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Material derivatives of boundary integral operators and applications

Motivation

Ñ To use shape optimization tools for solving shape reconstruction problems

Direct problem :
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curl curl Es ´ κ2Es “ 0 in R3zΩ

n ˆ pEs ` E incq “ 0 on Γ
lim
|x|Ñ8

pcurl Es ˆ x ´ iκ|x |Esq “ 0

Espxq “ eiκ|x|

|x| E8p x
|x| q ` O

´

1
|x|

¯

when |x | Ñ 8

Given the boundary Γ, we compute F pΓq “ E8.

Ñ To avoid solving the direct scattering problem numerous times at each iteration step.

Ñ Joint work with O. Ivanyshyn Yaman (Assistant Professor, IZTECH, Turkey).
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Material derivatives of boundary integral operators and applications

Motivation

Ñ To use shape optimization tools for solving shape reconstruction problems

Inverse problem :

�0

�

Einc

Es Given noisy farfield data E8δ
(and a good initial guess Γ0), solve

F pΓq “ E8δ ,

using regularized iterative algorithm.

Ñ To avoid solving the direct scattering problem numerous times at each iteration step.

Ñ Joint work with O. Ivanyshyn Yaman (Assistant Professor, IZTECH, Turkey).
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Material derivatives of boundary integral operators and applications

Outline

1 Electromagnetic Potential Theory

2 Regularized Newton-type algorithms

3 Material derivatives : already existing results (3 PhD thesis)

4 Differential geometry of a surface and the Piola transform

5 Material derivatives : new results

6 Conclusion, work in progress and future works
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Solution of the PC problem

D. COLTON & R. KRESS, Inverse acoustic and electromagnetic scattering theory

The time-harmonic Maxwell equation : curl curl Es ´ κ2Es “ 0

κ ą 0 and Gpκ, x ´ yq “ eiκ|x´y|

4π|x´y| . The electromagnetic potential operators are :

Sκ ϕpxq “
1
κ

ż

Γ
curl curlx

!

Gpκ, x ´ yqϕpyq
˘

)

dσpyq

Dκψpxq “
ż

Γ
curlx

!

Gpκ, x ´ yqψpyq
)

dσpyq

Integral representation of the solution :

Es “ Dκψ ` iηSκ Λψ

where η P R, η “ 0 and
ż

Γ
Λψ ¨ pn ˆψq dσ ě c||ψ||2 (to ensure uniqueness)

Solving the Direct Problem ô solving a Boundary Integral Equation

n ˆ pEs ` E incq “ 0 ñ
1
2
ψpxq ` Dκψpxq ` iηSκΛψpxq “ ´npxq ˆ E incpxq , x P Γ

Sκϕpxq “ npxq ˆ lim
sÑ0
pSκϕqpx ` snpxqq and

1
2
ψpxq ` Dκψpxq “ npxq ˆ lim

sÑ0
pDκψqpx ` snpxqq
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Energy spaces

J.-C. NÉDÉLEC, Acoustic and electromagnetic equations ...

Γ is a smooth orientable boundary (of class C 1,α, α ą 0, at least)

The solution Es P H locpcurl,Ωcq :“ tu P L2
locpΩ

cq : curl u P L2
locpΩ

cqu

∇Γf “ ∇f ´ n
Bf
Bn

, divΓ u “ div u ´ n ¨
Bu
Bn

, ÝÝÑcurlΓf “ ´n ˆ∇Γf , curlΓ u “ n ¨ curl u

L2
tpΓq :“

!

ψ P L2pΓq,n ¨ψ “ 0
)

.

The trace n ˆ Es P H
´ 1

2
div pΓq :“

!

ψ P H´
1
2 pΓq,n ¨ψ “ 0 and divΓψ P H´

1
2 pΓq

)

The L2
t dual space : H

´ 1
2

curl pΓq :“
!

ψ P H´
1
2 pΓq,n ¨ψ “ 0 and curlΓψ P H´

1
2 pΓq

)

The single layer boundary integral operator :

Sκϕpxq “ κ npxq ˆ
ż

Γ

Gpκ, x ´ yqϕpyqdσpyq ´
1
κ

ÝÝÑcurlΓ
ż

Γ

Gpκ, x ´ yq divΓ ϕpyqdσpyq

has a hypersingular kernel but is bounded on H
´ 1

2
div pΓq

The double layer boundary integral operator :

Dκψpxq “
ż

Γ

npxq ˆ curlxtGpκ, x ´ yqψpyqudσpyq

has a strongly singular kernel but is compact on H
´ 1

2
div pΓq X L2

tpΓq
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Evaluation of the boundary to far-field operator Γ ÞÑ F pΓq “ E8

Different choices of Λ

J. R. MAUTZ & R. F. HARRINGTON, 1979 Λψ “ n ˆψ

D. COLTON & R. KRESS, Inverse acoustic ... Λψ “ n ˆ V 2
0ψ

˚˚

O. STEINBACH & M. WINDISCH, 2009 Λψ “ n ˆ V0ψ `
ÝÝÑcurlΓV0 divΓψ

˚˚

D. LEVADOUX & F. MILLOT & S. PERNET, 2010 Λ “ pI`
∆Γ

κ2
q
´ 1

2

ˆ

I´
1
κ2
ÝÝÑcurlΓ curlΓ

˙

˚˚ V0 is the single layer boundary integral operator related to the Laplace equation

Factorization of the boundary to far-field operator

Sκϕpxq  
|x|Ñ8

S8
κ ϕppxq and Dκψpxq  

|x|Ñ8
D8κ ψppxq px “

x
|x |

FpΓq “ E8 “
“

D8κ ` iηS8
κ Λ

‰

„

1
2

I` Dκ ` iηSκΛ
´1

p´n ˆ E inc
q||Γ

E8 is an analytical function defined on the unit sphere S2 of R3.
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2 ways for computing Fréchet derivatives

Choose a reference domain Ωref with a smooth orientable boundary Γref

Define an open set of admissible parametrizations :

Qad Ă tq P C 1,αpΓref,R3q | Γq :“ qpΓrefq is diffeomorphic to Γref u

We restrict the (IP) to the family of parametrised boundaries tΓq |q P Qadu :

Find q such that F pΓqq “ E8δ !

We analyze the Fréchet differentiability of q P Qad ÞÑ F pΓqq :
1 Characterization of the first Fréchet derivative in the direction ξ P C 1,α

pΓref,R3
q :

R. KRESS, Electromagnetic waves scattering : Scattering by obstacles, (2001)

$

’

’

’

’

&

’

’

’

’

%

curl curl Es
q,ξ ´ κ

2Es
q,ξ “ 0 in R3

zΩq

nq ˆ Es
q,ξ “ f q,ξ on Γq

lim
|x|Ñ8

pcurl Es
q,ξ ˆ x ´ iκ|x|Es

q,ξq “ 0

BqF rΓqsξ “ E8q,ξ

f q,ξ “ ´
´

ξ ˝ q´1
¨ nq

¯

`

nq ˆ curlpEs
q ` E inc

q
˘

ˆ nq ´
1

κ2
curlΓq

´

pξ ˝ q´1
¨ nqq divΓq

`

nq ˆ curlpEs
q ` E inc

q
˘

¯

2 We can differentiate the integral representation of FpΓqq

R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)
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Algorithm 1 : using the characterization of the first Fréchet derivative

A. KIRSCH, The domain derivative and two applications in inverse scattering theory, (1993)

T. HOHAGE, Iterative Methods in Inverse Obstacle Scattering ... , PhD thesis, (1999)

(IP) Given noisy farfield data E8δ , solve F pΓδq q “ E8δ ,

Ñ First order linearization yields : F pΓδq q ` BqF rΓδq sξ « E8δ ,

1 Choose an initial guess Γ0 :“ q0pΓrefq

2 For the current reconstruction ΓδN :“ qδNpΓrefq, evaluate F pΓδNq
If the stopping rule is not satisfied at the Nth regularized Newton step :

3 Compute the next iterate qδN`1 by minimizing the least square (IRGNM)

qδN`1 :“ argminq

”

}F pΓδN q ` BqF rΓδN spq ´ qδNq ´ E8δ }
2 ` αN}q ´ q0}

2
ı

.

using conjugate gradient method

Ñ Main disadvantage : numerous solution of the direct problem to compute BqF rΓδN sξ
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Algorithm 1 : numerical experiments

m “ 2 incident plane waves d1 “ p1, 0, 0q, p1 “ p0, 0, 1q and d2 “ p0, 1, 0q, p1 “ p1, 0, 0q

size of the unknown obstacle « 0.5λ where λ “ 2π{κ

regularizing parameters : α0 “ 0.5, αN “ α0γ
´N with γ ą 1

stopping rule : Morozov’s discrepancy principle : δ “ 2% random noise and τ “ 1.5.
˜

m
ÿ

k“1

||Fk pqN
δ q ´ E8k ||

2
L2

¸ 1
2

ď τδ

ORIGINAL INITIAL GUESS
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Algorithm 1 : numerical experiments END !
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Algorithm 2 : using the material derivatives of the boundary integral operators

O. IVANYSHYN YAMAN, Nonlinear Boundary Integral Equations in Inverse Scattering,
PhD thesis (2007)

Recall F pΓqq “ F8rqs Ioprqs´1 p´nq ˆ E incq|Γq

(IP) Given noisy farfield data E8δ , solve
"

Ioprqsψ “ p´nq ˆ E incq|Γq “ f rqs
F8rqsψ “ E8δ

Ñ First order linearization yields :
˜

Ioprqsψ
F8

rqsψ

¸

`

˜

Ioprqs BqpIoprqsψq
F8

rqs BqpF
8
rqsψq

¸

ˆ

ν
ξ

˙

«

˜

f rqs ` Bq f rqsξ
E8δ

¸

.

Ñ We rearrange the terms :
˜

Ioprqs BqpIoprqsψq ´ Bq f rqs
F8

rqs BqpF
8
rqsψq

¸

ˆ

ν
ξ

˙

«

˜

f rqs ´ Ioprqsψ
E8δ ´F8

rqsψ

¸

.

Ñ Main advantage : The inversion of a BIE is replaced by one matrix-vector product.
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Algorithm 2 : numerical experiments (by O. Ivanyshyn Yaman)

m “ 2 incident plane waves d1 “ p1, 0, 0q, p1 “ p0, 0, 1q and d2 “ p0, 1, 0q, p1 “ p1, 0, 0q

size of the unknown obstacle « 0.5λ where λ “ 2π{κ

regularizing parameters : α0 “ 0.5, αN “ α0γ
´N and β0 “ 0.01, βN “ β0γ

´N with γ ą 1

stopping rule : Morozov’s discrepancy principle : δ “ 2% random noise and τ “ 1.5.
˜

m
ÿ

k“1

||Fk pqN
δ q ´ E8k ||

2
L2

¸ 1
2

ď τδ

ORIGINAL INITIAL GUESS
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Algorithm 2 : numerical experiments (by O. Ivanyshyn Yaman) END !
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Material derivatives of boundary integral operators and applications

Material derivatives : already existing results (3 PhD thesis)

1 Electromagnetic Potential Theory

2 Regularized Newton-type algorithms

3 Material derivatives : already existing results (3 PhD thesis)

4 Differential geometry of a surface and the Piola transform

5 Material derivatives : new results

6 Conclusion, work in progress and future works
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Main difficulties of the whole analysis

f rqs “ p´nq ˆ E incq|Γq P L2
tpΓqq X H

´ 1
2

div pΓqq.

Ioprqs “ 1
2 I` Dκrqs ` iηSκrqsΛrqs : L2

tpΓqq X H
´ 1

2
div pΓqq Ñ L2

tpΓqq X H
´ 1

2
div pΓqq

F8rqs “ D8κ rqs ` iηS8
κ rqsΛrqs : L2

tpΓqq X H
´ 1

2
div pΓqq Ñ L2

tpS2q

Main difficulty : We have to compute Fréchet derivatives (with respect to q) of functions and

operators defined on the q-dependent space L2
tpΓqq or H

´ 1
2

div pΓqq.

Objective : We want to transport the integral equation system on the fixed boundary Γref

R. POTTHAST, Fréchet differentiability of boundary integral operators in inverse acoustic scattering, (1994)

Ideas from acoustics : we can use changes of variable

ψq P L2
pΓqq

τq
ññ

τ
´1
q

ψq ˝ q P L2
pΓrefq

L2pΓqq
Ioprqs´1

ÝÑ L2pΓqq
F8rqs
ÝÑ L2pS2q

τq

Ð
Ý

Ý
Ñ τ´1

q Ý
Ñ

xF8rqs

L2pΓrefq
pIoprqs´1

ÝÑ L2pΓrefq

Towards electromagnetism : The space τqpL2
tpΓqqq or τqpH

´ 1
2

div pΓqqq still depends on q
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Main difficulties of the whole analysis

We can use projectors on the tangent plane to Γref

R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)

Πq : L2
tpΓqq Ñ L2

tpΓrefq

ψq ÞÑ ψq ˝ q ´ npn ¨ ψqq
and

Π´1
q : L2

tpΓrefq Ñ L2
tpΓqq

ψ ÞÑ ψ ´ n
nq ¨ ψ

nq ¨ n

We can use the differential geometry of a surface

M. PIEPER, Nonlinear integral equations for an inverse electromagnetic scattering problem, (2008)
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Main difficulties of the whole analysis

We can use the Helmholtz decomposition of the spaces H
´ 1

2
div pΓqq

A. DE LA BOURDONNAYE, Décomposition de H´1{2
div pΓq et nature de l’opérateur de Steklov-Poincaré du

problème extérieur de l’électromagnétisme, (1993)

H
´ 1

2
div pΓqq “ ∇Γq

ˆ

H
3
2 pΓqq{R

˙

àÝÝÑcurlΓq

ˆ

H
1
2 pΓqq{R

˙

M. COSTABEL & F. LE LOUËR, Shape derivatives of boundary integral operators in electromagnetic
scattering, (2012)

Πq : H
´ 1

2
div pΓqq Ñ H

´ 1
2

div pΓrefq

∇Γq gq ` curlΓq hq ÞÑ ∇Γref pgq ˝ qq ` ÝÝÑcurlΓref phq ˝ qq

ψq ÞÑ ∇Γref pp∆
´1
Γq

divΓq ψqq ˝ qq ´ ÝÝÑcurlΓref pp∆
´1
Γq

curlΓq ψqq ˝ qq

H
´ 1

2
div pΓqq

Ioprqs´1
ÝÑ H

´ 1
2

div pΓqq
F8rqs
ÝÑ L2

tpS
2
q

Πq

Ð
Ý

Ý
Ñ Π

´1
q Ý

Ñ
xF8rqs

H
´ 1

2
div pΓrefq

pIoprqs´1
ÝÑ H

´ 1
2

div pΓrefq

Ñ Drawback : We need to compute the Fréchet derivatives of τq∇Γq τ
´1
q , τq divΓq τ

´1
q , τq

ÝÝÑcurlΓq τ
´1
q ,

τq curlΓq τ
´1
q , τq∆Γq τ

´1
q and its inverse.

Frédérique LE LOUËR 15 / 21



Main difficulties of the whole analysis

We can use the Helmholtz decomposition of the spaces H
´ 1

2
div pΓqq

A. DE LA BOURDONNAYE, Décomposition de H´1{2
div pΓq et nature de l’opérateur de Steklov-Poincaré du

problème extérieur de l’électromagnétisme, (1993)

H
´ 1

2
div pΓqq “ ∇Γq

ˆ

H
3
2 pΓqq{R

˙

àÝÝÑcurlΓq

ˆ

H
1
2 pΓqq{R

˙

M. COSTABEL & F. LE LOUËR, Shape derivatives of boundary integral operators in electromagnetic
scattering, (2012)

Πq : H
´ 1

2
div pΓqq Ñ H

´ 1
2

div pΓrefq

∇Γq gq ` curlΓq hq ÞÑ ∇Γref pgq ˝ qq ` ÝÝÑcurlΓref phq ˝ qq

ψq ÞÑ ∇Γref pp∆
´1
Γq

divΓq ψqq ˝ qq ´ ÝÝÑcurlΓref pp∆
´1
Γq

curlΓq ψqq ˝ qq

H
´ 1

2
div pΓqq

Ioprqs´1
ÝÑ H

´ 1
2

div pΓqq
F8rqs
ÝÑ L2

tpS
2
q

Πq

Ð
Ý

Ý
Ñ Π

´1
q Ý

Ñ
xF8rqs

H
´ 1

2
div pΓrefq

pIoprqs´1
ÝÑ H

´ 1
2

div pΓrefq

Ñ Drawback : We need to compute the Fréchet derivatives of τq∇Γq τ
´1
q , τq divΓq τ

´1
q , τq

ÝÝÑcurlΓq τ
´1
q ,

τq curlΓq τ
´1
q , τq∆Γq τ

´1
q and its inverse.

Frédérique LE LOUËR 15 / 21



Main difficulties of the whole analysis

We can use the Helmholtz decomposition of the spaces H
´ 1

2
div pΓqq

A. DE LA BOURDONNAYE, Décomposition de H´1{2
div pΓq et nature de l’opérateur de Steklov-Poincaré du

problème extérieur de l’électromagnétisme, (1993)

H
´ 1

2
div pΓqq “ ∇Γq

ˆ

H
3
2 pΓqq{R

˙

àÝÝÑcurlΓq

ˆ

H
1
2 pΓqq{R

˙

M. COSTABEL & F. LE LOUËR, Shape derivatives of boundary integral operators in electromagnetic
scattering, (2012)

Πq : H
´ 1

2
div pΓqq Ñ H

´ 1
2

div pΓrefq

∇Γq gq ` curlΓq hq ÞÑ ∇Γref pgq ˝ qq ` ÝÝÑcurlΓref phq ˝ qq

ψq ÞÑ ∇Γref pp∆
´1
Γq

divΓq ψqq ˝ qq ´ ÝÝÑcurlΓref pp∆
´1
Γq

curlΓq ψqq ˝ qq

H
´ 1

2
div pΓqq

Ioprqs´1
ÝÑ H

´ 1
2

div pΓqq
F8rqs
ÝÑ L2

tpS
2
q

Πq

Ð
Ý

Ý
Ñ Π

´1
q Ý

Ñ
xF8rqs

H
´ 1

2
div pΓrefq

pIoprqs´1
ÝÑ H

´ 1
2

div pΓrefq

Ñ Drawback : We need to compute the Fréchet derivatives of τq∇Γq τ
´1
q , τq divΓq τ

´1
q , τq

ÝÝÑcurlΓq τ
´1
q ,

τq curlΓq τ
´1
q , τq∆Γq τ

´1
q and its inverse.

Frédérique LE LOUËR 15 / 21



Main difficulties of the whole analysis

We can use the Helmholtz decomposition of the spaces H
´ 1

2
div pΓqq

A. DE LA BOURDONNAYE, Décomposition de H´1{2
div pΓq et nature de l’opérateur de Steklov-Poincaré du

problème extérieur de l’électromagnétisme, (1993)

H
´ 1

2
div pΓqq “ ∇Γq

ˆ

H
3
2 pΓqq{R

˙

àÝÝÑcurlΓq

ˆ

H
1
2 pΓqq{R

˙

M. COSTABEL & F. LE LOUËR, Shape derivatives of boundary integral operators in electromagnetic
scattering, (2012)

Πq : H
´ 1

2
div pΓqq Ñ H

´ 1
2

div pΓrefq

∇Γq gq ` curlΓq hq ÞÑ ∇Γref pgq ˝ qq ` ÝÝÑcurlΓref phq ˝ qq

ψq ÞÑ ∇Γref pp∆
´1
Γq

divΓq ψqq ˝ qq ´ ÝÝÑcurlΓref pp∆
´1
Γq

curlΓq ψqq ˝ qq

H
´ 1

2
div pΓqq

Ioprqs´1
ÝÑ H

´ 1
2

div pΓqq
F8rqs
ÝÑ L2

tpS
2
q

Πq

Ð
Ý

Ý
Ñ Π

´1
q Ý

Ñ
xF8rqs

H
´ 1

2
div pΓrefq

pIoprqs´1
ÝÑ H

´ 1
2

div pΓrefq

Ñ Drawback : We need to compute the Fréchet derivatives of τq∇Γq τ
´1
q , τq divΓq τ

´1
q , τq

ÝÝÑcurlΓq τ
´1
q ,

τq curlΓq τ
´1
q , τq∆Γq τ

´1
q and its inverse.

Frédérique LE LOUËR 15 / 21



Main difficulties of the whole analysis

We can use the Helmholtz decomposition of the spaces H
´ 1

2
div pΓqq

A. DE LA BOURDONNAYE, Décomposition de H´1{2
div pΓq et nature de l’opérateur de Steklov-Poincaré du

problème extérieur de l’électromagnétisme, (1993)

H
´ 1

2
div pΓqq “ ∇Γq

ˆ

H
3
2 pΓqq{R

˙

àÝÝÑcurlΓq

ˆ

H
1
2 pΓqq{R

˙

M. COSTABEL & F. LE LOUËR, Shape derivatives of boundary integral operators in electromagnetic
scattering, (2012)

Πq : H
´ 1

2
div pΓqq Ñ H

´ 1
2

div pΓrefq

∇Γq gq ` curlΓq hq ÞÑ ∇Γref pgq ˝ qq ` ÝÝÑcurlΓref phq ˝ qq

ψq ÞÑ ∇Γref pp∆
´1
Γq

divΓq ψqq ˝ qq ´ ÝÝÑcurlΓref pp∆
´1
Γq

curlΓq ψqq ˝ qq

H
´ 1

2
div pΓqq

Ioprqs´1
ÝÑ H

´ 1
2

div pΓqq
F8rqs
ÝÑ L2

tpS
2
q

Πq

Ð
Ý

Ý
Ñ Π

´1
q Ý

Ñ
xF8rqs

H
´ 1

2
div pΓrefq

pIoprqs´1
ÝÑ H

´ 1
2

div pΓrefq

Ñ Drawback : We need to compute the Fréchet derivatives of τq∇Γq τ
´1
q , τq divΓq τ

´1
q , τq

ÝÝÑcurlΓq τ
´1
q ,

τq curlΓq τ
´1
q , τq∆Γq τ

´1
q and its inverse.

Frédérique LE LOUËR 15 / 21



Material derivatives of boundary integral operators and applications

Differential geometry of a surface and the Piola transform

1 Electromagnetic Potential Theory

2 Regularized Newton-type algorithms

3 Material derivatives : already existing results (3 PhD thesis)

4 Differential geometry of a surface and the Piola transform

5 Material derivatives : new results

6 Conclusion, work in progress and future works
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Differential geometry of a surface

J.-C. NÉDÉLEC, Acoustic and electromagnetic equations ...

pe1pxq , e2pxqq contravariant basis of the tangent plane Tx to Γref at the point x

We assume }e1 ˆ e2} “ 1 “
?

det G where G “ pei ¨ ej q1ďi,jď2

n “ e1 ˆ e2.

Covariant basis pe1pxq , e2pxqq : e1 “ e2 ˆ n, e2 “ n ˆ e1 and ei ¨ ej “ δ
j
i

f P C 1pΓrefq : f,1 “ ∇Γref f ¨ e1 and f,2 “ ∇Γref f ¨ e2 ñ ∇Γref f “ f,1e1 ` f,2e2

Tangent field u P C 1pΓref,R3q : u “ u1e1 ` u2e2 ñ divΓref u “ u1
,1 ` u1

,2

ÝÝÑcurlΓref f “ f,2e1 ´ f,1e2

Cotangent field v P C 1pΓref,R3q : v “ v1e1 ` v2e2 ñ curlΓref v “ ´
`

v1,2 ´ v2,1
˘

rDΓref qpxqs maps T x onto the tangent plane Tqpxq to Γq at the point qpxq

q : Γref Ñ Γq is a diffeomorphism ñ let set rDΓref qpxqs
´1 “ rDΓq q´1s ˝ qpxq

T
rDΓref qpxqs

´1 maps the cotangent plane T˚x onto the cotangent plane T˚qpxq
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rDΓref qpxqs

´1 maps the cotangent plane T˚x onto the cotangent plane T˚qpxq
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The Piola transform and its mapping properties

Contravariant basis of the tangent plane Tqpxq : ei rqspxq “ rDΓref qpxqsei pxq

Covariant basis of the cotangent plane T˚qpxq : ei rqspxq “ T
rDΓref qpxqs

´1ei pxq

Normal vector : nq ˝ q “
e1rqs ˆ e2rqs
}e1rqs ˆ e2rqs}

“

T
rDΓref qs

´1n

}
T
rDΓref qs

´1n}

τq∇Γq pτ
´1
q f q “ p∇Γq pf ˝ q´1qq ˝ q “ f,1e1rqs ` f,2e2rqs “ T

rDΓref qpxqs
´1∇Γref f

τq
ÝÝÑcurlΓq pτ

´1
q f q “ τq∇Γq pτ

´1
q f q ˆ τqnq “ J´1

q
`

f,2e1rqs ´ f,1e2rqs
˘

˚˚

τq
ÝÝÑcurlΓq pτ

´1
q f q “ J´1

q rDΓref qpxqs
ÝÝÑcurlΓref f

˚˚

u “ u1e1 ` u2e2 ñ Jqτq divΓq pτ
´1
q J´1

q rDΓref qpxqsuq “ u1
,1 ` u1

,2 “ divΓref u ˚˚

v “ v1e1 ` v2e2 ñ Jqτq curlΓq τ
´1
q p

T
rDΓref qpxqs

´1vq “ ´
`

v1,2 ´ v2,1
˘

“ curlΓref v ˚˚

˚˚ Jq “ }e1rqs ˆ e2rqs} “
?

det G where G “ pei rqs ¨ ej rqsq1ďi,jď2
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The Piola transform and its mapping properties

Piola transform of q : (a bicontinuous invertible operator)

Pq : H
´ 1

2
div pΓqq ÝÑ H

´ 1
2

div pΓrefq

ψq ÞÑ ψ “ JqrDΓref qs
´1pψq ˝ qq,

H
´ 1

2
div pΓqq

Ioprqs´1
ÝÑ H

´ 1
2

div pΓqq
F8rqs
ÝÑ L2

tpS
2
q

Pq

Ð
Ý

Ý
Ñ P´1

q Ý
Ñ

xF8rqs

H
´ 1

2
div pΓrefq

pIoprqs´1
ÝÑ H

´ 1
2

div pΓrefq

L2
t adjoint operator of the Piola transform :

P˚q : H
´ 1

2
curl pΓrefq ÝÑ H

´ 1
2

curl pΓqq

ψ ÞÑ ψq “
´

T
rDΓref qs

´1ψ
¯

˝ q´1.

Pq

ˆ

KerrdivΓq pH
´ 1

2
t pΓqqs

˙

“ KerrdivΓref pH
´ 1

2
t pΓrefqs ,

KerrcurlΓq pH
´ 1

2
t pΓqqs “ P˚q

ˆ

KerrcurlΓref pH
´ 1

2
t pΓrefqs

˙

.
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Material derivatives of boundary integral operators and applications

Material derivatives : new results

1 Electromagnetic Potential Theory

2 Regularized Newton-type algorithms

3 Material derivatives : already existing results (3 PhD thesis)

4 Differential geometry of a surface and the Piola transform

5 Material derivatives : new results

6 Conclusion, work in progress and future works
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Alternative choice for the regularizing operator

pf rqs “ Pqp´nq ˆ E incq|Γq “ e1pE inc ¨ e2rqsq ´ e2pE inc ¨ e1rqsq P H
´ 1

2
div pΓrefq.

pIoprqs “ 1
2 I` PqDκrqsP´1

q ` iη
´

PqSκrqsP´1
q

¯´

PqΛrqsP´1
q

¯

: H
´ 1

2
div pΓrefq Ñ H

´ 1
2

div pΓrefq

xF8rqs “ D8κ rqsP
´1
q ` iηS8

κ rqsP
´1
q

´

PqΛrqsP´1
q

¯

: H
´ 1

2
div pΓrefq Ñ L2

tpS2q

A result from the differential geometry : n ˆ
`

Pqψq
˘

“ P˚q
´1`nq ˆψq

˘

.

Let set pΛrqs “ PqΛrqsP´1
q and ψ “ Pqψq

ż

Γq
Λrqsψq ¨

´

nq ˆ ψq

¯

dσ “
ż

Γq

`

P´1
q

pΛrqsPqψq
˘

¨

´

nq ˆ ψq

¯

dσ

“

ż

Γref

`

pΛrqsPqψq
˘

¨ P˚q
´1

´

nq ˆ ψq

¯

dσ “
ż

Γref

ppΛrqsψq ¨
´

n ˆ ψ
¯

dσ

We can choose pΛrqs “ pΛ independent on Γq but
ż

Γref

pΛψ ¨ pn ˆψq dσ ě c||ψ||2

Example : If Γref “ S2 : for t ě 0,

pΛ “ curlS2 p´∆S2 q
´p 1

2`tq divS2 `∇S2 p´∆S2 q
´p 3

2`tq curlS2

J.-C. NÉDÉLEC, Acoustic and electromagnetic equations ...

Frédérique LE LOUËR 19 / 21



Alternative choice for the regularizing operator

pf rqs “ Pqp´nq ˆ E incq|Γq “ e1pE inc ¨ e2rqsq ´ e2pE inc ¨ e1rqsq P H
´ 1

2
div pΓrefq.

pIoprqs “ 1
2 I` PqDκrqsP´1

q ` iη
´

PqSκrqsP´1
q

¯´

PqΛrqsP´1
q

¯

: H
´ 1

2
div pΓrefq Ñ H

´ 1
2

div pΓrefq

xF8rqs “ D8κ rqsP
´1
q ` iηS8

κ rqsP
´1
q

´

PqΛrqsP´1
q

¯

: H
´ 1

2
div pΓrefq Ñ L2

tpS2q

A result from the differential geometry : n ˆ
`

Pqψq
˘

“ P˚q
´1`nq ˆψq

˘

.

Let set pΛrqs “ PqΛrqsP´1
q and ψ “ Pqψq

ż

Γq
Λrqsψq ¨

´

nq ˆ ψq

¯

dσ “
ż

Γq

`

P´1
q

pΛrqsPqψq
˘

¨

´

nq ˆ ψq

¯

dσ

“

ż

Γref

`

pΛrqsPqψq
˘

¨ P˚q
´1

´

nq ˆ ψq

¯

dσ “
ż

Γref

ppΛrqsψq ¨
´

n ˆ ψ
¯

dσ

We can choose pΛrqs “ pΛ independent on Γq but
ż

Γref

pΛψ ¨ pn ˆψq dσ ě c||ψ||2

Example : If Γref “ S2 : for t ě 0,

pΛ “ curlS2 p´∆S2 q
´p 1

2`tq divS2 `∇S2 p´∆S2 q
´p 3

2`tq curlS2

J.-C. NÉDÉLEC, Acoustic and electromagnetic equations ...

Frédérique LE LOUËR 19 / 21



Alternative choice for the regularizing operator

pf rqs “ Pqp´nq ˆ E incq|Γq “ e1pE inc ¨ e2rqsq ´ e2pE inc ¨ e1rqsq P H
´ 1

2
div pΓrefq.

pIoprqs “ 1
2 I` PqDκrqsP´1

q ` iη
´

PqSκrqsP´1
q

¯´

PqΛrqsP´1
q

¯

: H
´ 1

2
div pΓrefq Ñ H

´ 1
2

div pΓrefq

xF8rqs “ D8κ rqsP
´1
q ` iηS8

κ rqsP
´1
q

´

PqΛrqsP´1
q

¯

: H
´ 1

2
div pΓrefq Ñ L2

tpS2q

A result from the differential geometry : n ˆ
`

Pqψq
˘

“ P˚q
´1`nq ˆψq

˘

.

Let set pΛrqs “ PqΛrqsP´1
q and ψ “ Pqψq

ż

Γq
Λrqsψq ¨

´

nq ˆ ψq

¯

dσ “
ż

Γq

`

P´1
q

pΛrqsPqψq
˘

¨

´

nq ˆ ψq

¯

dσ

“

ż

Γref

`

pΛrqsPqψq
˘

¨ P˚q
´1

´

nq ˆ ψq

¯

dσ “
ż

Γref

ppΛrqsψq ¨
´

n ˆ ψ
¯

dσ

We can choose pΛrqs “ pΛ independent on Γq but
ż

Γref

pΛψ ¨ pn ˆψq dσ ě c||ψ||2

Example : If Γref “ S2 : for t ě 0,

pΛ “ curlS2 p´∆S2 q
´p 1

2`tq divS2 `∇S2 p´∆S2 q
´p 3

2`tq curlS2

J.-C. NÉDÉLEC, Acoustic and electromagnetic equations ...

Frédérique LE LOUËR 19 / 21



Alternative choice for the regularizing operator

pf rqs “ Pqp´nq ˆ E incq|Γq “ e1pE inc ¨ e2rqsq ´ e2pE inc ¨ e1rqsq P H
´ 1

2
div pΓrefq.

pIoprqs “ 1
2 I` PqDκrqsP´1

q ` iη
´

PqSκrqsP´1
q

¯

pΛ : H
´ 1

2
div pΓrefq Ñ H

´ 1
2

div pΓrefq

xF8rqs “ D8κ rqsP
´1
q ` iηS8

κ rqsP
´1
q

pΛ : H
´ 1

2
div pΓrefq Ñ L2

tpS2q

A result from the differential geometry : n ˆ
`

Pqψq
˘

“ P˚q
´1`nq ˆψq

˘

.

Let set pΛrqs “ PqΛrqsP´1
q and ψ “ Pqψq

ż

Γq
Λrqsψq ¨

´

nq ˆ ψq

¯

dσ “
ż

Γq

`

P´1
q

pΛrqsPqψq
˘

¨

´

nq ˆ ψq

¯

dσ

“

ż

Γref

`

pΛrqsPqψq
˘

¨ P˚q
´1

´

nq ˆ ψq

¯

dσ “
ż

Γref

ppΛrqsψq ¨
´

n ˆ ψ
¯

dσ

We can choose pΛrqs “ pΛ independent on Γq but
ż

Γref

pΛψ ¨ pn ˆψq dσ ě c||ψ||2

Example : If Γref “ S2 : for t ě 0,

pΛ “ curlS2 p´∆S2 q
´p 1

2`tq divS2 `∇S2 p´∆S2 q
´p 3

2`tq curlS2

J.-C. NÉDÉLEC, Acoustic and electromagnetic equations ...

Frédérique LE LOUËR 19 / 21



Some results on the material derivatives

Integral representation of pSκrq,ψs “ PqSκrqsP´1
q ψ

pSκrq,ψspxq “ κ npxq ˆ
ż

Γref

T
rDΓref qpxqstGpκ, qpxq ´ qpyqqrDΓref qpyqsψpyqudσpyq

´
1
κ

˜

ÝÝÑcurlΓref

ż

Γref

Gpκ, qp¨q ´ qpyqq divΓref ψpyqdσpyq

¸

pxq

We have Gpκ,qpxq ´ qpyqq  
}x´y}Ñ0

Op}x ´ y}´1q

Computing Bq pSκrq,ψsξô Computing the Fréchet derivative of its kernel

1 ei rqs “ rDΓref qsei ñ Bqei rqsξ “ rDΓrefξsei

2 R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)

Bq tGpκ, qpxq ´ qpyqu ξ “ ∇qpxq
tGpκ, qpxq ´ qpyqu ¨ pξpxq ´ ξpyqq Op}x ´ y}´1

q

divΓref Bq pSκrq,ψ sξ “ BqpdivΓref
pSκrq,ψsqξ

divΓref
pSκrq,ψs “ ´κ curlΓref

ż

Γref

T
rDΓref qpxqstGpκ,qpxq ´ qpyqqrDΓref qpyqsψpyqudσpyq

We conclude Bq pSκrq,ψ sξ P H
´ 1

2
div pΓrefq
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Conclusion, work in progress and future works

Done :
1 Numerical implementation of the forward problem :

M. GANESH & I. G. GRAHAM, A high-order algorithm for obstacle scattering in three dimensions, (2004)

M. GANESH & S. C. HAWKINS, A high-order tangential basis algorithm for electromagnetic scattering by curved surfaces, (2007)

Ñ The Piola transform renders possible the implementation of hypersingular integral equations

T. HOHAGE & F. LE LOUËR, A spectrally accurate method for the dielectric obstacle scattering problem and applications to the inverse

problem, (2013)

F. LE LOUËR, Spectrally accurate numerical solution of hypersingular boundary integral equations for three-dimensional electromagnetic

wave scattering problems, (2014)

2 Fréchet differentiability analysis :
Ñ Using the Piola transform is the best way to tackle the problem

3 Numerical implementation of the whole algorithm 2

O. IVANYSHYN YAMAN & F. LE LOUËR, Material derivatives of boundary integral operators and application to inverse problems, soumis

(2016)

In progress
1 Extension to multiple obstacles.
2 Srategies to find initial guesses.
Ñ geometric optimization tools + topological optimization tools

Future work
1 Other boundary conditions
2 Elastodynamics

Frédérique LE LOUËR 21 / 21


	Electromagnetic Potential Theory
	Regularized Newton-type algorithms
	Material derivatives : already existing results (3 PhD thesis)
	Differential geometry of a surface and the Piola transform 
	Material derivatives : new results
	Conclusion, work in progress and future works

