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Pareto Optimality
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Pareto optimality

minimize g(x) = (g1(x), g&2(x)) }
suject to x € X

@ x* € X is a Pareto solution if there exists no x € X such that
g(x) # g(x*) and

gi(x)<gi(x*), foralli=1,2.
e x* € X is a weak Pareto solution if there exists no x € X such that
gi(x)<gi(x*), foralli=1,2.

@ Set of Pareto and weak Pareto solutions: P and P,

@ Pareto and weak Pareto front:
F={g(x)| xeP}, Fu={g(x)| xePu}
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Example: Pareto optimality

Minimize  g(x) = (x1, x2)
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Example: Pareto optimality
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e-Pareto optimality

Let £ > 0. We define the following sets of e-Pareto solutions:
e x € PL# if there is no y € X such that

g(y) # g(x) —el and gi(y) < gi(x) —e, foralli=1,2.
e x € P2¢ if there is x* € P such that |g(x) — g(x*)| < e.

e x € P3¢ if for some y € X, g(y) # g(x) and g(y) < g(x), then

gly) > g(x)—e foralli=1,2.
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Proposition (D.J. White, 1986)

If the feasible set X is a compact set and g is a continuous function, then
P C P3€ CP2e C pPle.
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Example: e-Pareto optimality

Minimize  g(x) = (x1, x2)
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Example: e-Pareto optimality

Minimize g(x) = (x1,x2)

Zo 948 294

(b) F22) (c) FG2)

Figure: e-Pareto fronts for ¢ = 0.1
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@ What happens if the feasible set is not closed?
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@ What happens if the feasible set is not closed?
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Minimize

g(x) = (x1, %)

sY
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@ What happens if the feasible set is not closed?

Minimize

g(x) = (x1, %)

sY

o For this example P and P,, are empty, so are F and F,, also empty.
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Example: e-Pareto optimality

Minimize g(x) = (x1,x2)

(a)

Figure: e-Pareto fronts for ¢ = 0.1
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Consider the problem of minimize the objective functions over the closure
of the feasible set X

{ Minimize g(x)iz (g1(x), &2(x))
subject to x € X

@ Denote the Pareto set and the weak Pareto set by P# and Pf,
respectively.
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Theorem [APC and Zidani, 2018|

Assume that f; are Lipschitz continuous functions, with Lipschitz constant
Li, i=1,2.
(i) V x* € P#, V varepsilon > 0, 3 x € P1< such that

|x* — x| miin(s/L,-) < and |g(x*) —g(x)| <e.

(i) V x* € P&,V varepsilon > 0, 3 x € Py® such that

Ix* — x| < miin(E/L,-) and |g(x*) —g(x)| <e.

(i) Ve >0,V x € P3¢ there exists x* € P# such that

lg(x) — g(x7)| < 2e.
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Bi-objective Optimal Control Problem
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An illustrative example

Figure Source: http://www.esalq.usp.br and http://www.acupunctureinwestchase.com

@ State variables: population of a nuisance for humans and its
predator.

@ Control Variable: spraying chemical to poison the pest or not.

e Dynamics: (intertwined) growth of both populations.

@ Goal: reduce the cost of spraying the chemical. (integral cost)
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An illustrative example

Figure Source: http://www.esalq.usp.br and http://www.acupunctureinwestchase.com

State variables: population of a nuisance for humans and its
predator.
Control Variable: spraying chemical to poison the pest or not.

Dynamics: (intertwined) growth of both populations.

Goal: reduce the cost of spraying the chemical. (integral cost)
Goal 2: keep nuisance expansion under control by minimizing the
maximum difference of certain proportion of both species.
Objectives of different nature
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Pest control example - mathematical formulation

inf </0T0.3u(s)ds,0215a§x_r 0.25(y1(s) — 0.7y2(s))2> ,

sit. yi1(s) = yi(s) — yi(s)y2(s) — 0.4y1(s)u(s),
y2(s) = —ya(s) + y1(s)y2(s) — 0.2y2(s)u(s),
y(0) = x,
u(s) € {0,1}
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Problem statement

-
inf </t £(y(s),u(s))ds + @(y(T)),O?sanTO.25(y1(s) - 0-7y2(5))2> 7

sit. yi(s) = yi(s) — yi(s)y2(s) — 0.4y1(s)u(s),
y2(s) = —y2(s) + yi(s)y2(s) — 0.2y2(s)u(s),
y(0) = x,
u(s) € {0,1}




Problem statement

inf ( / " oy(s). u(s))ds + ¢(y(T)), max w(y(s») ,

s€[t, T]

s. t. y1(s) = yi(s) — y1(s)y2(s) — 0.4y1(s)u(s),
y2(s) = —y2(s) + yi(s)y2(s) — 0.2ya(s)u(s),
y(0) = x,
{ u(s) € {0,1}




Problem statement

inf ( / " oy(s). u(s))ds + ¢(y(T)). max w<y(s))>,

s€[t,T]

s. t. y(S) - f(Y(S)v U(S)), a.e sc [07 T]v
y(t) = x,

k u(s) € {0,1}




Problem statement

( / £(¥(5).u(s))ds + o(y(T)). max (x(s ))),

(£, 7]

(MOP){ s. t. y(s) = f( (s),u(s)), ae sel0,T],

where
o U = {u 1 [0, +00) — RM measurable, u(s) € U a.e.}

U is a compact subset of RM /RN x U = R, o : RN - R, ¢ : RN = R
and f : RN x U+ RN are Lipschitz continuous and bounded functions.
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An equivalent bi-objective problem

Define:
o A(x,u) = M;—{(x,u) and the set-valued function

G(x)_{<_£f(x’u) > ue U, ogagA(x,u)}.

(x,u) —a
@ set of trajectories:

Sie,11(x,0) = {(y,2) : (¥(s),2(5))" € G(y(s)), fora.e. s [t, TI;
(y(t),z(t)) = (x,0)}.

@ bi-objective optimal control problem:

{ inf (12((T)) = 2(T), maxsere 11 ¥(y(5)))
st (y,2) € S, 11(x,0).
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An equivalent bi-objective problem

e For any (y*,z*) (weak) that is a Pareto optimal solution of (1) and
u*, 7* the respective controls. The pair (y*,u*) is a (weak) Pareto
optimal solution for problem (MOP).

@ Moreover the (weak) Pareto front of two problems coincides.
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An equivalent bi-objective problem

e For any (y*,z*) (weak) that is a Pareto optimal solution of (1) and
u*, 7* the respective controls. The pair (y*,u*) is a (weak) Pareto
optimal solution for problem (MOP).

@ Moreover the (weak) Pareto front of two problems coincides.

Without any additional assumption it is not possible to guarantee that the
set of trajectories St 11(x,0) is compact.
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Relaxed problem

o Consider
S[#t,T](X7 0) ={(y,2) : (¥(s),2(s))" € E(G(y(s))), fora.e. set, T];
(y(1), 2(t)) = (x,2)},

where €o(S) denotes the closed convex hull of the subset S, that is
the minimal convex set that contains S.
° S[ﬁ.,.](x, 0) is compact and equal the closure of Sj; 11(x, z) in the

space of continuous functions C(t, T).
[Frankowska and Rampazzo, 1999]

So we introduce the following convexified bi-objective optimal control
problem

min (gp(y( T)) —z( T),sgf’);]w(Y(s)))

(MORP)
st (y,z) € S[#LT](X, 0).
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Theorem [APC and Zidani, 2018|

Let (t,x) € [0, T] x R".
(i) ¥V (y*,z*) € P#(t,x), Ve >0, 3 (y,z) € P"°(t, x) such that

v",2") - (3,2)| < min (i, i) and
L, Ly,

(ot (M) =2 (1), max vl (D) = (D) = 2(T). max v )| < =

s€(t,T)
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Theorem [APC and Zidani, 2018|

Let (t,x) € [0, T] x R".
(i) ¥V (y*,z*) € P#(t,x), Ve >0, 3 (y,z) € P"°(t, x) such that

v",2") - (3,2)| < min (i, i) and
L, Ly,

(ot (M) =2 (1), max vl (D) = (D) = 2(T). max v )| < =

s€(t,T)
(i) ¥ (y*,z") € Pi(t,x), Ve >0, 3 (y,z) € Pue(t,x) such that
(y",2") — (y,2)| < min (i,i) and

(ot (M) =2 (1), max vl (D) = (D) = 2(T). max w3 )| < =

se(t,T)

(i) Ye>0,V (y,z*) € P>*(t,x), I(y,z) € P#(t,x) such that

selt,T]

(it (7) =27 g 0575 ) = (00T = 2(7), max w(v(s)) )| < 22
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Auxiliary control problem

wexaz) = min [ (p(T) = 2(1) Y max (0(3(5) - )]

(y,2) €8], 11(x.0)
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Auxiliary control problem

wexaz) = min [ (p(T) = 2(1) Y max (0(3(5) - )]

(v.2)ES]; 71(x,0) s€[t,T]

HJB equation

The function w is the unique viscosity solution of the following HJB equation:

min (atw(t,x, z) + H*(x, Dew, D.w), w(t, x, z) — (g(x) — 22)) =0,
Vte[0,T), xeR", z€ R
w(T,x,z) = ((,o(x) - 21) \/ (g(x) = 22) VxeR" zeR?

where the Hamiltonian H* is given by

H#x, ,q) = max (—vx- — V- 1).
(x . q) (vx,vz)€c0(G(x)) P 7
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Characterization of the Pareto front
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Characterization of the weak Pareto front

Consider:
° zi(t,x) = inf{cj €R ‘Elz € R? w(t,x,(,z) < o}
o z)efg[i“”( 0 e(y(T)) = 2(T) = p(y1(T)) —za(T);
o z5(t,x) =inf {C R 32 € B w(t,x,2,() < 0}
= min max ¥(y(s)) = max 1(yz(s));

(y,:2)ES]! 7(x,0) SEL.T] s€[t,T]
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Characterization of the weak Pareto front

Consider:
@ z(t,x)=inf {C eR ‘Elz € R? w(t,x,(,z) < O}
= min  o(y(T)) = z(T) = @(yi(T)) —zu(T);
(v:2)eSt 1,(x.0)
o z(t,x)=inf {(j eER ‘ﬂz € R? w(t,x,z,() < O}
= min max 1b(y(s)) = max ¥(ya(s));

(y,:2)ES]! 7(x,0) SEL.T] s€[t, T]
o Zi(t,x) = inf {¢ € R |w(t,x,(, 23 (£,%)) = 0} = @(y2(T)) — za( T);

o Z(t,x) = inf{( eR ‘W(t,X,Zf(t, x),¢) = 0} = max (yi(s));

selt, T]
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Characterization of the weak Pareto front

Consider:
@ zf(t,x) = inf {(: eR ‘Elz € R? w(t,x,(,z) < 0}

= min  o(y(T))—z(T) = w(y1(T)) — zu(T);
(y2)ES] 11 (x.0)

o z(t,x)=inf {(j eRrR ‘ﬂz € R? w(t,x,z,() < O}
= min max (y(s)) = max ¥(y2(s));

(y,:2)ES]! 7(x,0) SEL.T] s€[t, T]
o Zi(t,x) = inf {¢ € R |w(t,x,(, 23 (£,%)) = 0} = @(y2(T)) — za( T);

o Z3(t,x) = inf {C € B [w(tx,2i(£,).) = 0} = max w(yi(s));

Assume that the ideal vector 3*(t,x) = (z; (¢, x), z; (t,x)) € R? is not feasible,

otherwise the Pareto front is reduced to this point.

Ana Paula Chorobura (UFPR)

27/ 44



Characterization of the weak Pareto front

Define:
o Q= [z(t,x),z1(t,x)] x [z3(t, x), z2(t, x)].

Theorem (APC and Zidani,2018)
Let (t,x) be in [0, T] x RN
(i) F#(t,x) C Fi(t,x)nQ C {z € Q| w(t,x,2) = 0}.

(ii) Let z € Q such that w(t,x,z) = 0. If there exists a admissible pair
(y,z) € S[t T](x 0) such that p(y(T)) —2z(T) = z; and

max_1(y(s)) = z, then z € Fii (t, x).
s€[t, T]
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Characterization of the Pareto front

Introduce the projectors operators on R?:
7T1(Z) =z, 7T2(Z) = Z2.
and the following functions

m - [zf771] — [25772]7 771('71) = Inf{0| W(taxafylya) < 0}7
T2 - [25772] — [Zf771]7 772(’72) = Inf{0| W(t7X70772) < O}

Ana Paula Chorobura (UFPR) 29 /44



Theorem [APC and Zidani,2018]

Let (t,x) (t,x) bein [0, T] x RV,
(i) F#(2,x) = {(¢m(Q)); ¢ € dom(m) } N {(12(). ). ¢ € dom(nz) }.




Theorem [APC and Zidani,2018]

Let (t,x) (t,x) bein [0, T] x RV,
(i) F#(2,x) = {(¢;m(0)); ¢ € dom(m) } N{(m2(0). ). ¢ € dom(nz) }.

(i) Forany z € F#(t,x) let a trajectory (y,z) € S[#LT](X, 0) that is optimal

for the auxiliary problem. Then (y,z) is a Pareto optimal solution of
(MORP).
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Theorem [APC and Zidani,2018]

Let (t,x) be in [0, T] x RN and ¢ > 0.
(i) FLe(t,x) C Fu(t,x) C {z € R2 ‘ —e< w(t,x,z) < 0}.
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Theorem [APC and Zidani,2018]

Let (t,x) be in [0, T] x RN and ¢ > 0.
(i) FLe(t,x) C Fu(t,x) C {z € R2 ‘ —e< w(t,x,z) < 0}.

(ii) Let z. € {z € R? ‘ —e< w(t,x,z) < 0}. If there exists

(Ye, 2e) € St 71(x,0) that is optimal for the auxiliary control problem
w. Then (y.,z.) € Pw®(t,x) of problem (1).
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Pest control example

s.t.

inf </OTO.3u(s)ds,0rSnsa§xT 0.25(y1(s) — O.7y2(s))2) ,

y1(s) = y1(s) — y1(s)y2(s) — 0.4y1(s)u(s),
y2(s) = —ya(s) + y1(s)y2(s) — 0.2y2(s)u(s),
y(0) = (0.7,0.2),
u(s) € {0,1}

In order to obtain a relaxed problem we are going to consider u(s) € [0, 1].
The corresponding value function w is solution of the following HJB

equation

min (atw(t,x, z) + H(x, Dxw, D;w), w(t, x, z) — (0.25(x; — 0.7x2)% — zz)) =0,

w(T,x,z) =

for t € [0, T), x, z € R?
—z; \/(0.25(X1 —07x)% —2z) forx € R? zeR2
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@ The HJB equation was solved by a finite difference method
implement at C++ HJB-solver "ROC-HJ", available in
http://uma.ensta-paristech.fr/soft/ROC-HJ

e Grid of 75* nodes on the domain [0, 3.5] x [0,3.5] x [0, 3] x [0, 3].
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Pest control example

B
25
2
15
1
05
o os 1 15 3 25 3 % o2 04 05  os H
(a) Set that contains FL4(t, xo)
and Fi(t, xo) (b) zoom of F#(t,xp)
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Optimal trajectories for single objective problems
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Pareto Optimal trajectories for the relaxed problem

u(t)
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Pareto Optimal trajectories for the original problem
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e-Pareto Optimal trajectories for the original problem
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Different initial states

3
—x,=(0.7,0.2)
——x,=(0.5,0.5
2.5 Xo= )
—x,=(0.8,0.1)
%,=(0.8,0.6)
2 —x,=(0.5,0.7)
——x,=(0.3,0.8)
L5
1
0.5
0

Ana Paula Chorobura (UFPR)




References

A. P. Chorobura, H. Zidani. Bi-objective finite horizon optimal control
problems with Bolza and maximum running cost, preprint, 2018.

Ana Paula Chorobura (UFPR) 41/44



References

[1] M. Assellaou, O. Bokanowski, A. Désilles, and H. Zidani. Value function and
optimal trajectories for a maximum running cost control problem with state con-
straints. Application to an abort landing problem. ESAIM:M2AN, 2018.

[2] A. Altarovici, O. Bokanowski and H. Zidani. A General Hamilton-Jacobi
Framework for Non-linear State-Constrained Control Problems. ESAIM: Control,

Optimisation and Calculus of Variations 19(2): 337-357, 2013.

[3] J. P. Aubin and A. Cellina. Differential inclusion. Springer-Verlag, Berlin, 1984.

[4] M. Bardi and |. Capuzzo-Dolcetta. Optimal Control and Viscosity Solutions of
Hamilton-Jacobi-Bellman Equations. Birkhauser, Boston, 1997.

[5] A. Désilles and H. Zidani. Pareto Front Characterization for Multi-Objective
Optimal Control Problems using HJB approach, preprint, 2018.

Ana Paula Chorobura (UFPR) 42 /44



References

[6] H. Frankowska and F. Rampazzo. Relaxation of control systems under state
constraints. SIAM J. Control, 37(4):1291-1309, 1999.

[7] J. Jahn. Vector Optimization: Theory, Applications, and Extensions. Springer,
Berlin, 2011.

[8] J.G. Lin. Maximal vectors and multi-objective optimization. Journal of Opti-
mization Theory and Applica tions, 18(1):41-64, 1976.

[9] P. Loridan. e-solutions in vector minimization problems. Journal of Optimiza-
tion Theory and Applications, 43(2):265-276, 1984.

[10] D. J. White. Epsilon efficiency. Journal of Optimization Theory and Applica-
tions, 49(2):319-337, 1986.

Ana Paula Chorobura (UFPR) 43 /44



Thank you for your attention
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