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Material derivatives of b y integral op:

Motivation

and

— To use shape optimization tools for solving shape reconstruction problems

Direct problem :

curlcurl E® — x?E® = 0inR3\Q
n x (E°+ E™) = 0onrl
lim (curl ES x x — ix|x|E®) =0
X|—00
gilxl

ES(x) = €L EX () + O(\17|) when |x| — o

Given the boundary I', we compute F(I') = E®.
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Material derivatives of b y integral op: and

Motivation

— To use shape optimization tools for solving shape reconstruction problems

Inverse problem :

\ //ﬂ Given noisy farfield data E°

(and a good initial guess Iy), solve

F() = EY,

using regularized iterative algorithm.

— To avoid solving the direct scattering problem numerous times at each iteration step.

— Joint work with O. Ivanyshyn Yaman (Assistant Professor, IZTECH, Turkey).
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Material derivatives of b y integral op and

Outline

° Electromagnetic Potential Theory

o Regularized Newton-type algorithms

e Material derivatives : already existing results (3 PhD thesis)
o Differential geometry of a surface and the Piola transform
© Material derivatives : new results

e Conclusion, work in progress and future works
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@ Electromagnetic Potential Theory
0 Regularized Newton-type algorithms
0 Material derivatives : already existing results (3 PhD thesis)

o Differential geometry of a surface and the Piola transform

e Material derivatives : new results

0 Conclusion, work in progress and future works
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Solution of the PC problem

@ D. CoLTON & R. KRESS, Inverse acoustic and electromagnetic scattering theory

@ The time-harmonic Maxwell equation : curl curl ES — k2ES = 0
_ ei»c|x—y\
T A4rm|x—y|

@ x> 0and G(k,x — y) . The electromagnetic potential operators are :
) 1 X
Fp0) = | curleur {Gr. x — y)o(y) fd(y)

w00 = |

curl® {G(,@, X — y)'(p(y)}da(y)
.
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Solution of the PC problem

@ D. CoLTON & R. KRESS, Inverse acoustic and electromagnetic scattering theory

@ The time-harmonic Maxwell equation : curl curl ES — k2ES = 0

girlx—yl

@ x> 0and G(k,x —y) = Gy The electromagnetic potential operators are :

Fp0) = 1 [ eurteurt {G(s.x — y)e(y) fda(y)

7.0 = | eurl {Gln,x ~ ()} da(y)

r

@ Integral representation of the solution :

E° = Dt + ink Mp

where n € R, 7 + 0 and j A4 - (n x ) do = c||]|? (to ensure uniqueness)
r
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Solution of the PC problem

@ D. CoLTON & R. KRESS, Inverse acoustic and electromagnetic scattering theory

@ The time-harmonic Maxwell equation : curl curl ES — k2ES = 0
_ ei»c|x—y\
T A4rm|x—y|

@ x> 0and G(k,x —y)
Fp0) = 1 [ eurteurt {G(s.x — y)e(y) fda(y)

7.0 = | eurl {Gln,x ~ ()} da(y)

r
@ Integral representation of the solution :
ES =9y + inA Mp

where n € R, 7 + 0 and j A4 - (n x ) do = c||]|? (to ensure uniqueness)
r

@ Solving the Direct Problem < solving a Boundary Integral Equation

. The electromagnetic potential operators are :

nx (ES+E™) =0 = 1¢(x) + Detp(X) + inSuMp(x) = —n(x) x EM(x), xeT

2

Sep(x) = nx) x M (F@)(x + sn(x)) and 2 ah(x) + Duth(x) = () x im (Z3)(x + 5n(x)
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Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ [ is a smooth orientable boundary (of class €%, a > 0, at least)

Frédérique LE LOUER 5/21



Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...
@ [ is a smooth orientable boundary (of class €%, a > 0, at least)
@ The solution ES € Hjoc(curl, Q°) := {u e L2 (Q°) : curlu e L2 (Q°)}
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Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ [ is a smooth orientable boundary (of class €%, a > 0, at least)

@ The solution E® € Hy,c(curl, Q°) := {u e L

2 () : curlu e L2 (Q°)}

Toc

f
@ | Vif= Vf—nf—
on

divru=divu—n-

ou
on

Jleunrf = —n x Vif|,| curlr u = n-curlu
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Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ [ is a smooth orientable boundary (of class €%, a > 0, at least)
@ The solution ES € Hjoc(curl, Q°) := {u e L2 (Q°) : curlu e L2 (Q°)}

of ou
@ | Vif=Vf—n_— | |divvu=divu—n-: Jleudrf = —n x Vif|,|curlru=n-curlu
on on

o L3(n) = {we L3N, n v —o}.
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Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...
@ [ is a smooth orientable boundary (of class €%, a > 0, at least)
@ The solution ES € Hjoc(curl, Q°) := {u e L2 (Q°) : curlu e L2 (Q°)}

Toc

of ou
@ | Vif=Vf—n_— | |divvu=divu—n-: Jleudrf = —n x Vif|,|curlru=n-curlu
on on

o L3(n) = {we L3N, n v —o}.

_1
e Thetrace n x ES € H 2 (I') = {w €H 2(I),n-+ =0and divr e € H*%(r)}
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Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

of

@ |Vif=Vi—n—||divu=divu—n- —
on

ou

on

L2(T) := {w eL2(N),n ¢ = o}.

I is a smooth orientable boundary (of class €', a > 0, at least)

The solution ES € Hioc(curl, Q°) := {u e L2 (Q°) : curlu e L2 (Q°)}

Toc

Jleunrf = —n x Vif|,| curlr u = n-curlu

_1
The trace n x ES € H2 (') := {w €H 2(I),n-+ =0and divr e € H*%(r)}

_1
@ The L2 dual space : H 2(T):= {1/; € Hf‘é(l‘), n-1 =0and curlr ¢ € H*%(I')}
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Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

I is a smooth orientable boundary (of class €', a > 0, at least)
The solution ES € Hioc(curl, Q°) := {u e L2 (Q°) : curlu e L2 (Q°)}

Toc

of ou
@ |Vif=Vf—n— | |divvu=divu—n-— |,|cuflrf = —n x Vf|,|culru = n-curlu
on on

L2(T) := {w eL2(N),n ¢ = o}.

_1
The trace n x ES € H2 (') := {w €H 2(I),n-+ =0and divr e € H*%(r)}

_1
@ The L2 dual space : H 2(T):= {1/; € Hf‘é(l‘), n-1 =0and curlr ¢ € H*%(I')}

The single layer boundary integral operator :

1
Skep(x) = kn(x) x fr Gk, X = y)ep(y)do(y) — —cur rjr G(k, x — y)divr o(y)do(y)

1
has a hypersingular kernel but is bounded on H,, 2 (')
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Energy spaces

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

I is a smooth orientable boundary (of class €', a > 0, at least)
The solution ES € Hioc(curl, Q°) := {u e L2 (Q°) : curlu e L2 (Q°)}

Toc

f 0

4] Vrf:Vf—nf— , cliv|—u:divu—n~g Jleudrf = —n x Vif|,|curlru=n-curlu
on on

L2(T) := {w eL2(N),n ¢ = o}.

_1
The trace n x ES € H2 (') := {w €H 2(I),n-+ =0and divr e € H*%(r)}

_1
@ The L2 dual space : H 2(T):= {1/; € Hf‘é(l‘), n-1 =0and curlr ¢ € H*%(I')}

The single layer boundary integral operator :

1
Swep(x) = K n(x) x fr Glr, X = y)ep(y)da(y) — —cur rjr G(r, x — y) divr (y)do(y)

1
has a hypersingular kernel but is bounded on H,, 2 (')
The double layer boundary integral operator :

Drp(x) = fr"(x) x eul{G(x, x — y)ip(y)}do(y)

1
has a strongly singular kernel but is compact on H,, 2 (') n L2()
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Evaluation of the boundary to far-field operator I — F(I') = E®

Different choices of A

J. R. MAUTZ & R. F. HARRINGTON, 1979 A = n x ¢

D. COLTON & R. KRESS, Inverse acoustic ... N = n x VO2’¢' *k

O. STEINBACH & M. WINDISCH, 2009 Ay = n x Voip + Curp Vo divp ap  **

A 1 1
D. LEVADOUX & F. MILLOT & S. PERNET, 2010 A = (I + —Zr)_i (I — —20uri|— curlr>
K K

=) @) B D o

** V) Is the single layer boundary integral operator related to the Laplace equation
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Evaluation of the boundary to far-field operator I — F(I') = E®

Different choices of A

J. R. MAUTZ & R. F. HARRINGTON, 1979 A = n x ¢

D. COLTON & R. KRESS, Inverse acoustic ... N = n x VO2’¢' *k

O. STEINBACH & M. WINDISCH, 2009 Ay = n x Voip + Curp Vo divp ap  **

A 1 1
D. LEVADOUX & F. MILLOT & S. PERNET, 2010 A = (I + —Zr)_i (I — —20uri|— curlr>
K K

=) @) B D o

** V) Is the single layer boundary integral operator related to the Laplace equation

@ Factorization of the boundary to far-field operator
FepX) ~ FP(R) and  Tup(x) - TEYER) X =
|x|]—>00 |x|]—00 | x|

1 —1 .
F(N) = E* = [@ZO + I'UKS”,:OI\] EI + D, 4+ inSeA (—nx E/nc)Hr

E® is an analytical function defined on the unit sphere S2 of R3.
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o Electromagnetic Potential Theory

Q Regularized Newton-type algorithms

0 Material derivatives : already existing results (3 PhD thesis)
o Differential geometry of a surface and the Piola transform

e Material derivatives : new results

0 Conclusion, work in progress and future works
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2 ways for computing Fréchet derivatives

@ Choose a reference domain Q..¢ with a smooth orientable boundary I.¢
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2 ways for computing Fréchet derivatives

@ Choose a reference domain Q..¢ with a smooth orientable boundary I.¢
@ Define an open set of admissible parametrizations :

Qad © {q € €V (Ther, R3) | Tq := q(Trer) is diffeomorphic to Tef }
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2 ways for computing Fréchet derivatives

@ Choose a reference domain Q..¢ with a smooth orientable boundary I.¢
@ Define an open set of admissible parametrizations :

Qad © {q € €V (Ther, R3) | Tq := q(Trer) is diffeomorphic to Tef }

@ We restrict the (IP) to the family of parametrised boundaries {Iq |q € Qa4} :
Find q such that F(Tq) = E¥ !
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2 ways for computing Fréchet derivatives

@ Choose a reference domain Q..¢ with a smooth orientable boundary I.¢
@ Define an open set of admissible parametrizations :

Qad © {q € €V (Ther, R3) | Tq := q(Trer) is diffeomorphic to Tef }

@ We restrict the (IP) to the family of parametrised boundaries {Iq |q € Qa4} :
Find q such that F(Tq) = E¥ !

@ We analyze the Fréchet differentiability of g € Qg — F(Iq) :
@ Characterization of the first Fréchet derivative in the direction & e (g‘v“(r,e,-, ]Rs) :

@ R. KRESS, Electromagnetic waves scattering : Scattering by obstacles, (2001)

2 A

curleurl EG . — x°Eg » = 0inR\Qq

ng x Eg . = fgeonly

H S i S —
‘Xl‘lmw(curl Eg e x x—ix|X|Eqe) = 0
aqF[rq]g = Eig
. 1 .

foe = — (g oq . nq) (ng x curl(Eg + E™)) x ng — = curly, ((5 oq . ng) divry (ng x curl(Eg + E'"C)))
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2 ways for computing Fréchet derivatives

@ Choose a reference domain Q..¢ with a smooth orientable boundary I.¢
@ Define an open set of admissible parametrizations :

Qad © {q € €V (Ther, R3) | Tq := q(Trer) is diffeomorphic to Tef }

@ We restrict the (IP) to the family of parametrised boundaries {Iq |q € Qa4} :
Find q such that F(Tq) = E¥ !

@ We analyze the Fréchet differentiability of g € Qg — F(Iq) :
@ Characterization of the first Fréchet derivative in the direction & e (g‘v“(r,e,-, ]Rs) :

@ R. KRESS, Electromagnetic waves scattering : Scattering by obstacles, (2001)

2 A

curleurl EG . — x°Eg » = 0inR\Qq

ng x Eg . = fgeonly

H S i S —
‘Xl‘lmw(curl Eg e x x—ix|X|Eqe) = 0
aqF[rq]g = Eig
. 1 .

foe = — (g oq . nq) (ng x curl(Eg + E™)) x ng — = curly, ((5 oq . ng) divry (ng x curl(Eg + E'"C)))

© We can differentiate the integral representation of F(Ig)

@ R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)
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Algorithm 1 : using the characterization of the first Fréchet derivative

@ A. KIRSCH, The domain derivative and two applications in inverse scattering theory, (1993)

@ T. HOHAGE, lterative Methods in Inverse Obstacle Scattering ... , PhD thesis, (1999)

(IP) Given noisy farfield data E3°, solve F(Fg) =EY,

— First order linearization yields : F(Ig) + 0qF[I{1€ ~ EY,
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@ A. KIRSCH, The domain derivative and two applications in inverse scattering theory, (1993)

@ T. HOHAGE, lterative Methods in Inverse Obstacle Scattering ... , PhD thesis, (1999)

(IP) Given noisy farfield data E3°, solve F(Fg) =EY,

— First order linearization yields : F(Ig) + 0qF[I{1€ ~ EY,

@ Choose an initial guess My := qg(Mer)
@ For the current reconstruction I} := g3,(r), evaluate F(I'})
If the stopping rule is not satisfied at the Nth regularized Newton step :
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Algorithm 1 : using the characterization of the first Fréchet derivative

@ A. KIRSCH, The domain derivative and two applications in inverse scattering theory, (1993)

@ T. HOHAGE, lterative Methods in Inverse Obstacle Scattering ... , PhD thesis, (1999)

(IP) Given noisy farfield data E3°, solve F(Fg) =EY,

— First order linearization yields : F(Ig) + 0qF[I{1€ ~ EY,

@ Choose an initial guess My := qg(Mer)
@ For the current reconstruction I} := g3,(r), evaluate F(I'})

If the stopping rule is not satisfied at the Nth regularized Newton step :
© Compute the next iterate q;s\,+1 by minimizing the least square (IRGNM)

Givs1 = argming [ IF(T) + 2FITa1(@ — aR) — EFI? + anlg — aol?]

using conjugate gradient method
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Algorithm 1 : using the characterization of the first Fréchet derivative

@ A. KIRSCH, The domain derivative and two applications in inverse scattering theory, (1993)

@ T. HOHAGE, lterative Methods in Inverse Obstacle Scattering ... , PhD thesis, (1999)

(IP) Given noisy farfield data E3°, solve F(Fg) =EY,

— First order linearization yields : F(Ig) + 0qF[I{1€ ~ EY,

@ Choose an initial guess My := qg(Mer)
@ For the current reconstruction I} := g3,(r), evaluate F(I'})
If the stopping rule is not satisfied at the Nth regularized Newton step :
© Compute the next iterate q;s\,+1 by minimizing the least square (IRGNM)
Givs1 = argming [ IF(T) + 2FITa1(@ — aR) — EFI? + anlg — aol?]

using conjugate gradient method

— Main disadvantage : numerous solution of the direct problem to compute aqF[r,é,]g
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Algorithm 1 : numerical experiments

@ m = 2 incident plane waves dy = (1,0,0), p; = (0,0,1) and d> = (0,1,0), p; = (1,0,0)

@ size of the unknown obstacle ~ 0.5A where A = 27/
N

@ regularizing parameters : ag = 0.5, ay = agy ™
@ stopping rule : Morozov’s discrepancy principle : § = 2% random noise and 7 = 1.5.

m 3
(z 1Fua) - zoniz) <5

k=1

with v > 1

Z-AXIS
Z-AXIS

ORIGINAL INITIAL GUESS
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Algorithm 1 : numerical experiments END'!
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Algorithm 2 : using the material derivatives of the boundary integral operators
@ O. IVANYSHYN YAMAN, Nonlinear Boundary Integral Equations in Inverse Scattering,
PhD thesis (2007)
Recall F(Tq) = 7%[q] lop[q]~" (~ng x E™)r,
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@ O. IVANYSHYN YAMAN, Nonlinear Boundary Integral Equations in Inverse Scattering,
PhD thesis (2007)

Recall  F(Tq) = 7[q] lop[q]~" (—ngq x E™)r,

- : : 0 loplqly = (—ng x E™)r, = f[q]
(IP) Given noisy farfield data E§’, solve { Fe[qly - EF q

— First order linearization yields :

lolal | ( Loolq] 6q(lop[q]w))<u>~<f[q]+(7qf[q]£)
F*ql¢ F7lq]  0q(F ql¥)) \& EY '

— We rearrange the terms :

Iop[q]  0q(lop[qlvp) — ﬁqf[q]> (V) ~ (f[‘ﬂ - Iop[‘ﬂ‘/’)
F*[q] 2q(F*[ql¥) 3 EY —7"[qly)’
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Recall F(Iq) = 7*(q] Top[q] ' (—ng x E™)r,

Iop[qlyy = (—ngq x Emc)\rq = f[q]
F*lqly = EF

(IP) Given noisy farfield data EY, solve {

@ Choose an initial guess My := qq(ler) and compute ).
@ For the iterates 43 and I, := g3, (Ter), evaluate F(Y) = F°[q3]¥3,
If the stopping rule is not satisfied at the Nth regularized Newton step :
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@ Choose an initial guess My := qq(ler) and compute ).
@ For the iterates 43 and I, := g3, (Ter), evaluate F(Y) = F°[q3]¥3,
If the stopping rule is not satisfied at the Nth regularized Newton step :
© Compute the next iterates ¢5N+1 and q,‘fj+1 by minimizing the least square (IRGNM)

2

DR - ' s <¢f¢“> ; (w—wo> :
:= argmin A - By + .
(qfv+1 9Ny q | [N q—qﬁ N TN g - go
using conjugate gradient method where we have set
s ( Topla]  q(lop[qRIeR) — aqf[‘ﬁ\s/]> 8 — (f[qi,] - Ioﬁ["il]"/’il)
"\ lai 2q(F* [aR]%R) "\EF - 77
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(IP) Given noisy farfield data E ,solve{ Fo[qly - EP q

@ Choose an initial guess My := qq(ler) and compute ).
@ For the iterates 43 and I, := g3, (Ter), evaluate F(Y) = F°[q3]¥3,
If the stopping rule is not satisfied at the Nth regularized Newton step :
© Compute the next iterates ¢5N+1 and q,‘fj+1 by minimizing the least square (IRGNM)

wé . ) _ 2
) - 53 2]

qg—qy
using conjugate gradient method where we have set
flan] — oplaR]wR

2 (Iop[qm Oq(loplanlwh) — aqf[qm> B _ ( )
"o\gT e 2q(F [ap1¥h) "\EF - @l
— Main advantage : The inversion of a BIE is replaced by one matrix-vector product.

2
+ an
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Algorithm 2 : numerical experiments (by O. Ivanyshyn Yaman)

@ m = 2 incident plane waves dy = (1,0,0), p; = (0,0,1) and d> = (0,1,0), p; = (1,0,0)
@ size of the unknown obstacle ~ 0.5A where A = 27/

@ regularizing parameters : ag = 0.5, ay = agy N and By = 0.01, By = Boy N with v > 1
@ stopping rule : Morozov’s discrepancy principle : § = 2% random noise and 7 = 1.5.

m 3
( 17 zoniz) <5
k=1

Z-AXIS

ORIGINAL INITIAL GUESS
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Q Material derivatives : already existing results (3 PhD thesis)
0 Differential geometry of a surface and the Piola transform

Q Material derivatives : new results
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Main difficulties of the whole analysis

. 1
® f[q] = (—ng x E™)r, € L}(Tq) N Hy/ (Tg).
1 1
® Iop[q] = 31+ Di[q] + inSk[qIA[q] : L3(Tq) n Hy? (Tq) — L3(Tq) n Hy 2 (Tq)

o 7*[q] = 77(q] + inF[qIA[q] : L3(Tq) N H;V%(rq) - L5(s?)

Frédérique LE LOUER 13/21



Main difficulties of the whole analysis

. 1
® f[q] = (—ng x E™)r, € L}(Tq) N Hy/ (Tg).
1 1
® Iop[q] = 31+ Di[q] + inSk[qIA[q] : L3(Tq) n Hy? (Tq) — L3(Tq) n Hy 2 (Tq)

o 7*[q] = 77(q] + inF[qIA[q] : L3(Tq) N Hd:v%(rq) - L5(s?)

Main difficulty : We have to compute Fréchet derivatives (with respect to q) of functions and
1
operators defined on the g-dependent space th(rq) orH,?2(Iq).

Frédérique LE LOUER 13/21
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® f[q] = (—ng x E™)r, € L}(Tq) N Hy/ (Tg).
_1 _1
© Ioplq] = 31+ Dx[q] + inS[qIALq] : L3(Tq) n HyZ (Tq) — L3(Tq) n Hy.2 (Tq)

o 7*[q] = 77(q] + inF[qIA[q] : L3(Tq) N H;iv%(rq) - L5(s?)

Main difficulty : We have to compute Fréchet derivatives (with respect to q) of functions and
1

operators defined on the g-dependent space L3(q) or H,2 ().

Objective : We want to transport the integral equation system on the fixed boundary I¢

@ R. POTTHAST, Fréchet differentiability of boundary integral operators in inverse acoustic scattering, (1994)

Ideas from acoustics : we can use changes of variable

Top[q] ™" F*
- 12r) L 12y T 12(s?)
~—
Vg € L2(Ty) ~ g0 q € L2(Tur) qu ]rq“ /
. F*[q)

Toplq]~!
(M) P9 12(ry)
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- 12r) L 12y T 12(s?)
~—
Vg € L2(Ty) ~ g0 q € L2(Tur) rql ]rq“ /
. F*[q)

= —1
(M) 0 12(p)
1
Towards electromagnetism : The space 74(L2(Iq)) or Tq(Hy, 2 (Tq)) still depends on q
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Main difficulties of the whole analysis

@ We can use projectors on the tangent plane to ¢
@ R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)
ny':L3(My) —  L3(T
Ng:L3(fg) — L3(T) ang 9 hiT0 fa) ng -
Yy = Pgoq—n(n-yy,) Y - wfnn n
g -
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ny':L3(My) —  L3(T
Ng:L3(fg) — L3(T) ang 9 hiT0 fa) ng -
Yy = Pgoq—n(n-yy,) Y - z/;—nn n
g -

@ We can use the differential geometry of a surface

@ M. PIEPER, Nonlinear integral equations for an inverse electromagnetic scattering problem, (2008)

Ny (M) —  L3(Ty) Mg: L5(fg) —  Li(Te)
q t t
¥ — (D) oq ¥g — ([Dpa 'lwg)oq
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Main difficulties of the whole analysis

@ We can use projectors on the tangent plane to ¢

@ R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)
Ng:L3(fg) —

M- L (Mt L3(T,
Lzl(rref) and q l( r) - l( q)
g = WYgoq-—n(n-g)

P - 1/;7nnq'

ng-n
@ We can use the differential geometry of a surface

@ M. PIEPER, Nonlinear integral equations for an inverse electromagnetic scattering problem, (2008)
Mg’ L(Mer) —  Li(Ty)

and Mg: L3N — L3(Nw)
¥~ ([Drqly)oq ¥g — ([Dpa 'lwg)oq
Toplq]~" FP 1 Top[q] ™" _1 F©
Ly N L) T 2E) 2 T HGE (1)

2

| A

Toplq]~"
L) 5 (M)
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Main difficulties of the whole analysis

1
@ We can use the Helmholtz decomposition of the spaces H, 2 (Iq)
@ A. DE LA BOURDONNAYE, Décomposition de H‘;V”Z

probléme extérieur de I'électromagnétisme, (1993)

Hu () = Vi, (42 (o)) @ &, (HE (/R

(T) et nature de I'opérateur de Steklov-Poincaré du
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Hu () = Vi, (42 (o)) @ &, (HE (/R

(T) et nature de I'opérateur de Steklov-Poincaré du

@ M. COSTABEL & F. LE LOUER, Shape derivatives of boundary integral operators in electromagnetic
scattering, (2012)

~1 1
ﬂq : Hdiv2 (I'q) — Hdiv2 (F,ef)
Vig gg +CUrl, hg  —  Vr . (dgoq) + curlr (hg o q)

Frédérique LE LOUER 15/21



Main difficulties of the whole analysis
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@ A. DE LA BOURDONNAYE, Décomposition de dw”z(r) et nature de I'opérateur de Steklov-Poincaré du
probléme extérieur de I eIectromagnetlsme, (1993)

3 1
Hdw (fg) = Vrg <H2 (I},)/]R) @ curl, <H2 (Fq)/]R)
@ M. COSTABEL & F. LE LOUER, Shape derivatives of boundary integral operators in electromagnetic

scattering, (2012)

Mg : Hy.2 (Tq)
Vig 9q + curly, hq

!

1

Hdiv2 (Trer)

Vre(9g 0 q) + C.ir (hg o q)

va = Vig (A7 divig ) 0 @) — curl (A curlyy vq) © q)

!

Frédérique LE LOUER 15/21



Main difficulties of the whole analysis

@ We can use the Helmholtz decomposition of the spaces Hdv (fg)

@ A. DE LA BOURDONNAYE, Décomposition de dw”z(r) et nature de I'opérateur de Steklov-Poincaré du
probléme extérieur de I'électromagnétisme, (1993)

Hut () = Vi, (42 (o)) @ &, (HE (/R

@ M. CoSTABEL & F. LE LOUER, Shape derivatives of boundary integral operators in electromagnetic
scattering, (2012)

1 _1
Mg : H 2 () —  HyZ (Ter)
Vig gg +CUrl, hg  —  Vr . (dgoq) + curlr (hg o q)
Yq v"ref((Ar;1 divrg ¥q) © q) — curly, ,((A curlyy ¥gq) © q)
3 Topla] ™! 3 F%1q]
Hd1\2 (Tg) = Hdiv2 (Tq) —7 L21(§2)
n n! /
l ["a 5 [q)
_1 Topla] ™" _1
Hdiv2 (Tret) B Hdiv2 (Teet)
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Main difficulties of the whole analysis

@ We can use the Helmholtz decomposition of the spaces Hdv (fg)

@ A. DE LA BOURDONNAYE, Décomposition de d|\1/2(r) et nature de I'opérateur de Steklov-Poincaré du
probléme extérieur de I'électromagnétisme, (1993)

_1 3 1
Hy 2 (Tg) = Vig (H? (I},)/]R) @ curl, (HE (Fq)/]R)
@ M. CoSTABEL & F. LE LOUER, Shape derivatives of boundary integral operators in electromagnetic

scattering, (2012)

Mg : Hy.2 (Tq)
Vrg Jq + curly, hg

!

1
Hdiv2 (Trer)
Vre(9g 0 q) + C.ir (hg o q)
va = Vig (A7 divig ) 0 @) — curl (A curlyy vq) © q)

!

3 loplg1 =" —1 F%(q]
Hdnz(rq) = Hdivz(rq) - LZ[(S2)

o] A

-1 Toplal ™" -3
Hdivz (Mrer) N Hdivz (Trer)

— Drawback : We need to compute the Fréchet derivatives of 7qVr, 7q’ !, rqdivr, 74 ', Tecurlr, 4 ',
qeurly, 74 ', TqAr,7q ' and its inverse.
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ (eq(x),ex2(x)) contravariant basis of the tangent plane Ty to I, at the point x
@ We assume |le; x ez =1 =+/detG where G = (e;- €)1« j<2
@ n=eq X e
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ (eq(x),ex2(x)) contravariant basis of the tangent plane Ty to I, at the point x
@ We assume |e; x €] = 1 = +/detG where G = (e;- €)1<ij<2

o n=ex e

@ Covariant basis (e'(x),e?(x)):e' —e; x n,e2=nx e ande;- & =
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

(e1(x), ex(x)) contravariant basis of the tangent plane Ty to I'.s at the point x
We assume |e4 x e2] =1 =+/detG where G = (e;- €))1<jj<2
n=e; X es.

o
°
°
@ Covariant basis (e'(x),e?(x)):e' —e; x n,e2=nx e ande;- & =

fee! (Fref) : f,1 = Vrm.f' e and f’2 = Vrm.f~ e, = Vrm.f = ﬁ1e1 + f’262
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ (eq(x),ex2(x)) contravariant basis of the tangent plane Ty to I, at the point x
@ We assume |e; x €] = 1 = +/detG where G = (e;- €)1<ij<2

o n=ex e

@ Covariant basis (e'(x),e?(x)):e' —e; x n,e2=nx e ande;- & =

fee! (Fref) : f,1 = Vrm.f - eq and f’2 = Vrm.f - €2 =>’ Vrm.f = ﬁ1e1 + f’292

@ Tangent field u € €' (Mer, R®) 1 U = u'eq + u2ep = | divr, U = u', + ul, ‘
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

(e1(x), ex(x)) contravariant basis of the tangent plane Ty to I'.s at the point x
We assume |e4 x e2] =1 =+/detG where G = (e;- €))1<jj<2
n=e; xeos.

o
°
°
@ Covariant basis (e'(x),e?(x)):e' —e; x n,e2=nx e ande;- & =

P (M) i1 = Vil eqand o = Vi f-ep =| Vi f = f1e' + f26? |

@ Tangent field u e €' (T, R3) : u = u'ey + UPer =

divr,,, u = uly + U, ‘

4] curirm.f = (2e1 — t192
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

(e1(x), ex(x)) contravariant basis of the tangent plane Ty to I'.s at the point x
We assume |e4 x e2] =1 =+/detG where G = (e;- €))1<jj<2
n=e; xeos.

o
°
°
@ Covariant basis (e'(x),e?(x)):e' —e; x n,e2=nx e ande;- & =

P (M) i1 = Vil eqand o = Vi f-ep =| Vi f = f1e' + f26? |

@ Tangent field u e €' (T, R3) : u = u'ey + UPer =

divr,,, u = uly + U, ‘

curirreff = (2e1 — t192

Cotangent field v e €1 (Mo, R®) 1 v = vye! + €2 =

Cl.lI'lrref V=— (V1 2= V271)‘
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ (eq(x),ex2(x)) contravariant basis of the tangent plane Ty to I, at the point x
@ We assume |e; x €] = 1 = +/detG where G = (e;- €)1<ij<2

@ n=es x e

°

Covariant basis (e'(x) ,e?(x)):e' —e; xn,e2=nx ejande;- & =

P (M) i1 = Vil eqand o = Vi f-ep =| Vi f = f1e' + f26? |

@ Tangent field u e €' (T, R3) : u = u'ey + UPer =

divr,,, u = uly + U, ‘

curirreff = (2e1 — t192

Cotangent field v € €' (Ter, R?) 1 v = vie' + w62 = |curlr v = — (v 2 — v2’1)‘

[Dr,..q(x)] maps T onto the tangent plane T, to I'q at the point g(x)
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Differential geometry of a surface

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...

@ (eq(x),ex2(x)) contravariant basis of the tangent plane Ty to I, at the point x
® We assume e x €] =1 = +/detG where G = (e, €))1<ij<2

o n=ex e

°

Covariant basis (e'(x) ,e?(x)):e' —e; xn,e2=nx ejande;- & =

P (M) i1 = Vil eqand o = Vi f-ep =| Vi f = f1e' + f26? |

@ Tangent field u e €' (T, R3) : u = u'ey + UPer =

divr,,, u = uly + U, ‘

curirreff = (2e1 — t192

Cotangent field v € €' (Ter, R?) 1 v = vie' + w62 = |curlr v = — (v 2 — v2’1)‘

[Dr,..q(x)] maps T onto the tangent plane T, to I'q at the point g(x)

q : Tt — Tq is a diffeomorphism = let set [Dr..q(x)]~" = [Dr,g '] 0 q(x)

*

q(x)

T[Drm.q(x)]*1 maps the cotangent plane T3 onto the cotangent plane T
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The Piola transform and its mapping properties

@ Contravariant basis of the tangent plane Ty ) : €;[q](x) = [Dr,,.q(x)]e;(x)

@ Covariant basis of the cotangent plane T} e'[q](x) = "[Dr.q(x)] " 'e/(x)

1 TDr..q] 'n
@ Normal vector : ng o q = e'lq] < e-lq] _ _[Dr, 9]

le'(q] x e2[q]l  |T[Dr,.q] "n|
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The Piola transform and its mapping properties

@ Contravariant basis of the tangent plane Ty ) : €;[q](x) = [Dr,,.q(x)]e;(x)

@ Covariant basis of the cotangent plane T} e'[q](x) = "[Dr.q(x)] " 'e/(x)

1 "Dr.q] 'n
@ Normal vector : ng o q = e'lq] < e-lq] _ _[Dr, 9]

le'(q] x e2[q]l  |T[Dr,.q] "n|

| 7qVi,(1q ') = (Vr,(foq ")) oq=rfie'[q] + f2€%[q] = "[Dr q(x)] ' Vr,f
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The Piola transform and its mapping properties

@ Contravariant basis of the tangent plane Ty ) : €;[q](x) = [Dr,,.q(x)]e;(x)

@ Covariant basis of the cotangent plane T}, : e e'[q](x) = "[Dr.q(x)] " 'e/(x)

1 "Dr.q] 'n
@ Normal vector : ngo q = elql x elql _ [r,. 91

le'(q] x e2[q]l  |T[Dr,.q] "n|

| 7qVr,(rg ') = (Vg (foq™")) o q =f1e'[q] + f2€?[q] = "[Dr_ q(x)] 'V, f
o rqeurly, (r4 'f) = 7qVr, (74 'f) x Tqng = Jg ' (f2e1[q] — f1e2[q]) **

qCUAr, (4 ' f) = Jg '[Dr q(x)Jeurlr f| **

o u=u'e + uPey = | Jgrqdivr (rq ' Jy ' [Dr, q(0)]u) = U + uly = divr u|  **

—1

Q V=W e1 + V2€2 = JqTq curqu Tq_1 (T[Dr[_dq(X)] V) = — (V1’2 — V2’1) = Cl.ll‘lrref V| **

#* Jg = [e1[q] x ex[q]| = videt G where G = (e;[q] - j[q])1<ij<2
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The Piola transform and its mapping properties

@ Piola transform of q : (a bicontinuous invertible operator)

1

_1 _1
Pq : Hdiv2 ( rq ) i H divz ( rref )

'wq = P = Jq[Dr.e. q]71 (1/Jq © q)a

] Iop[q] =1 —

-1 1 F©
Hdiv2 (Tq) - Hdiv2 (Tq)

— s

Pa l T P; 4 [q]

Hdiv

3 Topla1 ™" %
2(Me) = HLZ(Ter)

@ L2 adjoint operator of the Piola transform :

_1
pq* : chj (rref) — H 2 (rq)

curl

¥ = g = ("Dr.al ) oq .

1 1
Py (Ker[divrq(Hl 2(Fq)]> = Ker[divr,,(H, ? (Fer)] ,
1
2

Ker[curqu(H:%(l'q)] = /Pq* (Ker[curlrmr(Ht (I—ref)]> .
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o Electromagnetic Potential Theory
0 Regularized Newton-type algorithms
0 Material derivatives : already existing results (3 PhD thesis)

o Differential geometry of a surface and the Piola transform

© Material derivatives : new results
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Alternative choice for the regularizing operator

R , . . 1
® flq] = Pq(—ng x E™)r, = e1(E"™ - e2(q]) — e2(E™ - e1[q]) € H; 2 (Teer).-

1

= . _ _ _1 1
® Topla] = 31+ PqDa[alPg " + it (PaSulalPg ") (PahlalPg") : Hy? (Teet) — Hy? (Te)

—_ 1
o 7°[q) = 77(qIPg ' + insF[q1Pg " (PahlalPg ") : Hyl () — L3(2)
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Alternative choice for the regularizing operator
~ ) ) ) 1
® f[q] = Pq(—nq x E™)r, = e1(E™ - e2[q]) — €2(E"™ - e4[q]) € Hy* (Trer).-
= _ . _ _ 1 _1
® Topla] = 31+ PqDa[alPg " + it (PaSulalPg ") (PahlalPg") : Hy? (Teet) — Hy? (Te)

—_ 1
o 7°[q) = 77(qIPg ' + insF[q1Pg " (PahlalPg ") : Hyl () — L3(2)

@ Aresult from the differential geometry : n x (Pqtpq) = 73,’,"71 (ng x gq) .

@ Let set ﬁ[q] = qu\[q]??‘;1 and ¢ = Pqipg

jr., Naltg - (g x $q) do = f (Py 'AQ1Patbq) - (nq x Wg) do

Tq

]

ref

(AaIRasbq) - P (nq  q) do = | (AlaJut) - (nx %) do
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Alternative choice for the regularizing operator

. . . _1
® flq] = Pq(—ng x E™)r, = e1(E"™ - e2(q]) — e2(E™ - e1[q]) € H; 2 (Teer).-
= ) _ _ _1 1
® Toplq] = 31+ PaDalalPg " + in (PaSelalPg ") (PahlalPg ") : Hy? (Ter) — Hy? (Fer)

—_ 1
o 7°[q) = 77(qIPg ' + insF[q1Pg " (PahlalPg ") : Hyl () — L3(2)

A result from the differential geometry : n x (Pqipg) = 733‘" (ng x gq) .
Let set A[q] = PqA[q]P, " and ¥ = Pqrbg

jr., Naltg - (g x $q) do = frq (Py 'AQ1Patbq) - (nq x Wg) do

:fr (AqIRywsq) - Pyt~ (ng x ) dor :J (A[q}) - (n x %) do

ref ref

@ We can choose 7\[q] = A independent on Iq but J A - (n x ) do = c||+p]|[?

Tret

Example : If [ef = S2 : for t > 0,
A = curl (—Agp)~ @D divgs + Vo (—Bg) ™ G+ curlg,

@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...
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Alternative choice for the regularizing operator

~ ; . ; _1

@ f[q] = Pq(—ngq x E’”°)|rq =e(E™ - ex[q]) — ex(E™ - e1[q]) € Hy 2 (Met)-
7 . 1\ & -1 _1

® Toplq] = 31+ PaDalq1Pg " + in (PaSelalPg" ) A+ HyZ (Fet) = Hy? (Ter)

—~

~ _1
o 77[q] = 72[aIPg" + insF[@1Pg A : Hyf (Tr) — L2(52)

@ Aresult from the differential geometry : n x (Pqtpq) = 7327"71 (ng x gq) -

@ Let set ﬁ[q] = qu\[q]??‘;1 and ¢ = Pqipgq
Jr., Alqleg - (nq x Eq) do = frq (Py ' Alq1Pytbg) - (n., x Eq) do
[ (Mg 7 (ng x Bg) do = [ (Malw) - (nx ) oo
ref ref
@ We can choose A[g] = A independent on Iy butf A - (n x ) do = cl|p|?
rrcl'
@ Example : If [ef = S? :fort > 0,

~ 1 3
A =curle(—Ap)~ 24 dive + Ve (—Ag) ™20 curlg,
@ J.-C. NEDELEC, Acoustic and electromagnetic equations ...
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Some results on the material derivatives

@ Integral representation of S, [q, ] = PqSx [q]P;Hp
S:la,91(x) = Kn(x) x J "[Dr g0 H{G(%, (x) — q(1))[Dr, . q(¥)]% (y) }do(y)

ref

1
- (mrﬂf G(r,q() — q(y>)divne,-¢(y)do(y)> (x)
rref
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Some results on the material derivatives

o Integral representation of S,.[q, %] = PqSx[q]Pq %

Sclq,¥](x) = rn(x) x f "[Dr,;@(0)]{G(%, q(x) — q(y))[Dr,.,q(¥)]%(y) }do (y)
ref
—% (mrﬂf G(x, q() — q(y>)divne,-¢(y)do(y)> ()
Tref

@ We have G(k, q(x) — q(y)) o(lx —yI=")

~
[x=yl—0
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Some results on the material derivatives

o Integral representation of S,.[q, %] = PqSx[q]Pq %

Sclq:¥]1() = wnx) x J "[Dr, g(01{G(x, q(x) — q(¥))[Dr, . a1 () }do ()

ref

1
- (mrﬂf G(x,q(-) — q(y>)divne,-¢(y)do(y)> (x)
Tref

@ We have G(k, q(x) — q(y)) o(lx —yI=")

~
[x=yl—0

@ Computing aq& [g,4]¢ < Computing the Fréchet derivative of its kernel
Q eilq] = [Dr,.qle; = dqei[ql€ = [Dr, Ele;

Q @ R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)

g {G(r, q(x) — q(1)} € = VI¥ {G(r, q(x) — )} - (€(X) — €()) ~ O(lx —y| ")
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Some results on the material derivatives

o Integral representation of S,.[q, %] = PqSx[q]Pq %

Scla,¥1(x) = rn(x) x J "[Dr, g(01{G(x, q(x) — q(¥))[Dr, . a1 () }do ()

ref

1
- (mrﬂf G(x,q(-) — q(y>)divne,-¢(y)do(y)> (x)
Tref

@ We have G(k, q(x) — q(y)) o(lx —yI=")

~
[x=yl—0

@ Computing aq& [g,4]¢ < Computing the Fréchet derivative of its kernel
Q eilq] = [Dr,.qle; = dqei[ql€ = [Dr, Ele;

Q @ R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)

2q {G(r, q(x) — q(¥)} & = VIO {G(r, q(x) — q(¥)} - (E(X) — &(¥)) ~ O(lx — yI™")
o divr,, 9gSx[q, %1€ = dg(divr,,, Sk[q, ¥))€

divr,, Selq,¢] = —x Curlrmffr T[Dr,, a(){G(r, q(x) — q(y))[Dr,.q(y)] ()} do(y)

ref
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Some results on the material derivatives

o Integral representation of S,.[q, %] = PqSx[q]Pq %

Scla,¥1(x) = rn(x) x J "[Dr, g(01{G(x, q(x) — q(¥))[Dr, . a1 () }do ()

ref

1
- (mrﬂf G(x,q(-) — q(y>)divne,-¢(y)do(y)> (x)
r Tref

@ We have G(k, q(x) — q(y)) o(lx —yI=")

~
[x=yl—0

@ Computing aq& [g,4]¢ < Computing the Fréchet derivative of its kernel
Q eilq] = [Dr,.qle; = dqei[ql€ = [Dr, Ele;

Q @ R. POTTHAST, Domain derivatives in electromagnetic scattering, (1996)

2q {G(r, q(x) — q(¥)} & = VIO {G(r, q(x) — q(¥)} - (E(X) — &(¥)) ~ O(lx — yI™")
o divr,, 9gSx[q, %1€ = dg(divr,,, Sk[q, ¥))€

divr,, Selq,¢] = —x Curlrmffr T[Dr,, a(){G(r, q(x) — q(y))[Dr,.q(y)] ()} do(y)

ref

~ 1
@ We conclude 0¢Sx[q, v 1€ € Hy, 2 (Mer)
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Conclusion, work in progress and future works

@ Done:
@ Numerical implementation of the forward problem :

@ M. GANESH & |. G. GRAHAM, A high-order algorithm for obstacle scattering in three dimensions, (2004)

@ M. GANESH & S. C. HAWKINS, A high-order tangential basis algorithm for electromagnetic scattering by curved surfaces, (2007)

— The Piola transform renders possible the implementation of hypersingular integral equations

@ T. HOHAGE & F. LE LOUER, A spectrally accurate method for the dielectric obstacle scattering problem and applications to the inverse
problem, (2013)

F. LE LOUER, Spectrally accurate numerical solution of hypersingular boundary integral equations for three-dimensional electromagnetic
wave scattering problems, (2014)

@ Fréchet differentiability analysis :
— Using the Piola transform is the best way to tackle the problem

© Numerical implementation of the whole algorithm 2

O. IVANYSHYN YAMAN & F. LE LOUER, Material derivatives of boundary integral operators and application to inverse problems, soumis
(2016)

@ In progress

@ Extension to multiple obstacles.
@ Srategies to find initial guesses.
— geometric optimization tools + topological optimization tools

@ Future work

@ Other boundary conditions
@ Elastodynamics
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