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Monge Transport Problem

Let M be a manifold of dimension n ≥ 2. Let µ, ν be two
probability measures compactly supported on M .

Definition 1 (Transport map)

A transport map between µ and ν is a measurable application
T : M → M such that T]µ = ν,

i.e. ν(B) = µ(T−1(B)),∀B ⊂ M measurable.

We consider the cost function given by c(x , y),∀x , y ∈ M .
The Monge transport problem: Finding a transport map
T : M → M minimizing the following∫

M

c(x ,T (x))dµ(x).
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Kantorovich transport problem

Definition 2 (Transport plan)

A transport plan between µ and ν is a probability measure α
on the product M ×M such that

α(A×M) = µ(A),∀A ⊂ M α(M × B) = ν(B), ∀B ⊂ M .

Π(µ, ν) is the set of transport plans between µ and ν.

The Kantorovich transport problem: Finding a transport
plan α ∈ Π(µ, ν) minimizing the following∫

M×M
c(x , y)dα(x , y).
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Existence of optimal transport plans

Relaxation form
Let T : M → M be a transport map between µ and ν. The
measure α defined as

α := (id × T )]µ

is a transport plan between µ et ν.

Theorem 3
Let µ,ν be two probability measures compactly supported on
M . Assume that c is continuous on M ×M . Then, there is at
least one optimal transport plan, solution of the Kantorovich
problem.
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Dual problem

Dual problem : Finding (ϕ, ϕc) ∈ L1(µ)× L1(ν) such that

ϕ(x) = sup
y∈M
{ϕc(y)− c(x , y)}, ∀x ∈ M

ϕc(y) = inf
x∈M
{ϕ(x) + c(x , y)}, ∀y ∈ M

and sup
ϕc (y)−ϕ(x)≤c(x ,y)

{∫
M

ϕc(y)dν(y)−
∫
M

ϕ(x)dµ(x)

}
(ϕ, ϕc) is called Kantorovich potentials

Γϕ :=
{

(x , y) ∈ M ×M | ϕc(y)− ϕ(x) = c(x , y)
}

Proposition
A transport plan α ∈ Π(µ, ν) is optimal ⇔ supp α ⊂ Γϕ.
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Sub-Riemannian structures

Let M be a smooth connected manifold of dimension n.

A sub-Riemannian structure on M of rank m is a pair
(∆, g) where

∆ is a totally nonholonomic distribution of rank m
(m < n) on M , i.e. ∀x ∈ M , ∃ Vx an open neighborhhood
of x and {X 1

x , . . . ,X
m
x } a local frame of ∆ on Vx s.t.

Lie{X 1
x , . . . ,X

m
x }(y) = TyM ,∀y ∈ Vx .

g is a smooth Riemannian metric on ∆.
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Minimizing geodesics

An absolutely continuous path γ : [0, 1]→ M is said to
be horizontal if

γ̇(t) ∈ ∆γ(t), a.e. t ∈ [0, 1].

Sub-Riemannian distance: ∀x , y ∈ M ,
dSR(x , y) = inf

{
length(γ)| γ horizontal path joining x , y

}
A minimizing geodesic is a minimizing horizontal path
with constant speed.
Hopf-Rinow Theorem: Assume that (M , dSR) is
complete. Then, there is at least a minimizing geodesic
joining two points in M .
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The Monge quadratic sub-Riemannian problem

Let M be a manifold of dimension n equipped with a complete
sub-Riemmanian structure (∆, g) of rank m (m < n).

Finding a transport map T : M → M minimizing the following∫
M

c(x ,T (x))dµ(x)

with
c(x , y) := d2

SR(x , y),∀(x , y) ∈ M ×M .
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Previous results

Several results of [AR’04], [AL’09] et [FR’10] proved existence
and uniqueness of solution for the Monge problem on
sub-Riemannian structures not admitting singular
minimizing geodesics.

A new technic [CH’14] solved the Monge problem on spaces
satisfying a measure contraction property.
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End-point map

Let k = n(m + 1) and {X 1, . . . ,X k} a global frame of ∆ such
that

∀x ∈ M ,∆(x) = Span{X 1(x), . . . ,Xm(x)}.

The End-point map Endx at x ∈ M is defined by:

Endx : L2([0, 1],Rk) → M
u 7→ Endx(u) = γu(1)

where γu : [0, 1]→ M is the unique solution of the following
Cauchy problem γ̇u(t) =

k∑
i=1

ui(t)X i(γu(t));

γu(0) = x .
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Singular horizontal curves

Definition 4
Given x ∈ M . An horizontal path γu starting at x is said to be
singular if the control u associated to γu is a critical point of
the End-point map Endx . Otherwise, we say that γu is regular.

•x

•
y

uy = Endx(uy )

B(y , δ)

•z
u

∃k > 0; ||u − uy ||L2 ≤ k |z − y |
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PART I

Mass Transportation on sub-Riemannian structures of rank 2
in dimension 4
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Existence and uniqueness of solutions

Theorem 5
Let M be an analytic manifold of dimension 4 and (∆, g) be a
complete analytic sub-Riemannian structure on M of rank 2
such that

∀x ∈ M ,∆(x) +
[

∆,∆
]

(x) is of dimension 3. (1)

Let µ,ν be two probability measures compactly supported on
M such that µ is absolutely continuous with respect to the
Lebesgue measure.

Then, there is a unique transport map from µ to ν for the
sub-Riemannian quadratic cost d2

SR .
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Sketch of the proof

Let c = d2
SR be the cost function. Let µ,ν be two probability

measures compactly supported on M .
We consider α ∈ Π(µ, ν) an optimal transport plan and
(ϕ, ϕc) the Kantorovich potentials such that

supp(α) ⊂ Γϕ := {(x , y)| ϕc(y)− ϕ(x) = c(x , y)}.

∀x ∈ M , Γϕ(x) := {y ∈ M | (x , y) ∈ Γϕ}.

Definition 6

The static set is S := {x ∈ M | x ∈ Γϕ(x)}

The mobile set isM := {x ∈ M | x /∈ Γϕ(x)}
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Static set

Proposition 7(Figalli-Rifford ’10)

µ- a.e. x ∈ S, we have Γϕ(x) = {x}.

Sketch of the proof
{X 1,X 2} an orthonormal local frame of ∆.
∀z ∈ M , ϕ(z) = sup

y∈M
{ϕc(y)− d2

SR(z , y)} locally

Lipschitz with respect to dSR .
Pansu-Rademacher Theorem: ϕ is differentiable a.e.
with respect to X 1,X 2.
x ∈ Γϕ(x) ⇒ ∀i = 1, 2, X iϕ(x) = 0, a.e. x ∈ M .
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Mobile set

Let x ∈M and y ∈ Γϕ(x), we can find singular or regular
minimizing geodesics joining x and y .

Definition 8

ΓS(x) :=
{
y ∈ Γϕ(x)|∃singular min. geo. joining x , y}

ΓR(x) :=
{
y ∈ Γϕ(x)|∃regular min. geo. joining x , y}

MS := {x ∈M|ΓS(x) 6= ∅} andMR := {x ∈M|ΓR(x) 6= ∅}
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Regularity of dSR
Let x ∈MR and y ∈ ΓR(x).
∃ open set Bx in R4 containing x and a function
φx ,y : Bx → R of class C 2 such that

φx ,y (z) ≥ d2
SR(z , y),∀z ∈ Bx and equality for z = x .

MR ⊂
⋃
k∈N

Wk

où

Wk :=
{
x ∈M|∃px ∈ R4; |px | ≤ k and

ϕ(x) ≤ ϕ(z)−〈px , x−z〉+k |x−z |2, ∀z ∈ B̄(x , 1/k)
}

We extend ϕ to a locally semiconcave function ϕ̃ on an
open neighborhood Ox of x .
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We set

ρx ,y (z) := ϕ̃(x) + d2
SR(x , y)− ϕ̃(z), ∀z ∈ Ox

such that ρx ,y is differentiable a.e. on Ox , and

ρx ,y (z) ≤ d2
SR(z , y),∀z ∈ Ox and equality z = x .

∃ an open neighborhood Vx of x such that

ρx ,y (z) ≤ d2
SR(z , y) ≤ φx ,y (z),∀z ∈ Vx and equality z = x .

Conclusion: there is a unique y ∈ ΓR(x) such that

y = expx(dxφ
x ,y ) = expx(dxρ

x ,y ) = expx(−dx ϕ̃),

where expx is the exponential map at x .



Optimal transport Sub-Riemannian Geometry Rank 2 in dimension 4 MCP on Carnot groups

Singular minimizing geodesics

We consider M = R4.

lemme 10
There is an open set H of full measure on M such that:
∀x ∈ H, TxM = ∆(x) + [∆,∆](x) + [∆, [∆,∆]](x).

lemme 11
On H, there is a horizontal vector field X such that singular
horizontal paths are exactly the trajectories described by the
flow of X .
Moreover, for any compact K of M , ∃C > 0;

|divxX | ≤ C |X (x)|, ∀x ∈ K .
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Vector field X and its properties

∀z ∈ M ,∆(z) = Span{X 1(z),X 2(z)} such that

∀x ∈ M , ∆(x) + [∆,∆](x) is of dimension 3.

Characterization of singular curves: Let γu : [0, 1]→ M
be a singular horizontal curve associated to u ∈ L2([0, 1],R2).
In local coordinates, ∃ p : [0, 1]→ (R4)∗\{0} satisfying
∀i = 1, 2:

ṗ(t) = −
m∑
i=1

ui(t)p(t).Dγu(t)X
i , a.e. t ∈ [0, 1]

p(t).X 1(γu(t)) = p(t).X 2(γu(t)) = 0, ∀t ∈ [0, 1]

X = α1X
1 + α2X

2

∀K ⊂ M compact,∃C > 0; |divxX | ≤ C |X (x)|, ∀x ∈ K
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Contraction property

For ε ∈ {−1,+1} fixed, let (ϕX
εt) be the flow of X .

For any K ⊂ M compact,

Kt = ϕX
εt(K ), ∀t ∈ [0, 1] et K0 = K .

L4(Kt) =

∫
K

exp
(∫ t

0
div X (ϕX

s (x)) ds
)
dx

≥
∫
K

exp
(
−C

∫ t

0
|X (ϕX

εs(x))| ds
)
dx

l(K ,Kt) := sup
x∈K

∫ t

0
|X (ϕX

εs(x))| ds

For any K ⊂ M compact,

L4(Kt) ≥ exp(−C l(K ,Kt))L4(K ),∀t ∈ [0, 1].
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What happen on Hc?

Hc = {x ∈ M |∆(x) + [∆,∆](x) + [∆, [∆,∆]](x) 6= TxM}.

Lemma 12
Let A be a compact of H such that L4(A) > 0. The set

{x ∈ A| ∃γ : [0, 1]→ M singular with γ(1) ∈ Hc}

is of Lebesgue measure zero.
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Sketch of the proof

A ⊂ H

•
x

γx

Hc
;X = 0

At

At −→
t→∞

S ⊂ Hc

L4(At) ≥ exp
(
−CL

)
L4(A), ∀t ∈ [0, 1].

⇒ L4(A) = 0.
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Existence and uniqueness of solution onMS

We set

E := {x ∈MS |ΓS(x) is not a singleton} .

E

Λ2
Λ1

∀i = 1, 2, ∀t ∈ [0, 1],
EΛi
t := {ϕX

t (x)| ϕX
0 (x) ∈ E , ϕX

ε (x) ∈ Λi}.

EΛ1
t

EΛ2
t

E ε
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L4(E ) = lim
ε→0

supL4(E ε)

≥ lim
t→0
L4(EΛ1

t ∪ EΛ2
t )

= lim
t→0
L4(EΛ1

t ) + L4(EΛ2
t )

≥ lim
t→0

exp(−C l(E ,EΛ1
t ))L4(E )

+exp(−C l(E ,EΛ2
t ))L4(E )

We can choose l(E ,EΛi
t ) > 0 sufficiently small,

exp(−C l(E ,EΛi
t ) >

1
2

⇒ L4(E ) = 0.



Optimal transport Sub-Riemannian Geometry Rank 2 in dimension 4 MCP on Carnot groups

What happen onMS ∩MR?

Lemma 13
MR ∩MS has Lebesgue measure zero.

Sketch of the proof
Assume that there is A ofMR ∩MS of positive measure.

AR
t :=

{
γx(t)| γx regular with x ∈ A and γRx (1) ∈ ΓR(x)

}
,

→ measure contraction property
AS
t := ϕX

εt(A).
→ measure contraction property

As the geodesics are ANALYTICS, there is t̄ ∈]0, 1[ such that

AR
s ∩ AS

s = ∅, ∀s ∈]t̄, 1[ and Ā := AR
t̄ ∩ AS

t̄ 6= ∅
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PART II

Study of h-semiconcavity and MCP on Carnot groups
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Carnot groups

Let G be a Carnot group of dimension n of step r such
that g = V1 + · · ·+ Vr .

We consider V1 of dimension m and
V1 = Span{X 1, . . . ,Xm}.
We define the exponential map exp : g→ G and its

inverse
ξ : G −→ g

g 7−→ ξ(g) = ξ1(g) + · · ·+ ξr (g)
such that ξi : G → Vi , for i = 1, . . . , r .
For λ > 0, family of dilations

δλ(g) = exp ◦∆λ ◦ exp−1(g), ∀g ∈ G

where ∆λ : g→ g is defined by
∆λ(v1 + · · ·+ vr ) = λv1 + · · ·+ λrvr .
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h-semiconcavity on Carnot groups

∀g ∈ G, Hg =
{
g ′ ∈ G : g ′ = gh with h ∈ exp(V1)

}
.

∀g ∈ G, ∀g ′ ∈ Hg , λ ∈ [0, 1] 7→ g ′δλ(g−1g ′) ∈ Hg

horizontal segment between g , g ′.

Definition 14
We say that a function f : G → R is h-semiconcave on G if it
is semiconcave on every horizontal segment, that is, there
exists C > 0 such that

λf (g ′) + (1− λ)f (g)

≤ f
(
gδλ(g−1g ′)

)
+ λ(1− λ)C |ξ1(g ′)− ξ1(g)|2

∀g ∈ G,∀g ′ ∈ Hg ,∀λ ∈ [0, 1].
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Properties of h-semiconcave functions

Let f : G → R be an h-semiconcave function with C as
h-semiconcavity constant.

Theorem 15
f is Lipschitz with respect to dSR .
Pansu-Rademacher Theorem: f is differentiable a.e.
with respect to X i ,i = 1, . . . ,m.
f is twice differentiable a.e. with respect to
X i ,i = 1, . . . ,m.

Proposition 16

For any g ∈ G, (∇2
hf )∗(g) :=

[X iX j f + X jX i f

2
(g)
]
i ,j
≤ CIm

where Im denotes the identity matrix m ×m
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Let G be a Carnot group of dimension n whose first layer V1

has dimension m such that V1 = Span{X 1, . . . ,Xm}.

Definition 17
We say that a sub-Riemannian structure is h-ideal if it is
complete and the sub-Riemannian distance dSR is
h-semiconcave on G × G outside the diagonal.

Up to a change of coordinates, we may assume that

X 1 = ∂x1 , and X i = ∂xi +
n∑

j=m+1

αj
i∂xj ,∀i = 2, . . . ,m

with αj
i ∈ C∞(M).

ASSUMPTION 1

∀i = 1, . . . ,m,X i(αj
i ) = 0,∀j = m + 1, . . . , n.
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MCP on Carnot groups

Proposition 18
Let G be a Carnot group whose first layer is h-ideal and
satisfies ASSUMPTION 1. Then, there is N > 0 such that for
every k ∈ N and for every measurable set

A ⊂ BSR(0,
1
2k

)\BSR(0,
1

2k+1 )

with 0 < Ln(A) < +∞, we have

Ln(As) ≥ sNLn(A), ∀s ∈ [0, 1]

where

As :=
{
γ(s)| γ : [0, 1]→ G min. geo., γ(0) = 0, γ(1) ∈ A

}
.



Optimal transport Sub-Riemannian Geometry Rank 2 in dimension 4 MCP on Carnot groups

Sketch of the proof

We may assume that G = Rn.
∀g ∈ G, f (g) := dSR(0, g) and Z (g) := −∇hf (g).
For ε > 0, fε = φε ∗ f smooth and h-semiconcave
functions on G\{0}.
For g ∈ G, we define Zε(g) := −∇hfε(g).
For A ⊆ BSR(0, 1)\BSR(0, 1/2), we denote by

Aεs := ϕZε
1−s(A), ∀s ∈ [1/2, 1]

•0

A

Aεs
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divZε(g) =

−E −
m∑
i=2

n∑
l=m+1

X i(αl
i)∂xl fε −

m∑
i=1

X i fε(g) div X i(g)

where E is given in terms of (∇hfε)
∗(g).

∃ C > 0,
divZε(g) ≥ C , a.e. g ∈ A.

d

dt

{
Ln(Aε1−t)

}
≥ −

∫
ϕZε
t (A)

Cdx = −CLn(Aε1−t).
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Gronwall Theorem: there is N > 0 such that

Ln(Aε1−t) ≥ tNLn(A), ∀t ∈ [1/2, 1].

ε→ 0,

Ln(A1−t) ≥ tNLn(A), ∀t ∈ [1/2, 1].

By dilations properties, for every k ∈ N, we have

δ2k (A) ⊂ BSR(0, 1)\BSR(0, 1/2)

δ2k (As) =
(
δ2k (A)

)
s
, ∀s ∈ [0, 1].

For any A ⊂ BSR(0, 1/2k)\BSR(0, 1/2k+1), ∃N > 0 such
that

Ln(As) ≥ sNLn(A), ∀s ∈ [0, 1]
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Perspectives

Examples of h-ideal sub-Riemannian structures on Carnot
groups ??

Proof of the MCP property on more general
sub-Riemannian structures ??



Optimal transport Sub-Riemannian Geometry Rank 2 in dimension 4 MCP on Carnot groups

References

1 A. Belotto da Silva and L. Rifford, The sub-Riemannian
Sard conjecture on Martinet surfaces , 2016.

2 F. Cavalletti and M. Huesmann, Existence and
uniqueness of optimal transport maps, 2015.

3 A. Figalli and L. Rifford, Mass transportation on
sub-Riemannian manifolds, 2010.

4 L. Rifford, Ricci curvature in Carnot groups, 2013.
5 L. Rifford, Sub-Riemannian Geometry and optimal

transport, 2014.
6 H.J. Sussmann, A cornucopia of abnormal

sub-Riemannian minimizers, 1996.



Optimal transport Sub-Riemannian Geometry Rank 2 in dimension 4 MCP on Carnot groups

Thank you for your attention !!
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