR LUl D~
BOCOP | Definition | Starting Point | Optimization | Visualization | /_ \\ 4 \
4 1
BOCOP Directories : 5 \ Input files \ Output files
* Root folder : /home/martinon/bocop/master s
 Current Problem : /home/martinon/bocop/master/examples/goddard : ;;Ir;ear:;;ptgp : Ezg:gmgﬁ{mds Load Output : ?:‘s)::le::nscl
= boundarycond.tpp | * problem.constants
+ pathcond.tpp * initf
THE OPTIMAL - BOCOP —
CONTROL SOLVER // I N
Id Param
S e Time discretization
+ data.csv General Runge-Kutta
\
Loading problem definition... \
Problem loaded. |

3 \ NLP
5 \ Starti int
L Jls] arting pain \ functions
4 \\ > Ojective Constraints

= Direct method: OCP — NLP — KKT .

‘Op.tlmolgftlon j-— 6
= interior point solver IPOPT

Interface “Linear Algebra
MUMPS

= automatic differentiation Adol-C/CppAD 2 Bocop core

[ Third Party


http://bocop.org

TECHNOLOGICAL CONTEXT - HAMPATH SOFTWARE

The HamPath package (hampath.org) is a an open-source software developed since 2009, jointly
by CNRS (Toulouse, Dijon) and Inria (Sophia).

Indirect method: OCP — PMP — NLE
Newton solver: hybrj from MINPACK

automatic differentiation: TAPENADE

integration: Runge-Kutta schemes with variable step-size as dopri5, dop853, radau5 (9,
13)

Subroutines (Matlab/Python)

Subroutines (Fortran90) Inputs I P b Outputs ® hfun, hvfun, dhvfun,
= hfun amPat n

exphvfun, expdhvfun,

= sfun = sfun, sjac,

® ssolve, hampath...

Possibilities: indirect simple and multiple shooting, homotopy and conjugate points computation


http://hampath.org

CONTEXT - OBJECTIVES

Inria project (started June 1st 2019):

ct (Control Toolbox) - Towards a collaborative set of reference tools to solve ocp's

Objectives.
» Interoperate Bocop and HamPath (complementary approaches),

= Provide a high-end interface.

People involved.
» McTAO (Inria Sophia): J.-B. Caillau, J.-B. Pomet
APO (CNRS): O. Cots, J. Gergaud
CAGE (Inria Paris): P. Martinon
COMMANDS (Inria Saclay): F. Bonnans
Sophia SED

Interoperating of Bocop and HamPath: GUI| demo, Python notebook demo.


http://cots.perso.enseeiht.fr/resources/2019-ICIAM-COTS-videos/bocop-hampath.mp4?dl=0
http://cots.perso.enseeiht.fr/resources/2019-ICIAM-COTS-videos/bocop-hampath-notebook.m4v?dl=0

Direct approach - Bocop software

File Build and Run Help
E=Eds »0

BOCOP | Definition | Starting Point | Optimizati

BOCOP Directories : 2

« Root folder : /home/martinon/bocop/master
« Current Problem : /home/martinon/bocop/master/examples/goddard

CONTROL SOLVER

699

Loading problem definition...
Problem loaded

e Jl+]

» C / C++, linux/win/mac, GUI, EPL License
= OCP, model identification, delay systems
» General Runge-Kutta schemes, IPOPT solver, automatic differentiation (AdolC/CppAD)



DIRECT APPROACH - TIME DISCRETIZATION,

RUNGE KUTTA SCHEMES

min g(X(tO),x )

(OCP) x(t) = f(t.x(t), u(t), u(t) e U,
h(t, x(t), u(t)) <0, telt,t],
c(x(to), x(tr)) =0,

Time discretization. (t,-),-zo ,,,,,

Decision variable. new state and control variables: X :=

+/ FO(t, x(t), u(t)) dt

t € [ty, tr] ace.,

v, usually uniform with step h.

(x:, u;).

NLP Transcription. The OCP is reformulated in terms of the unknown X.

boundary conditions: ¢(xp, xy ).

path constraints: h(t;, x;, u;), 1 =0, N.

dynamics: general Runge Kutta formulas

objective: boundary cost g(xp, xy), running cost as sum of terms f°(t;, x;, u;).



DIRECT APPROACH - TIME DISCRETIZATION, RUNGE KUTTA SCHEMES

S i—1
General RK formula. s stages, coefficients a;, b;, ¢; such that >~ b; = 1 and ¢; = >~ aj.
i=1 Jj=1

Butcher form: The formula for one step is:

Ci|di1 - dis s
k,' — f(t0—|—C,'h,X0+h2 a,-J-kj), for 1 € [[].,Sﬂ,

j=1
Cs|ds1 " dss

X1 = Xo + h i b,'k,',
=1

Setting the unknown X = (x;, u;, k;), we finally obtain the discretized problem (NLP)

min F(X), CLB S C(X) S CUB-
— A direct method solves (NLP) as an approximation of (OCP).

Remark. KKT for NLP tends to PMP for OCP when h — 0.



DIRECT APPROACH - Bocop - GODDARD PROBLEM

1D rocket ascent with maximal final mass:

. State: g = (h, v, m)

. Objective: max m(ty)

- Dynamics:
h =v
v = (cu—D(hv)) - g(h)
m = —bu

. Constraints:
tr free
ue|0,1]
h(0) = 1, v(0) =0, m(0) = 1
h(ts) = 1.01




DIRECT APPROACH - Bocop - GODDARD PROBLEM

1D rocket ascent with maximal final mass: solution of the form B1tSBP°,

Bocop - goddard
File Build and Run Help
= pal
EESdH, >0
[BOCOP | Definition | Starting Point | Optimization | Visualization |
l jui Open solfle ) position speed
[cop ol | 1,01 0,12
[ savesoas || Export | 1.008 0.1
Objective = -0.634131 1,006 O
it violation = 0,06
Constraint violation = 1.96473e-13 1,004
Variables 0,04
&- Co 1,002
0,02
1 0
r T T T 1 T T T T 1
o 0,05 0.1 0.15 0.2 0 0,05 0.1 015 0.2
mass acceleration u
1 1
0,95
0.8
09
0.85 0.6
0.8
0,75 oz
0,7
0.2
0.65
0.6 0
T T T T d
< KD 0 0,05 0,1 0 0,05 0.1 0,15 0.2

++ no a priori on the structure, robust to the initial guess,

— accuracy can be limited by discretization /structure.

New Bocop: micro-swimmer example.



http://cots.perso.enseeiht.fr/resources/2019-ICIAM-COTS-videos/bocop-swimmer.mp4?dl=0

Indirect approach - HamPath software

FORTRAN routines

FORTRAN core

Newton

RK

v INTERFACE routines

ssolve exphvfun
INTERFACE INTERFACE



INDIRECT APPROACH - SIMPLE SHOOTING - INTRODUCTION

Let consider:

(u()) = 5/ 2dt — min
(P1) (t) —x(t) + ( ) u(t) eR, tel0,t]pp, x(0)=x,
X(tf) = Xr,

with tr =1, x = —1, xy =0 and Vt € [0, t], x(t) € R.



INDIRECT APPROACH - SIMPLE SHOOTING - INTRODUCTION

Let consider:

J(u(’)) = ;/Otf u(t)? dt — min

(P1) x(t) = —x(t) + u(t), u(t)eR, te[0,t]pp., x(0)=x,
X(tf) = Xf

with tr =1, x = —1, xy =0 and Vt € [0, t], x(t) € R.

- Pseudo-Hamiltonian: H(x, p, p°, u) := p(—x + u) + p° 1v?, p® = —1 (cas normal)
- Maximization condition: us(x, p) = —p/p® = p, (%? =pl=-1< O),
« We get the boundary value problem (BVP) :

M(t) = O[] = —x(2) + u(x(t), p(2)) = —x(t) + p(t),
(BVP:) p(t) = —oxH[t] = p(t),
X(O) (tf) = Xr,
where [£] = (x(t), p(t), p°, us(x(2). p(1))).



INDIRECT APPROACH - SIMPLE SHOOTING - INTRODUCTION

We want to solve (BVP):
x(t) = OpH[t] = —x(t) + p(2),

(BVPY) p(t) = —0H[t] = p(t),
x(0) =x, x(tr) = xr.

=« We introduce :

Hiz )= (G0 -0 ), 2= ()

8p(

- We denote by z(, xg, po) the solution of z(t) = ﬁ(z(t) us(z(t))), z(0) =

(Xoy Po)-



INDIRECT APPROACH - SIMPLE SHOOTING - INTRODUCTION

We want to solve (BVP):

X(t) = 9,H[t] = —x(t) + pl),
(BVPs) p(t) =—0H[t]= p(t),

x(0) =xo, x(tr) = x¢.

= We introduce :
ﬁ(z, u) = <8p (z,p°, u), —aX(z,p u)) . z:=(x,p).

- We denote by z(-, xo, po) the solution of z(t) = ﬁ(z(t) us(z(t))), z(0) = (xo, po).
= We define the shooting function by:

S:R — R
po — S(po) == Mi(z(tr, %0, po)) — xr,

ou My(x, p) = x.

= Solve (BVP;) amount to solve S(py) = 0. This is the simple shooting method.



INDIRECT APPROACH - SIMPLE SHOOTING

Shooting function: S(po) = My (z(tr, X0, Po)) — x¢r = x(tr, X0, Po) — X¢-
Shooting method: solve S(py) = 0.
X

XF o

X0

0 tf t Xo Xf X

Algorithms:
= z(+, X0, po) is computed with Runge-Kutta schemes.

= S(po) = 0 is solved by a Newton method (sensitive to initialization).



INDIRECT APPROACH - MULTIPLE SHOOTING - INTRODUCTION

Let consider: H(z, u) = Hy(z) + u Hi(z), Hy, Hy smooth, z = (x, p), U € [Unmin, Umax]-

The maximization condition gives:
Unax si Hi(z) >0
us(z) si Hi(z) =0,
Unin si Hi(z) <0

with us(z) € (Umin, Umax) the singular control.

We define N . R
H+ - HO + Umax Hly

ﬁg :ﬁg—l_usﬁir

H_ = —H_(:—I_ Umin H_I;



INDIRECT APPROACH - MULTIPLE SHOOTING - GODDARD PROBLEM

1D rocket ascent with maximal final altitude:

. State: g = (h, v, m)
- Objective: max h(tr)

- Dynamics:
h =v
_ 1
v = (u—D(hv)) - g(h)
m = —u

. Constraints:

tr fixed

u € [0, tmax]

h(0) = v(0) =0, m(0) = 214.839
m(t;) = 67.9833



INDIRECT APPROACH - MULTIPLE SHOOTING - GODDARD PROBLEM

Optimal control u and swtiching function H (recall H(z, u) = Ho(z) + u Hi(2)).

101 101
““““““ u u
- H1 - H1

8F 8

6 6

—

4 ab

2 2r

Ob o T TS T memae — OF T o i e e e
2 I I I I I I I I I I 2 I

0 2 4 6 8 10 12 14 16 18 20 0 5 10 15 20 25 30 35 40 45 50

tr = 20. The solution is Bang-Bang. tr = 50. The solution is Bang-Singular-Bang.



INDIRECT APPROACH - CONCLUSION

» Indirect method: OCP — PMP — NLE.

+ fast to converge,
-+ accurate,
— — work to be done by hand: a priori on the structure,

— — sensitive to initialization.

= New HamPath: Kepler demo.


http://cots.perso.enseeiht.fr/resources/2019-ICIAM-COTS-videos/hampath-kepler3d.m4v?dl=0

INTEROPERATE Bocop AND HAMPATH

Inria project (started June 1st 2019):

ct (Control Toolbox) - Towards a collaborative set of reference tools to solve ocp's

Objectives.
» Interoperate Bocop and HamPath (complementary approaches),

= Provide a high-end interface.

People involved.
» McTAO (Inria Sophia): J.-B. Caillau, J.-B. Pomet
APO (CNRS): O. Cots, J. Gergaud
CAGE (Inria Paris): P. Martinon
COMMANDS (Inria Saclay): F. Bonnans
Sophia SED



INTEROPERATE Bocop AND HAMPATH

Starting point. The following scheme commutes if the discretization of the state-costate equation
is a partitioned Runge-Kutta and symplectic scheme.

ocp M pyp

Disc.[ |Disc.

NLP 2EL NLE

See: E. Hairer, C. Lubich, and G. Wanner. Geometric Numerical Integration. Structure—Preserving Algorithms
for Ordinary Differential Equations, vol 31 of Springer Series in Computational Mathematics, 2006.

Key idea. Use Bocop to initialize HamPath and determine the optimal control structure and
active state constraints if any.

Remark. The determination of the structure in an automatic way is an open question, but some
examples have been treated manually, see for instance:

= Bonnard, B.; Claeys, M.; Cots, O.; Martinon, P.; Geometric and numerical methods in the contrast imaging
problem in nuclear magnetic resonance. Acta Appl. Math. 135 (2015), no. 1, 5-45.

» Cots, O.; Gergaud, J.; Goubinat, D.; Direct and indirect methods in optimal control with state constraints
and the climbing trajectory of an aircraft. Optim. Control Appl. Meth. 39 (2018), no. 1, 281-301.



CONCLUSIONS

= About interoperating Bocop and HamPath (complementary approaches):

Interoperating bocop and hampath: simple optimal control problem
The idea of this notebook is to see how to use hampath on a simple optimal control problem whose solution is smooth:

!
/ uf? dr — min,

v,
A’ +u,

b
with x and v fixed at 7 = O and ¢ = 1. The Hamiltonian of the problem is:

H =pv+p(—4v? +u) — 2

Entrée [1]: # Imports
import matplotlib
tmatplotlib notebook
from matplotlib import pyplot as plt

Step 1: bocop

Entrée [3]: # Bocop call (uses a definition file)
import bocoj
£ (bocop. launchProblem("controlLisse”,
print("Bocop OK")

/test/problem_bocop", 100)

Entrée [ ]: # Reads solution file

objective, time_steps, time_stages, state, control, parameters, costate, boundary_mult, status = bocop.readSolFile('p:

initial_costate = boundary_mult[0:2]

print("bocop solution (costate approximation):", initial_costate)

Step 2: hampath
Entrée [ ]: # Imports

import hampath

import numpy as np
Entrée [ ): # Initializations

t0 0.0 # Initial time

tf # Final time

q0 np.array([-1.0,0.0]) # Initial state

n # State dimension

par np.array([t0, tf, q0(0), qO(1]), 0.0, 0.0, 0.0)) # t0, tf, x 0, v.0, x £, v_f, lambda_0

options = hampath X=le-10, 10)
Entrée [ ]: # Imports pre-compiled plugin

import use_case_3

Ipygmentize ./use_case_3/hfun.£90
Entrée ( ): # hampath call (single shooting)

yGuess = initial costate # initial guess from bocop
[p0sol,ssol,nfev, njev, flag] = hampath.ssolve(use_case 3, t: )

= About providing a high-end interface: the work is in progress but do
current versions of Bocop and HamPath.

not hesitate to try the
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