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Outline of the talk

@ The continous model

© The finite-volume scheme

© Numerical simulations
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@ The continous model

e The finite-volume scheme

© Numerical simulations

«O»r «Fr < >« > Q>



Motivation: fabrication of thin-film crystalline solar cells
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Figure: CIGS cells fabrication
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Figure: CIGS cells fabrication

Two main phenomena:

@ Evolution of the surface of the film.

o Diffusion of the various species in the bulk due to the high temperature.
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Cross-diffusion with size exclusion: PVD system?

@ n+ 1 chemical species with volumic fractions ug(t, x), ..., un(t,x), and volume-filling
constraints:

n
VO<i<n, u(t,x) =0and > u(t,x) =1.
j=0

!Bakhta and V. Ehrlacher 2018.
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n
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o Cross-diffusion equations formally derived from a stochastic hopping model on a network: for
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n
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Cross-diffusion with size exclusion: PVD system?

@ n+ 1 chemical species with volumic fractions ug(t, x), ..., un(t,x), and volume-filling
constraints:

n
VO<i<n, u(t,x) =0and > u(t,x) =1.
j=0

o Cross-diffusion equations formally derived from a stochastic hopping model on a network: for
0<i<n,

n
Oruj — divy Z Kij (uJ-VXu,- — u,-VXu_,-) =0,
j=0
for some coefficients Kjj = Kj; > 0 (non-degeneracy assumption).

@ The unknown vector u := (ug,...,un)" solves the system:
Oru — divy (A(u)Vxu) =0,
with the (non-symmetric) diffusion matrix

Ai(u) = >, Kiug,

0<k#i<n

Aij(u) = —Kjju;.
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Entropic structure and analysis of the PVD system*

@ The system is shown to admit an entropy structure?, with respect to the Boltzmann entropy:

E(u) := JQ Zn: uilog(uj) — uj + 1,
i=0

2 Jiingel 2015.
30tto 2001.
“#Bakhta and V. Ehrlacher 2018.
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n
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that is, it rewrites formally as a Otto gradient flow?

Oru — divy <M(U)VX6—E> =0,
du

with the nonlinear, degenerate, positive semi-definite mobility matrix M(u) given by
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Entropic structure and analysis of the PVD system*

@ The system is shown to admit an entropy structure?, with respect to the Boltzmann entropy:
n
E(u) := f Z ujlog(u;j) — uj + 1,
2i=o

that is, it rewrites formally as a Otto gradient flow?

Oru — divy <M(U)VX6—E> =0,
du

with the nonlinear, degenerate, positive semi-definite mobility matrix M(u) given by

Mii(u) = Z Kiju;uj,

0<j#i<n

M,-j(u) = —K,-ju,-uj.

o Existence of weak solutions to this system in a fixed domain follows from the Boundedness
by entropy method. It was extended to a moving one-dimensional domain by Bakhta and
Ehrlacher.

2 Jiingel 2015.
30tto 2001.
“#Bakhta and V. Ehrlacher 2018.
J. Cauvin-Vila (Ecole des Ponts) A cross-diffusion Cahn-Hilliard system: existence and n NEEA 2022 6/19



Adding a Cahn-Hilliard contribution®

o Motivation: to understand the evolution of the moving interface — diffuse interface
approach.

5Ehr|acher, Marino, and Pietschmann 2021.
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Adding a Cahn-Hilliard contribution®
o Motivation: to understand the evolution of the moving interface — diffuse interface

approach.
o Now modify the free energy into

n
€ o
Ecp(u) := L > (uilog(uj) — ui + 1) + E\Vuol2 + Buo(1 — o),
i=0
for some positive constants ¢, 3 > 0, and consider the new system:

SE.
Oru — divy (M(U)VXJ) =0.
ou
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for some positive constants ¢, 3 > 0, and consider the new system:

SE.
Oru — divy (M(U)VXJ) =0.
ou

o Introducing the auxiliary variable

wo := —eAug + S(1 — 2up),
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Adding a Cahn-Hilliard contribution®

o Motivation: to understand the evolution of the moving interface — diffuse interface
approach.
o Now modify the free energy into

n
€
Ecp(u) := L > (uilog(uj) — ui + 1) + E\Vuol2 + Buo(1 — o),
i=0
for some positive constants ¢, 3 > 0, and consider the new system:

SE.
Oru — divy (M(U)VXJ) =0.
ou

o Introducing the auxiliary variable
wo := —eAug + S(1 — 2up),

the scalar form of the system reads, for i =1,...,n

Oru; — div Z Kij(ujVuj — u;Vu;) — KigujugVwg | = 0,

0<j#i<n
and

n
Orug — div ( Z Kio(uiVug — ugVu;) + 2 K;gu;uOVW()) =0.

1<i<n i=1
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Main steps of the analysis®

The strategy of the authors is as follows:

o First approximate the system by a time-discrete and regularized system.
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Main steps of the analysis®

The strategy of the authors is as follows:

o First approximate the system by a time-discrete and regularized system. The problem is that
the Boundedness by entropy method does not readily apply, since the free energy density
reads

n
€
h(u) = Z(u,— log(u;j) —uj + 1) + E‘VUOF + Bup(l — wp),
i=0

whose partial derivative with respect to ug can no longer be explicitly inverted (in
consequence no free L® bounds on up).
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n
€
h(u) := Z(u,— log(uj) — uj + 1) + E\VUOF + Bug(1l — up),
i=0
whose partial derivative with respect to ug can no longer be explicitly inverted (in

consequence no free L® bounds on wp). Instead, the authors had to study a system of
elliptic PDEs with logarithmic nonlinearities with variational methods.

6Ehrlacher, Marino, and Pietschmann 2021.
J. Cauvin-Vila (Ecole des Ponts) A cross-diffusion Cahn-Hilliard system: existence and n NEEA 2022 8/19



Main steps of the analysis®

The strategy of the authors is as follows:

o First approximate the system by a time-discrete and regularized system. The problem is that
the Boundedness by entropy method does not readily apply, since the free energy density
reads

n
€
h(u) := Z(u,— log(uj) — uj + 1) + E\VUOF + Bug(1l — up),
i=0

whose partial derivative with respect to ug can no longer be explicitly inverted (in
consequence no free L® bounds on wp). Instead, the authors had to study a system of
elliptic PDEs with logarithmic nonlinearities with variational methods.

@ Derive enough estimates on the approximate system to pass to the limit. The difficulty is
that, contrary to classical CH, only up will enjoy H? regularity. In consequence the
convergence of the additional CH term for the equations of the other u; in the approximate
system is not straightforward and requires to be carefully analyzed.
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Main steps of the analysis®

The strategy of the authors is as follows:

o First approximate the system by a time-discrete and regularized system. The problem is that
the Boundedness by entropy method does not readily apply, since the free energy density
reads

n
€
h(u) = Z(u,— log(u;j) —uj + 1) + E‘VUOF + Bup(l — wp),
i=0

whose partial derivative with respect to ug can no longer be explicitly inverted (in
consequence no free L® bounds on wp). Instead, the authors had to study a system of
elliptic PDEs with logarithmic nonlinearities with variational methods.

@ Derive enough estimates on the approximate system to pass to the limit. The difficulty is
that, contrary to classical CH, only up will enjoy H? regularity. In consequence the
convergence of the additional CH term for the equations of the other u; in the approximate
system is not straightforward and requires to be carefully analyzed.

Theorem (Ehrlacher, Marino, Pietschmann, '21)

Let Q be a regular domain of RY, with d = 1,2,3. Let u® := (u3, ..., ud) € HY(Q,R"*1) be an
initial condition satisfying the volume-filling constraints. Then there exists at least one weak
solution to the CDCH system.
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@ The continous model

© The finite-volume scheme

© Numerical simulations
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Finite volume numerical approximation

@ Two Point Finite Volume approximation with mesh (7, &, (xk)ke7) that satisfies the
orthogonality condition. my is the measure of cell K, ms the measure of face 0. o = K|L
may denote the face between cells L and K. Ek i is the set of faces of K that are not on

the boundary. For a face 0 € £k int, We may write 0 = K|L, meaning that o = K n L, where

L e T. We also define d» := |xx — x| and 75 = %.
=
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Finite volume numerical approximation

@ Two Point Finite Volume approximation with mesh (7, &, (xk)ke7) that satisfies the
orthogonality condition. my is the measure of cell K, ms the measure of face 0. o = K|L
may denote the face between cells L and K. Ek i is the set of faces of K that are not on

the boundary. For a face 0 € £k int, We may write 0 = K|L, meaning that o = K n L, where
L e T. We also define dy := |xx — x/| and 7 = Z=

o
do

o Discrete gradients are defined as
Dkov = vko — VK,

where vk, is the mirror value of vk across o.
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Finite volume numerical approximation

@ Two Point Finite Volume approximation with mesh (7, &, (xk)ke7) that satisfies the
orthogonality condition. my is the measure of cell K, ms the measure of face 0. o = K|L
may denote the face between cells L and K. Ek i is the set of faces of K that are not on

the boundary. For a face 0 € £k int, We may write 0 = K|L, meaning that o = K n L, where

L e T. We also define dy := |xx — x/| and 7 = Z=

o
do

o Discrete gradients are defined as
Dkov = vk — vk,
where vk, is the mirror value of vk across o.

@ Assume that uP = (ufK) is given for some p € N, then we have to define how to
") KeT,0<i<n

1
UP+

. ) and the discrete fluxes
b KeT,0<i<n

compute the discrete volume fractions uP*1 = (

p+1 _ p+1
J - (Ji,KU

)o‘ES,OSiSn
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Finite volume numerical approximation

@ Two Point Finite Volume approximation with mesh (7, &, (xk)ke7) that satisfies the
orthogonality condition. my is the measure of cell K, ms the measure of face 0. o = K|L
may denote the face between cells L and K. Ek i is the set of faces of K that are not on
the boundary. For a face 0 € £k int, We may write 0 = K|L, meaning that o = K n L, where

m

L e T. We also define d» := |xx — x| and 75 = 7o

o Discrete gradients are defined as
Dkov = vko — VK,

where vk, is the mirror value of vk across o.

Assume that uP = (ufK) is given for some p € N, then we have to define how to
") KeT,0<i<n

p+1

P ) and the discrete fluxes
i KeT,0<i<n

compute the discrete volume fractions uP*1 = (
+1 _ p+1
= ()
’ ce&,0<i<n

e Conservative laws:

uf i — ol it )
mg 5 AL + )] Sro =0, VKeT,¥0<i<n

oEEK int
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The semi-implicit scheme: extension of the PVD scheme®

o The edge values ufjl are defined through a logarithmic mean as follows:
: H p+1  p+l
0 if min(u? ) uf k) <O,
p+1 . p+1 _  p+1
e 0 <y = U ko (1)
I,o Up+1_up+1
iK"Y ko .
ST T otherwise,

log(uf &) —log(uf §)

"Eyre 1997.
8Cances and Gaudeul 2020.
J. Cauvin-Vila (Ecole des Ponts) A cross-diffusion Cahn-Hilliard system: existence and n NEEA 2022 11/19



The semi-implicit scheme: extension of the PVD scheme®

o The edge values ufjl are defined through a logarithmic mean as follows:
)
: : p+1  p+l
0 X if mm(u,.’K1 7UI"K13 <0,
p+ ; p+1 _ P
e 0 <y = U ko (1)
I,o Up+1_up+1
ik —Yiko .
ST T otherwise,

log(uf &) —log(uf §)

so that the discrete chain rule holds: if u,f’;l, ul‘.’;i > 0 then

+1 +1 +1
DiouP™ = ul " Dko log(uf ™).

"Eyre 1997.
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The semi-implicit scheme: extension of the PVD scheme®

o The edge values ufjl are defined through a logarithmic mean as follows:

. . +1  p+1
0 if min(ufy, ufy,) <O,
p+1 p+1 p+1
S Ul if 0 < u i Koo (1)
1,0 u{y;l_upxl
i, i\ Ko .
otherwise
p+1 p+1 ’
log(u} ™) —log(u k)

so that the discrete chain rule holds: if u,p;17 ul‘.’;i > 0 then

p+1

+1 +1
DiouP™ = ul " Dko log(uf ™).

@ The variable wy is discretized as: for any K e T,

p+2 € p+1
Wo k' =——— Z To Dk ot +B(1—2u0 K)s
mg
0EEK int

7Eyre 1997.
8Cances and Gaudeul 2020.
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The semi-implicit scheme: extension of the PVD scheme®

P

o The edge values uijl are defined through a logarithmic mean as follows:

. . +1  p+1
0 if min(ufy, ufy,) <O,
p+1 p+1 p+1
S Ul if 0 < u i Koo (1)
1,0 u{y;l_upxl
i, i\ Ko .
otherwise
p+1 p+1 ’
log(u} ™) —log(u k)

so that the discrete chain rule holds: if u,p;l, ul‘.’;i > 0 then

+1 +1 +1
DiouP™ = ul " Dko log(uf ™).

@ The variable wy is discretized as: for any K e T,

+ €
W(,)JKZ = —— Z To Dk o U, p+1+/3(1—2u0 K)s

m
K oegy ins

Remark that the convex part of the free energy %\VUOF is discretized implicitly while the
concave part Bug(1 — up) is discretized explicitly.”

"Eyre 1997.
8Cances and Gaudeul 2020.
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The semi-implicit scheme: extension of the PVD scheme

Additionally a parameter K* > 0 is introduced to avoid unphysical solutions when the volumic
fractions reach 0.9

9Cances and Gaudeul 2020.
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The semi-implicit scheme: extension of the PVD scheme

Additionally a parameter K* > 0 is introduced to avoid unphysical solutions when the volumic
fractions reach 0.° Finally the fluxes are discretized as:

p+1 * p+1 . * p+1 p+1 p+1 p+1
Ji,Ko- =-ToK DKU”/‘ —To Z (KU - K”) Ui & DKU",’ — U5 DKauj
0<j#i<n
KouPtluPtip p+3 l1<i<
+ 7o iolj o Uy o VKo Wy , LI sn,
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The semi-implicit scheme: extension of the PVD scheme

Additionally a parameter K* > 0 is introduced to avoid unphysical solutions when the volumic
fractions reach 0.° Finally the fluxes are discretized as:

p+1 * p+1 . * p+1 p+1 p+1 p+1
i\Ko — —ToK DKU”/‘ —To Z (KU - K”) Ui & DKU",’ — U5 DKauj
0<j#i<n
1
+1 p+1 p+3 .
+TUK"OU¢7,0' ug,(r DK{,WO 21<i< n,
n
p+1 _ * p+1 . * p+1 p+1 p+1 p+1
I ke = —To K Dkoub ™ — 75 3 (Kio — K*) (W3 Dkl ™ — uf ! Do uf
i=1

n 1

p+1 p+1 p+3

— To Z KfO”i.a Uy o Dkowy 2.
i=1
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The semi-implicit scheme: extension of the PVD scheme

Additionally a parameter K* > 0 is introduced to avoid unphysical solutions when the volumic
fractions reach 0.° Finally the fluxes are discretized as:

p+1 * p+1 . * p+1 p+1 p+1 p+1
Phe = —ToK Dioul ™ — 75 30 (Kj — K*) (uP T Dol ™ — uP ' Dyco
0<j#i<n
1
+1 p+1 p+3 ;
+TUK,‘OUﬁo_ ug,(r DK{,WO 21<i< n,
n
p+1 _ * p+1 . * p+1 p+1 p+1 p+1
I ke = —To K Dkgub ™ — 75 D 1(Kio — K*) uP T D guf ™ — uf Do uf
i=1

n 1

p+1 p+1 p+3

— To Z Kiou; . Uy o Dkowy 2.
i=1

Basic properties of the scheme:
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The semi-implicit scheme: extension of the PVD scheme

Additionally a parameter K* > 0 is introduced to avoid unphysical solutions when the volumic
fractions reach 0.° Finally the fluxes are discretized as:

p+1 * p+1 . * p+1 p+1 p+1 p+1

i\Ko — —ToK DKU”/‘ —To Z (KU - K”) Ui & DKU",’ — U5 DKauj
0<j#i<n

1
+1 p+1 p+3 .
+TnKi0uﬁo. Ug,(, DK{TWO 2, 1<i< n,

n

p+1 _ * p+1 . * p+1 p+1 p+1 p+1

I ke = —To K Dkoub ™ — 75 3 (Kio — K*) (W3 Dkl ™ — uf ! Do uf

i=1

n 1

p+1 p+1 p+3

— To Z KfO”i.a Uy o Dkowy 2.
i=1

Basic properties of the scheme:

o Mass conservation (conservativity).
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The semi-implicit scheme: extension of the PVD scheme

Additionally a parameter K* > 0 is introduced to avoid unphysical solutions when the volumic
fractions reach 0.° Finally the fluxes are discretized as:

p+1 * p+1 . * p+1 p+1 p+1 p+1

i\Ko — —ToK DKU”/‘ —To Z (KU - K”) Ui & DKU",’ — U5 DKauj
0<j#i<n

1
+1 p+1 p+3 .
+TnKi0uﬁo. Ug,(, DK{TWO 2, 1<i< n,

n

p+1 _ * p+1 . * p+1 p+1 p+1 p+1

I ke = —To K Dkoub ™ — 75 3 (Kio — K*) (W3 Dkl ™ — uf ! Do uf

i=1

n 1
p+1, p+1 p+3
— To Z Kiou; . Uy o Dkowy 2.
i=1
Basic properties of the scheme:
o Mass conservation (conservativity).

o Preservation of volume-filling constraints (sum the equations).
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The semi-implicit scheme: extension of the PVD scheme

Additionally a parameter K* > 0 is introduced to avoid unphysical solutions when the volumic
fractions reach 0.° Finally the fluxes are discretized as:

p+1 * p+1 . * p+1 p+1 p+1 p+1

i\Ko — —ToK DKU”/‘ —To Z (KU - K”) Ui & DKU",’ — U5 DKauj
0<j#i<n

1
+1 p+1 p+3 .
+TnKi0uﬁo. Ug,(, DK{TWO 2, 1<i< n,

n

p+1 _ * p+1 . * p+1 p+1 p+1 p+1

I ke = —To K Dkoub ™ — 75 3 (Kio — K*) (W3 Dkl ™ — uf ! Do uf

i=1

n 1
p+1 p+1 p+3
— To Z K,-oul-ﬁ Uy o Dkowy 2.
i=1
Basic properties of the scheme:
o Mass conservation (conservativity).
o Preservation of volume-filling constraints (sum the equations).

o Strong positivity property (thanks to K* > 0).

9Cances and Gaudeul 2020.
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Free energy dissipation

Define the discrete free energy as Eiot, 7 (V) = Econv,7(V) + Econce,7(v) with
" €
Econv,7(V) = D > mi(vik log(vik) — vik + 1) + > > 7o| Dk vol®
i=0KeT o€€int, o=K|L
and

Econe,7(Vv) = f Z mycvo k(1 — vo,k)
KeT

J. Cauvin-Vila (Ecole des Ponts) A cross-diffusion Cahn-Hilliard system: existence and n NEEA 2022 13 /19



Free energy dissipation

Define the discrete free energy as Eiot, 7 (V) = Econv,7(V) + Econce,7(v) with

n
€
Econv,7(V) = D > mi(vik log(vik) — vik + 1) + > > 7o| Dk vol®
i=0KeT o€€int, o=K|L

and

Econe,7(Vv) = f Z mycvo k(1 — vo,k)
KeT

Lemma (Free energy dissipation)

Let p € N and let uP € AIT|. Then any solution uP™! to the scheme satisfies

= 1 1 1 1 1
( P+ Wé)+ |Og( p+ ) Iog( P+ W63+ )

(Evot, 7(uP™h) = Evor, 7(uP)) + 3} (Dkow”* )T M(uf ™) Do wP ™ <0. (2)

o€€ing

Aty

In particular, since M is a positive semi-definite matrix, Eyot, 7(uPT1) < Eior, 7 (UP) < Epor,7(u°).
v
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Free energy dissipation

Define the discrete free energy as Eiot, 7 (V) = Econv,7(V) + Econce,7(v) with

n
€
Econv,7(V) = D > mi(vik log(vik) — vik + 1) + > > 7o| Dk vol®
i=0KeT o€€int, o=K|L

and

Econe,7(Vv) = f Z mycvo k(1 — vo,k)
KeT

Lemma (Free energy dissipation)

Let p € N and let uP € AIT|. Then any solution uP™! to the scheme satisfies
(WP = Wit — gt = log(uf ™) — log(ug T — wg™Y)

(Evot, 7(uP™h) = Evor, 7(uP)) + 3} (Dkow”* )T M(uf ™) Do wP ™ <0. (2)

o€€ing

Aty

In particular, since M is a positive semi-definite matrix, Eyot, 7(uPT1) < Eior, 7 (UP) < Epor,7(u°).
v

Proof is based on the one hand on the discrete chain rule and on the other hand on the
convex-concave splitting of the free energy.
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@ The continous model

e The finite-volume scheme

© Numerical simulations

«Or «Fr o« [ = Q>



@ Numerical scheme implemented in Julia in 1d and 2d on structured meshes.
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@ Numerical scheme implemented in Julia in 1d and 2d on structured meshes.

@ Nonlinear system solved with a Newton algorithm to satisfy the volume-filling constraints
and adaptive time step. Automatic differentiation is used to compute jacobians.
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@ Numerical scheme implemented in Julia in 1d and 2d on structured meshes.

@ Nonlinear system solved with a Newton algorithm to satisfy the volume-filling constraints
and adaptive time step. Automatic differentiation is used to compute jacobians.

@ Simulations with parameters T =3, e =0.1, 8 = % The diffusion matrix is given by

0 02 1
A=(02 0 01
1 01 O
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T=3,e=0,dt=1e—3k* =01

T =3,e=01,dt = le — 3, k*

=0.1
Entropy evolution Entropy evolution
|
125 F | Sl |
|
| |
120+ | |
| 271 |
| |
115 \ |
| 26 \‘
g \ 9 |
10 | 25t |
1.05 24
1.00 23 h .
P — 22 —
0 1000 2000 3000 0 1000 2000

3000
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Species 1

Species 2

J. Cauvin-Vila (Ecole des Ponts)

Species 3
Entropy evolution
34
\
\
\
32 |
|
8 \
AN
28
o 250 500 750 1000
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Perspectives

@ Ongoing work: full numerical analysis of the scheme. Proving existence of a discrete solution
to the nonlinear system and convergence of the scheme.
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@ Ongoing work: full numerical analysis of the scheme. Proving existence of a discrete solution
to the nonlinear system and convergence of the scheme.

o Perspective: sharp interface limit ¢ — 0 to derive a geometric evolution law.
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Perspectives

@ Ongoing work: full numerical analysis of the scheme. Proving existence of a discrete solution
to the nonlinear system and convergence of the scheme.

o Perspective: sharp interface limit ¢ — 0 to derive a geometric evolution law.

o Let’s talk if you have experience in Cahn-Hilliard simulations !
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