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The general Problem

Let X and U be two Banach spaces. Consider the parameter dependent Cauchy problems:

ẋζ = Aζxζ + Bζu , xζ(0) = xi
ζ ∈ X , (?)

with parameter ζ ∈ Ω and (Ω,F , µ) a probability space.

The aim:
given (xi

ζ)ζ∈Ω, (xf
ζ)ζ∈Ω and T > 0,

find u ∈ L2([0,T ],U) such that the solution of xζ(·; u) of (?) satisfies:

Simultaneous controllability:

xζ(T ; u) = x f
ζ (ζ ∈ Ω µ− a.e.) . (SC)

parameter dependent trajectories
yi

yf

Averaged controllability:∫
Ω

xζ(T ; u) dµζ =

∫
Ω

x f
ζ dµζ . (AC)

parameter dependent trajectories

yi

yf

average trajectory
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Well posedness

Admissibility conditions I

For u ∈ L2
loc (R+,U), the solution xζ(·; u) of (?) is:

xζ(t, u) = etAζxi
ζ +

∫ t

0

e(t−s)Aζ Bζu(s)ds (ζ ∈ Ω , t > 0) .

Define the Hilbert space:

L2(Ω,X ;µ) =

{
(xζ)ζ ∈ X Ω ,

∫
Ω

‖xζ‖2
X dµζ <∞

}
,

with the scalar product:

(xζ , yζ)L2(Ω,X ;µ) =

∫
Ω

(xζ , yζ)X dµζ ((xζ)ζ , (yζ)ζ ∈ L2(Ω,X ;µ)) .

Lemma

Assume for every T > 0 and almost every ζ ∈ Ω, there exists ςζ(T ) > 0 such that:∥∥∥etA∗ζ etAζx
∥∥∥

X
6 ςζ(T )‖x‖X (x ∈ X ) .

Then, for every T > 0, there exists ς(T ) > 0 such that:∥∥∥etAζxζ

∥∥∥
L2(Ω,X ;µ)

6 ς(T )‖xζ‖L2(Ω,X ;µ) ((xζ)ζ ∈ L2(Ω,X ;µ)) .
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Well posedness

Admissibility conditions II

Example

Aζ skew-adjoint for almost every ζ ∈ Ω.

Lemma

Assume for every T > 0 and almost every ζ ∈ Ω, there exists a constant Cζ(T ) > 0 such
that: ∥∥∥∥∫ T

0

e(T−t)Aζ Bζu(t)dt

∥∥∥∥2

X

6 Cζ(T )‖u‖2
L2([0,T ],U)

and assume that: ∫
Ω

Cζ(T ) dµζ <∞ .

Then for every T > 0, there exists Ĉ(T ) > 0 such that:∫
Ω

∥∥∥∥∫ T

0

e(T−t)Aζ Bζu(t)dt

∥∥∥∥2

X

dµζ 6 Ĉ(T )‖u‖2
L2([0,T ],U) (u ∈ L2([0,T ],U)) .
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Well posedness

Admissibility conditions III

By application of these two lemmas, we have for instance:

Example

Assume Ω ⊂ Rd is a bounded set and the map ζ ∈ Ω 7→ (Aζ ,Bζ) ∈ L(X )× L(U,X ) is
continuous on co(Ω).
Then for every xi

ζ ∈ L2(Ω,X ;µ) end every u ∈ L2
loc (R+,U), the solution xζ(t; u) of (?)

belongs to L2(Ω,X ;µ) for every t > 0.

In the reminding part of this talk, we assume the assumption of these two lemmas
satisfied.

J. Lohéac (IRCCyN) Control of parameter dependent systems 18/01/2016 8 / 43



Simultaneous controllability

1 Admissibility conditions

2 Simultaneous controllability

3 Averaged controllability

4 Averaged controllability of finitely many strings

5 Linking averaged and simultaneous controllability

6 Conclusion
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Simultaneous controllability

Exact simultaneous controllability and observability

Definition

System (?) is said exactly simultaneously controllable in time T > 0 if:{∫ T

0

e(T−t)Aζ Bζu(t) dt , ζ ∈ Ω , u ∈ L2([0,T ],U)

}
= L2(Ω,X ;µ) .

Let us consider for every (zf
ζ)ζ ∈ L2(Ω,X ;µ) the adjoint system:

−żζ = A∗ζzζ , zζ(T ) = zf
ζ . (Adj)

Definition

The system (Adj) is said exactly simultaneously observable in time T > 0 if there exists
c(T ) > 0 such that:

c(T )‖zf
ζ‖2

L2(Ω,X ;µ) 6
∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t) dµζ

∥∥∥∥2

X

dt ((zf
ζ)ζ ∈ L2(Ω,X ;µ)) .
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Simultaneous controllability

Duality results I

Theorem

The system (?) is simultaneously admissible if and only if (Adj) is, i.e.

∀T > 0 , ∃Ĉ(T ) > 0 ,∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t)dµζ

∥∥∥∥2

X

dt 6 Ĉ(T )‖zf
ζ‖2

L2(Ω,X ;µ) ((zf
ζ)ζ ∈ L2(Ω,X ;µ)) ;

The system (?) is exactly simultaneously controllable in time T > 0 if and only if
(Adj) is exactly simultaneously observable in time T .
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Simultaneous controllability

Duality results II

Thus,

Theorem

If the system (?) is admissible and exactly simultaneously controllable in time T > 0,
then for every (xf

ζ)ζ ∈ L2(Ω,X ;µ), the cost function:

Ĵ : L2(Ω,X ;µ) → R

(zf
ζ)ζ 7→ 1

2

∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t)dµζ

∥∥∥∥2

X

dt

−
∫

Ω

(xf
ζ , z

f
ζ)X dµζ +

∫
Ω

(xi
ζ , zζ(0))X dµζ

is convex and coercive.
In addition, let (ẑf

ζ)ζ ∈ L2(Ω,X ;µ) be the minimizer of Ĵ, then, the control:

û(t) =

∫
Ω

B∗ζ ẑζ(t) dµζ (t ∈ [0, t] a.e.)

is the control of minimal L2([0,T ],U)-norm steering (xi
ζ)ζ to (xf

ζ)ζ in time T .
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Simultaneous controllability

When simultaneous controllability is easy to check. . .

Set (Ω,F , µ), a probability space with Ω = {ζ1, . . . , ζN}, F = P(Ω) and µ such that
µ({ζn}) > 0 for every n ∈ {1, . . . ,N}.
Then the simultaneous controllability of (?) means controllability of the augmented
system:

ẋ = Ax + Bu ,

with:

x =

xζ1

...
xζN

 , A =

Aζ1 0
. . .

0 AζN

 and B =

Bζ1

...
BζN

 .

In particular, if dimX <∞, the simultaneous controllability of (?) means that the
Kalman rank, rank

(
B AB . . . ANdim X−1B

)
= NdimX .
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Simultaneous controllability

When simultaneous controllability cannot holds. . .

Proposition

If L2(Ω,R;µ) is an infinite dimensional space, then the system (?) cannot be exactly
simultaneously controllable.

Example

Consider the system ẏζ = (ζ + 1)yζ + u with ζ ∈
{

1
n
, n ∈ N∗

}
= Ω with a probability

measure µ such that µ({ζ}) > 0 for every ζ ∈ Ω.
This system is not exactly simultaneously controllable although the truncated system in
which we consider ζ ∈

{
1
n
, n ∈ {1, · · · ,N}

}
with probability measure µN given by

µN ({ζ}) = µ({ζ})

µ({ 1
N
,

1
N−1

,··· ,1})
, for ζ ∈

{
1
n
, n ∈ {1, · · · ,N}

}
is simultaneously controllable,

whatever N ∈ N∗ is.
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Averaged controllability

Exact averaged controllability and observability

Definition

System (?) is said exactly controllable in average in time T > 0 if:{∫
Ω

∫ T

0

e(T−t)Aζ Bζu(t)dtdµζ , u ∈ L2([0,T ],U)

}
= X .

Let us consider for every zf ∈ X the adjoint system:

−żζ = A∗ζzζ , zζ(T ) = zf . (Adj)

Definition

The system (Adj) is said exactly observable in average in time T > 0 if there exists
c̄(T ) > 0 such that:

c̄(T )‖zf ‖2
X 6

∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t)dµζ

∥∥∥∥2

X

dt (zf ∈ X ) .

Exact averaged observability property is exact simultaneous observability one restricted to
the subspace {(zf )ζ , zf ∈ X} of L2(Ω,X ;µ).
Consequently, it is obvious that:

exact simultaneous observability =⇒ exact averaged observability.
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Averaged controllability

Duality results I

Theorem

The system (?) is admissible in average if and only if (Adj) is, i.e.

∀T > 0 , ∃C̄(T ) > 0 , ∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t)dµζ

∥∥∥∥2

X

dt 6 C̄(T )‖zf ‖2
X (zf ∈ X ) ;

The system (?) is exactly controllable in average in time T > 0 if and only if (Adj)
is exactly observable in average in time T .
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Averaged controllability

Duality results II

Thus,

Theorem

If the system (?) is admissible and exactly controllable in average in time T > 0, then for
every xf ∈ X , the cost function:

J̄ : X → R

zf 7→ 1

2

∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t) dµζ

∥∥∥∥2

X

dt

−
∫

Ω

(xf
ζ , z

f )X dµζ +

∫
Ω

(xi
ζ , zζ(0))X dµζ

is convex and coercive.
In addition, let z̄f ∈ X be the minimizer of J̄, then, the control:

ū(t) =

∫
Ω

B∗ζ z̄ζ(t)dµζ (t ∈ [0, t] a.e.)

is the control of minimal L2([0,T ],U)-norm steering (xi
ζ)ζ to (xf

ζ)ζ in average in time T .
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Averaged controllability

Kalman rank condition

Theorem (Zuazua 2014)

Assume dimX <∞, then the system (?) is controllable in average if and only if the rank
condition:

rank

[∫
Ω

Aj
ζBζ dµζ , j ∈ N

]
= dimX

is satisfied.
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Averaged controllability

Perturbation argument I

Theorem

Set T > 0, (Ω,F , µ̃) a probability space and ζ0 ∈ Ω.
Assume:

{ζ0} ∈ F and there exists Cζ0 (T ), cζ0 (T ) > 0 such that:

cζ0 (T )‖zf ‖2
X 6

∫ T

0

∥∥B∗ζ0
zζ0 (t)

∥∥2

U
dt 6 Cζ0 (T )‖zf ‖2

X (zf ∈ X ) ;

For almost every ζ ∈ Ω, there exists Cζ(T ) > 0 such that:∫ T

0

∥∥B∗ζ zζ(t)
∥∥2

U
dt 6 Cζ(T )‖zf ‖2

X (zf ∈ X ) ;

and ∫
Ω

√
Cζ(T )dµ̃ζ <∞ .

Then for every θ ∈

[
0,

(
1 +

∫
Ω

√
Cζ (T )

cζ0
(T )

dµ̃ζ

)−1
)

, the system (?) is exactly controllable

in average for the probability measure:
µ = θµ̃+ (1− θ)δζ0 .
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Averaged controllability

Perturbation argument II

Proof: The proof is based on Minkowski inequality,(∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t)dµζ

∥∥∥∥2

U

dt

) 1
2

=

(∫ T

0

∥∥∥∥(1− θ)B∗ζ0
zζ0 (t) + θ

∫
Ω

B∗ζ zζ(t)dµ̃ζ

∥∥∥∥2

U

dt

) 1
2

> (1− θ)

(∫ T

0

∥∥B∗ζ0
zζ0 (t)

∥∥2

U
dt

) 1
2

− θ

(∫ T

0

∥∥∥∥∫
Ω

B∗ζ zζ(t) dµ̃ζ

∥∥∥∥2

U

dt

) 1
2

> (1− θ)
√

cζ0 (T )‖zf ‖X − θ
∫

Ω

√
Cζ(T ) dµ̃ζ‖z‖X
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Averaged controllability of finitely many strings Averaged Ingham inequalities

Ingham inequalities I

Consider X = `2(N∗), U = C and (λn)n∈N∗ ∈ RN∗ .

Set the operator A of domain D(A) =

{
(an)n ∈ `2(N∗) ,

∑
n∈N∗
|λn||an|2 <∞

}
:= X1

defined by:
Aen = 2iπλnen (n ∈ N∗)

and the operator B ∈ L(U,X−1) defined by :

[Bv ]n = v (v ∈ C) .

Consider the system:

ẋ = Ax + Bu i.e. ẋn = 2iπλnxn + u (n ∈ N∗) .

The adjoint system is:

ż = −Az i.e. żn = 2iπλnzn (n ∈ N∗) thus zn(t) = e2iπλntzn(0) (n ∈ N∗ , t ∈ R) .

and the observation operator:

X1 → L2([0,T ],C)
(an)n 7→

∑
n∈N∗ ane2iπλnt .
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Averaged controllability of finitely many strings Averaged Ingham inequalities

Ingham inequalities II

Theorem (Ingham inequalities, Ingham 1936)

Assume inf
m,n∈N∗

m 6=n

|λm − λn| := γ > 0.

Then for every T > 0, there exists C(T ) > 0 such that:∫ T

0

∣∣∣∣∣∑
n∈N∗

ane2iπλnt

∣∣∣∣∣
2

dt 6 C(T )
∑

n∈N∗
|an|2

and for every T >
1

γ
, there exists c(T ) > 0 such that:

c(T )
∑

n∈N∗
|an|2 6

∫ T

0

∣∣∣∣∣∑
n∈N∗

ane2iπλnt

∣∣∣∣∣
2

dt .

Consequently, if γ > 0 and T > 1
γ

, the system ẋ = Ax + Bu is exactly controllable.
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Averaged controllability of finitely many strings Averaged Ingham inequalities

Averaged Ingham inequalities I

Let us now consider the probability space (Ω,F , µ) given by Ω = {ζ0, . . . , ζK} ⊂ R,
F = P(Ω) and µ given by µ({ζk}) := θk ∈ [0, 1].
Consider the parameter dependent system:

ẋζ = ζAxζ + Bu .

The aim is to find T > 0 and c̄(T ) > 0 such that;

c̄(T )
∑

n∈N∗
|an|2 6

∫ T

0

∣∣∣∣∣
K∑

k=0

θk

∑
n∈N∗

ane2iπλnζt

∣∣∣∣∣
2

dt ((an)n ∈ X ) .

Theorem

Set γ > 0 and assume λn ∈ γN Then, if T >
1

γ

∑K
k=0

1
|ζk |

, there exists a constant

c̄(T ) > 0 such that:

θ0c̄(T )
∑

n∈N∗
|an|2

K∏
k=1

sin

(
λnπ

γ

ζ0

ζk

)
6
∫ T

0

∣∣∣∣∣
K∑

k=0

θk

∑
n∈N∗

ane2iπλnζt

∣∣∣∣∣
2

dt ((an)n ∈ X ) .
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Averaged controllability of finitely many strings Averaged Ingham inequalities

Averaged Ingham inequalities II

Idea of the proof:

Set f (t) =
K∑

k=0

θk

∑
n∈N∗

ane2iπλnζt and notice that

f (t + |ζK |−1)− f (t) =
K−1∑
k=0

θk

∑
n∈N∗

an

(
e

2iπλn
ζk
|ζK |

)
e2iπλnζt .

Iterate K times and use Ingham Inequality.

Corollary

Assume in addition θ0 > 0, ζ1
ζ0
, . . . , ζK

ζ0
are algebraic and ζ0, . . . , ζK are Q-linearly

independent.

Then for every T >
1

γ

K∑
k=0

1

|ζk |
, and every ε > 0, there exists c̄ε(T ) > 0 such that:

c̄ε(T )
∑
n∈N

|an|2

|λn|2(1+ε)
6
∫ T

0

∣∣∣∣∣
K∑

k=0

θk

∑
n∈N∗

ane2iπλnζt

∣∣∣∣∣
2

dt .

Consequently we obtained an Ingham inequality in a weighed space.
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Averaged controllability of finitely many strings Application to the string equation

Application to the string equation I

Consider the parameter dependent string equation:

ẅζ(t, x) = ζ2∂2
x wζ(t, x) ((t, x) ∈ R∗+ × (0, 1)) ,

wζ(t, 0) = u(t) (t ∈ R∗+) ,

wζ(t, 1) = 0 (t ∈ R∗+) ,

wζ(0, x) = wi,0(x) and ẇζ(0, x) = wi,1(x) (x ∈ (0, 1)) .

The adjoint problem of averaged observability is:

z̈ζ(t, x) = ζ2∂2
x zζ(t, x) ((t, x) ∈ R∗+ × (0, 1)) ,

0 = zζ(t, 0) = zζ(t, 1) (t ∈ R∗+) ,

zζ(0, x) = zi,0(x) and żζ(0, x) = zi,1(x) (x ∈ (0, 1)) .

and the averaged observability map is:

−
K∑

k=0

∂x (A−1
0 żζ(t, ·))(0) ζkθk .
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Averaged controllability of finitely many strings Application to the string equation

Application to the string equation II

Expanding zζ(t, x) on the Fourier basis sin(πnζx), i.e. zζ(t, x) =
∑

n∈N∗ an(t) sin(πnζx)
leads to an averaged observability map of the type:

K∑
k=0

θk

∑
n∈Z∗

ane2iπλnζk t ,

with λn = 1
2
n.

Applying the previous corollary, we obtain:
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Averaged controllability of finitely many strings Application to the string equation

Application to the string equation III

Proposition

Let ε > 0 and assume ζ0, . . . , ζK Q-linearly independent and ζ1
ζ0
, . . . , ζK

ζ0
algebraic.

Then, if (wi,0
ζ0
,wi,1

ζ0
), . . . , (wi,0

ζK
,wi,1

ζK
), (wf ,0,wf ,1) ∈ X1+ε × Xε, for every T > 2

K∑
k=0

1

|ζk |
,

there exists u ∈ L2([0,T ]) such that the solution wζ(t, x) = wζ(t, x ; u) satisfies:

K∑
k=0

θk wζk (T , x) = wf ,0(x) and
K∑

k=0

θk ẇζk (T , x) = wf ,1(x) (x ∈ (0, 1)) .

With Xα =

{
ϕ : x ∈ (0, 1) 7→

∑
n∈N∗

an sin(πnx) ,
∑

n∈N∗
n2α|an|2 <∞

}
.

From Dáger-Zuazua (2006),
if in addition ζl

ζk
algebraic for every k 6= l , then there exists u ∈ L2([0,T ]) such that the

solution wζ(t, x) = wζ(t, x ; u) satisfies:

wζk (T , x) = wf ,0(x) and ẇζk (T , x) = wf ,1(x) (x ∈ (0, 1) , k ∈ {0, . . . ,K}) .
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Averaged controllability of finitely many strings Application to the string equation

Application to the string equation IV

We can also apply the perturbation argument.
For instance, for ζ0 = 1 and ζ1 =

√
2 and measure µ = (1− θ)δζ0 + θδζ1 , we obtain the

set of parameters where averaged controllability holds.

0

1

2

3

5

0 0.8 1

Exact averaged controllability Exact averaged controllability

in a weighted space

1
1+2

√
5

0.6
√

5
2
√

2+
√

5

4

2 +
√

2

√
2

T

θ
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J. Lohéac (IRCCyN) Control of parameter dependent systems 18/01/2016 31 / 43



Averaged to simultaneous

A penalty method to get the ”best” control I

The averaged control do not give any information on the variance’s outputs. We remind
that the averaged control of minimum L2([0,T ],U)-norm is a minimizer of:

min J0(u) := 1
2
‖u(t)‖2

L2([0,T ],U)∫
Ω

(
xζ(T ; u)− xf

ζ

)
dµζ = 0 .

Let us now add a penalty term,

min Jκ(u) := 1
2
‖u(t)‖2

L2([0,T ],U) + κ

∫
Ω

∥∥xζ(T ; u)− xf
ζ

∥∥2

X
dµζ∫

Ω

(
xζ(T ; u)− xf

ζ

)
dµζ = 0 .

(κ > 0) ,

Notice that when xf
ζ is independent of ζ and

∫
Ω

(
xζ(T ; u)− xf )dµζ = 0,

then

∫
Ω

∥∥xζ(T ; u)− xf
∥∥2

X
dµζ is the variance of the outputs.

If the system has the averaged controllability property, then for every κ > 0, Jκ has one
and only one minimizer uκ ∈ L2([0,T ],U).
Let us study the behavior as κ→∞.
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Averaged to simultaneous

A penalty method to get the ”best” control II

Theorem

Set T > 0 and assume that the system (?) in controllable in average in time T .
Let us define (x?ζ)ζ ∈ L2(Ω,X ;µ) be the minimizer of the minimization problem:

min
∥∥xζ − xf

ζ

∥∥
L2(Ω,X ;µ)

(xζ)ζ ∈ {xζ(T ; u) , u ∈ L2([0,T ],U)} ,∫
Ω

(
xζ − xf

ζ

)
dµζ .

If lim
κ→∞

(∥∥xζ(T ; uκ)− xf
ζ

∥∥
L2(Ω,X ;µ)

)
= 0, then, x?ζ = xf

ζ and

If
(
‖uκ‖L2([0,T ],U)

)
κ>0

is bounded, then up to a subsequence, (uκ)κ converges to a

control which steers exactly xi
ζ to x?ζ and realise the minimum of:

min 1
2
‖u‖2

L2([0,T ],U)

‖xζ(T ; u)− x?ζ‖L2(Ω,X ;µ) = 0 .

If
(
‖uκ‖L2([0,T ],U)

)
κ>0

is unbounded, then xi
ζ can be approximatively steered to x?ζ .
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Averaged to simultaneous

A penalty method to get the ”best” control III

x?ζ is the orthogonal projection of xf
ζ in L2(Ω,X ;µ) on

{xζ(T ; u) , u ∈ L2([0,T ],U)} ∩
{

(xζ)ζ ,

∫
Ω

(
xζ − xf

ζ

)
dµζ

}
.

{∫
Ω
xζ dµζ =

∫
Ω
xf
ζ dµζ

}

{xζ(T ; u) , u ∈ L2([0,T ],U)}

xf
ζ

x?ζ
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Averaged to simultaneous

A penalty method to get the ”best” control IV

(
‖xζ(T ; uκ)− xf

ζ‖L2(Ω,X ;µ)

)
κ

converge to 0 do not converge to 0

(‖
u
κ
‖ L

2
) κ bounded

simultaneous exact con-
trollability

simultaneous exact con-
trollability to x?ζ

unbounded
simultaneous approximate
controllability

simultaneous approximate
controllability to x?ζ

Notice that if CardΩ <∞ and dimX <∞, the sequence (‖uκ‖L2([0,T ],U))κ is bounded.
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Averaged to simultaneous

When the system is simultaneously controllable I
Numerical example

Let us consider the probability space Ω = {1, 2} and the probability measure µ is given
by µ({1}) = µ({2}) = 1

2
. The parameter dependent system under consideration is:

ẋζ = ζAxζ + Bu xζ(0) = xi ,

with: A =

(
0 −1
1 0

)
, B =

(
1
0

)
and xi =

(
1
1

)
.

In addition, we fix the final target to xf = (0 0)> and the final time T = 1.
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ζ = 2

Trajectories for average control
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ζ = 1
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 0  0.2  0.4  0.6  0.8  1
−6

control

t

Average control

Controlled trajectories in the phase plan
using the averaged control. The variance
at final time is 2.75e-01.

Averaged control, the norm of the con-
trol is 3.19.
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Averaged to simultaneous

When the system is simultaneously controllable II
Numerical example
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Simultaneous control

Controlled trajectories in the phase plan
using the simultaneous control. The vari-
ance at final time is 4.74e-20.

Simultaneous control, the norm of the
control is 6.34e+01.

J. Lohéac (IRCCyN) Control of parameter dependent systems 18/01/2016 37 / 43



Averaged to simultaneous

When the system is simultaneously controllable III
Numerical example

 10

 100

 10000  100000  1e+06
 1

‖uκ − u∞‖L2(0,T ;U)

κ

Control’s convergence with respect to κ
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Variance with respect to κ

Plot of the L2-distance between the ex-
act simultaneous control and the optimal
control of the minimisation problem in-
dexed with κ. This distance behaves as
Cκ−0.98.

Plot of the variance at final state
(
∫
‖xζ(T ) − xf ‖2

Xdµζ) with respect to
κ. The variance behaves as Cκ−1.95.
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Averaged to simultaneous

When the system is not simultaneously controllable I
Numerical example

Let us consider the probability space Ω = {1, 2} and the probability density µ given by
µ({1}) = µ({2}) = 1

2
. The parameter dependent system under consideration is:

ẋζ = Aζxζ + Bu xζ(0) = xi ,

with: A1 =

(
0 −1
1 0

)
, A2 =

(
1 0
0 1

)
, B =

(
1
0

)
and xi =

(
1
1

)
.

The final time T is set to 1 and the target xf is (0 0)>.
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Average control

Controlled trajectories in the phase plan
using the averaged control. The variance
at final time is 2.13e+01.

Averaged control, the L2-norm of the
control is 1.99e+01.
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Averaged to simultaneous

When the system is not simultaneously controllable II
Numerical example
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Variance with respect to κ

Plot of the norm of the control with re-
spect to κ.

Plot of the variance at final state with
respect to κ.
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Controlled trajectories in the phase plan
using the optimal control for κ = 5.103.
The variance at final time is 7.41.

Optimal control for κ = 5.103 its L2-
norm is 5.30e+01.
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Conclusion

Conclusion and open questions

Few averaged controllability results exists in PDE context.

Averaged Ingham inequality in general means:

∃c,C > 0 , c
∑

n

|an|2 6
∫ T

0

∣∣∣∣∣
∫

Ω

∑
n

ane2iπλnζt dµζ

∣∣∣∣∣
2

dt 6 C
∑

n

|an|2 .

In particular, for Ω = R, we end up with:

c
∑

n

|an|2 6
∫ T

0

|anµ̂(−λnt)|2 dt 6 C
∑

n

|an|2 .

That is to say, {µ̂(−λn ·)}n is a Riesz basis.

Still for averaged Ingham inequalities, are they true for dµζ = 1
2ε

1(1−ε,1+ε)(ζ) dζ,
with ε > 0 small enough?

How to compute numerically average or simultaneous controls when cardΩ =∞?
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Conclusion

Thank you for your attention.
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