Wave days in South-West - Pau
March 9-11, 2016

INVENTEURS DU MONDE NUMERIQUE

ON SOME PARALLEL LINEAR ALGEBRA TOOLS FOR WAVE
PROPAGATION SIMULATIONS

Luc GIRAUD

joint work with

Inria HiePACS and Nachos project members

HiePACS Inria Project
Inria Bordeaux Sud-Ouest




Sparse linear solver

Goal: solving Ax = b, where A is sparse
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Usual trades off

Direct Iterative
> Robust/accurate for general > Problem dependent efficiency /
problems accuracy
» BLAS-3 based implementations » Sparse computational kernels
» Memory/CPU prohibitive for P> Less memory requirements and
large 3D problems possibly faster
» Limited weak scalability P Possible high weak scalability
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Outline

Hybrid linear solver for Maxwell applications

Block GMRES method with inexact breakdowns and deflated
restarting
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Hybrid linear solver for Maxwell applications

Hybrid direct-iterative solver with
application to Maxwell in the
frequency domain
E. AcuLLo and M. KunN (PD)

S. LANTERI and L. Mova (PD)

A. FaLco (PhD) and Y. HARNESs (PD)

S. Nakov and G. PicHoN (PhD)

L. PoIREL (PhD)
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Hybrid linear solver for Maxwell applications

Hybrid Linear Solvers

Develop robust scalable parallel hybrid direct/iterative linear
solvers

» Exploit the efficiency and robustness of the sparse direct solvers
» Develop robust parallel preconditioners for iterative solvers

» Take advantage of the natural scalable parallel implementation of iterative
solvers

Domain Decomposition (DD)

Natural approach for PDE's

Extend to general sparse matrices

>
>
» Partition the problem into subdomains, subgraphs
» Use a direct solver on the subdomains

>

Robust preconditioned iterative solver

311 cut edges

p
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Hybrid linear solver for Maxwell applications

Overlapping Domain Decomposition (1. schwarz - 1870]

Classical Additive Schwarz preconditioners
1’"8”""’"’""""""""}

: L, 2 Goal: solve linear system Ax = b

Use iterative method
Apply the preconditioner at each step

vvyyvyy

The convergence rate deteriorates as the
number of subdomains increases

Ain Ass Ar A |
A= Asi Ass Asp | = Mg = Asy [Ass | As2 | 1
Aso Az

Classical Additive Schwarz preconditioners N subdomains case

N

Mis =S (R (4) ' we

i=1
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Hybrid linear solver for Maxwell applications

Non-overlapping Domain Decomposition

| R
””””””””””” \ Q2
> Goal: solve linear system Ax = b
> Apply partially Gaussian elimination
» Solve the reduced system Sxr = f
» Then solve Aix; = b — A rxr
,,,,,,,,,,, Qo
Air 0 Agr x1 by
0 Ao Apr x| = ) b2
—1
0 0 S Xt br — 'X;Ar,;A,-,,- bi
i—

Solve Ax = b = solve the reduced system Sxr = f = then solve
Aixi = bi — Aj rxr
2 2
where S = .Ar7r - ZAF,i-A,'_,,'l-Ai,F f and f = br - ZAr’,‘A_-l b,'.
i=1

ii
i=1
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Hybrid linear solver for Maxwell applications

Distributed Schur complement

Fr=kUufUmUn
Q, Q41 Q42
S Su s Stm Shm?) Smn >
Suo 8W) \Sme D)\ Spm  SE

In an assembled form: Sy = SZZ) +S§2+1) = Sy = Z Séz)
LE€adj
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Hybrid linear solver for Maxwell applications

Algebraic Additive Schwarz preconditioner
[ L.Carvalho, L.G., G.Meurant - 01]

N
§=> RLSUR,
i=1

. Skk  Ske . Sk Ske | 71
S= Sek See Sem - M= Sek [ See | Sem | 71
Smé Smm Smn sz Smm Smn
Som  Shn Som  Smn

N
M= "RESED) Ry,
i=1
where S() is obtained from S(*)

Sk Swe) L 50— (Skk Ske)
Sok Séz) Lk SM

Similarity with Neumann-
Neumann preconditioner
[J.F Bourgat, R. Glowin-
ski, P. Le Tallec and M. &() <
Vidrascu - 89] [Y.H. de
Roek, P. Le Tallec and M.
Vidrascu - 91]

local Schur local assembled Schur

> s

LE€adj
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Hybrid linear solver for Maxwell applications

Parallel preconditioning features

#domains

Mas= > RI(SU)'R

i=1

Smm
Sgm
Skm
Slm

30) —

Assembled local Schur complement

= > st

lh‘u’a_—

Smk
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Sik
Sek

Smm

En

E;
Sin S
S0 _ | Sem Sk
Skm Skg
Slm Slg

Jj€adj(m)
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Hybrid linear solver for Maxwell applications

Parallel implementation

» Each subdomain A(") is handled by one processor

. Azz, Agzr,
(1) — iLi il i
AT = <AIiri AI('IF) )

» Concurrent partial factorizations are performed on each processor to
form the so called “local Schur complement”

SO = -A(r’r) - AriIi‘AEflIi'AI’r"

» The reduced system Sxr = f is solved using a distributed Krylov

solver
- One matrix vector product per iteration each processor computes
SO (M), = (y )k
- One local preconditioner apply (M1)(z(D)k = (r())k
- Local neighbor-neighbor communication per iteration
- Global reduction (dot products)

» Compute simultaneously the solution for the interior unknowns

AIiIiXIi = in - AIirini

-
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Hybrid linear solver for Maxwell applications

Current Software software implementation of MAPHYS

Partitioner
» Scotch

Dense direct solver
» Multi-threaded MKL library

Sparse direct solvers
» MUMPS
» Multi-threaded PASTIX

Iterative Solvers
» CG/GMRES/FGMRES using multi-threaded MKL library

-
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Hybrid linear solver for Maxwell applications

Current Software software implementation of MAPHYS

Partitioner
» Scotch

Dense direct solver
» Multi-threaded MKL library

Sparse direct solvers
» MuMPS
» Multi-threaded PASTIX

Iterative Solvers
» CG/GMRES/FGMRES using multi-threaded MKL library

» Challenge
» Composability
» Performance

-
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TECSER project
Goal:

» Novel high performance numerical solution techniques
for Radar cross-section computations

Challenges:

» Very large problems, irregular geometric structures,
heterogeneous and anisotropic propagation mediums

Solutions:
» Hybridizable Discontinuous Galerkin method (HDGM:
Nachos),

» Massively Parallel Hybrid Solver (MaPHyS: HiePACS)

Partners:

ANR IZ\ AIRBUS  (2/n

GROUP




Hybrid linear solver for Maxwell applications

The HDG method

Attractive features of DG methods
Thanks to the discontinuity DG methods have many advantages

v

Easily obtained high order accuracy

> p-adaptivity (approximation is purely local)

> h-adaptivity (conforming or non-conforming grid refinement)
» Natural parallelism

One main drawback of DG methods particularly sensitive for
stationary problems

> The excessive number of globally coupled DOFs
= DG methods are expensive both in terms of CPU time and
memory consumption
Hybridization of DG methods is devoted to address this issue while
keeping all the advantages of DG methods

-
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Hybrid linear solver for Maxwell applications

The HDG method

The HDG method can be decomposed in two steps

1. A conservativity condition is imposed on the numerical trace, whose
definition involved the hybrid variable at the interface between
neighboring elements. As result we obtain a global linear system in
terms of the DOFs of the hybrid variable.

2. Once the DOFs of the hybrid variable are known, the local values of
the electromagnetic fields can be obtained by solving local linear
systems element-by-element.

DG vs HDG
Assuming a uniform interpolation degree p, the number of globally
coupled DOFs is then

DG ' (p+1)(p+2)(p+3)[Thl,

HDG: (p+1)(p+2)|Fhl.

For a simplicial mesh |F,| = 2|74/, the ratio of the globally coupled
DOFs is roughly 2/(p + 3) for HDG method over DG method.

-
. &F/M—— Parallel linear algebra tools for wave propagation simulations



Hybrid linear solver for Maxwell applications

Propagation of a plane wave in vacuum

v

v

v

v

v

Computational domain: the unit cube [0, 1]
First order Silver-Miiller boundary condition

Plane wave:

Wave vector: (kx, k,, k;) ~ (12.6, 0.0, 0.0)
Polarization: (0, 0, 1)

Frequency: f = 600 MHz

Angular frequency: w = 27f ~ 12.6 rad/m
Wavelength: A ~ 0.4997 m

vVvyyvyyvyy

Electromagnetic parameters: ¢ = = 1 (vacuum)

Characteristics of the meshes used for numerical convergence:

# elements # faces h
M1 2692 5544 0.2500
M2 6144 12928 0.1875
M3 12000 25000 0.1500
M4 20736 42912 0.1250

Parallel linear algebra tools for wave propagation simulations



Hybrid linear solver for Maxwell applications

Propagation of a plane wave in vacuum

Numerical convergence of the HDG method (Error = ||E — Ep||2)

Error Order Error Order

M1 7.10e 92 — M1 6.78e 03 —

M2  4.27e 02 1.8 M2  2.90e 03 2.9

M3 2.85e 02 1.8 M3  1.49e 03 3.0

M4  2.03e 02 1.9 M4  8.68e 04 3.0
HDG-P; HDG-P,

Error Order Error Order

M1 3.89e % — M1 2.05e % —

M2  1.24e 04 4.0 M2  4.89e 00 5.0

M3  5.09e 9 4.0 M3  1.61e 00 5.0

M4  2.46e 05 4.0 M4  6.48e 07 5.0
HDG-P3 HDG-P,

= Optimal convergence order (similar results for [|[H — Hp|2)

-
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Hybrid linear solver for Maxwell applications

Propagation of a plane wave in vacuum: performances

n~257.5k, nnz~10.5M n~1.3M, nnz~263.8M
Execution times, interpolation P1 Execution times, interpolation P4
MaPHyS ‘ MaPHyS ‘
16
10 1000
Te # threads g # threads
o ) ra =
o = o =
E 3 o]S'IZOpe:Z § -élzopezz
=, = 100
4‘8 §6 1é2 3é4 5%6 4‘& 56 1é2 3é4 5%6
# cores # cores

Maximum local memory, interpolation P1 Maximum local memory, interpolation P4

MaPHyS MaPHyS
316-
g 2 3162
<100- # threads = # threads
2 -3 fal =3
=] ~6, o -6
E ~12 £ 1000 ~12
g %2° £
316
48 96 192 384 576 48 9 192 384 576
-
brrzic

LA
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Hybrid linear solver for Maxwell applications

Propagation of a plane wave in vacuum: performances

n~257.5k, nnz~10.5M

MaPHyS for HDGM
Threads/MPI process deployment, interpolation P1
384 cores 576 cores

48 cores |96 cores

g MaPHyS step
o l Fetinee

£ & Precond

[ M solve

10.0-
75-
50- I

3612 3612 3612 3612 3612
Number of threads

n~1.3M, nnz~263.8M

MaPHyS for HDGM
Threads/MPI process deployment, interpolation P4

48 cores |96 cores (192 cores 384 cores 576 cores
1000-
MaPHyS step
=Facmnse
il Precond
500 Hsolve
)

3612 3612 3612 3612 3612
Number of threads

Time (sec)
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Hybrid linear solver for Maxwell applications
Strong speed-ups

MaPHyS speedups, interpolation P1

12+

S s
S Solver
3 Ideal
o MaPHyS
n

4.

2- I

Y e .

48 96 192 384 576
# cores
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Hybrid linear solver for Maxwell applications
Strong speed-ups

MaPHyS speedups, interpolation P2

12+

S s
S Solver
3 Ideal
o MaPHyS
n

4.

2- I

Y e .

48 96 192 384 576
# cores
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Hybrid linear solver for Maxwell applications
Strong speed-ups

MaPHyS speedups, interpolation P3

12+

S s
S Solver
3 Ideal
o MaPHyS
n

4.

2- I

Y e .

48 96 192 384 576
# cores
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Hybrid linear solver for Maxwell applications
Strong speed-ups

MaPHyS speedups, interpolation P4

12+

S s
S Solver
3 Ideal
o MaPHyS
n

4.

2- I

Y e .

48 96 192 384 576
# cores
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Hybrid linear solver for Maxwell applications

Exposure of head tissues to a plane wave

» Computational domain:

> sphere of radius r = 0.3 m, centered at (0, 0,0)
> heterogeneous geometrical model of the head tissues (namely, the skin,
the skull, the CSF - Cerebro Spinal Fluid and the brain)

» Characteristics of the mesh:
> 725136 faces and 361 848 tetrahedra
» hmin = 0.002 m and hpax = 0.045 m
» First order Silver-Miiller boundary condition
» Plane wave:
> Wave vector: (kx, ky, k) ~ (37.7, 0.0, 0.0)
» Polarization: (0, 0, 1)
> Frequency: f = 1800 MHz
> Angular frequency: w = 27f ~ 37.7 rad/m
> Electromagnetic parameters:
Vacuum Skin Skull CSF Brain
€ 1.00 38.66 11.60 68.25 43.88
o (S'm~1) 0.00 1.18 0.27 2.28 0.97
A (mm) 166.67 26.79 48.90 20.16 25.14
P 1.00 1100.00 1200.00 1000.00 1050.00

-
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Hybrid linear solver for Maxwell applications

Exposure of head tissues to a plane wave

> Statistics of the global matrix

Matrix order nnz
HDG-P; 4.3M 184M
HDG-P, 8.7TM 736 M

Nonzero per row: 42 (P1), 84 (P2)

> Value of interest the SAR (Specific Absorption Rate)

The SAR is a measure of the rate at which electric energy is absorbed by the
tissues when exposed to a radio-frequency electromagnetic field. For instance, it
involved in the definition of international norms for mobiles phones. This
quantity represents the power absorbed per mass of tissues and has units of
watts per kilogram (W-kg™1), it is defined by o|E[?/p

Parallel linear algebra tools for wave propagation simulations



Hybrid linear solver for Maxwell applications

Exposure of head tissues to a plane wave

_-1.979e-01
038

1.6
2.4

=-4.285e+00

Contour lines of the local SAR over the maximal local SAR (logarithmic
scale), HDG-P; - HDG-P, methods (left - right)

-
-
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Hybrid linear solver for Maxwell applications

Exposure of head tissues to a plane wave

=-1.492e-01
e 07

-3.166e+00 ~-3.980e+00

Contour lines of the local SAR over the maximal local SAR (logarithmic
scale), HDG-P; - HDG-P, methods (left - right)

-
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Hybrid linear solver for Maxwell applications

Exposure of head tissues to a plane wave: performances

n~4.4M, nnz~184.1M n~8.7M, nnz~736.3M
Execution times, interpolation P1 Execution times, interpolation P2
MaPHyS ‘ MaPHyS ‘
6310
—_ ASQ&I
4 # threads [ # threads
& -2 & 2512 -2
o :g o :é
£ «Slope=2 E 1585 “3lope=2
1000
6314, | T !
192 384 576 768
# cores # cores
Maximum local memory, interpolation P1 Maximum local memory, interpolation P2
MaPHyS MaPHyS
3981+ 10000
g 2512+ g 6310+
< 1585 # threads = # threads
2 =3 2 3981+ =2
2 1000- b g <6
g g1 g 25129
3984 1585
192 384 576 768 192 384 576 768
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Hybrid linear solver for Maxwell applications

Exposure of head tissues to a plane wave: performances

n~4.4M, nnz~184.1M

n~8.7M, nnz~736.3M
MaPHyS for HDGM

MaPHyS for HDGM
Threads/MPI process deployment, interpolation P1 Threads/MPI process deployment, interpolation P2
192 cores 384 cores | 576 cores | | 768 cores 192 cores 384 cores | 576 cores | 768 cores
600 6000~

S
]
3

s

38

3

5}

MaPHyS step

MaPHyS step
I Faclcmse I Facmnse
& Precond & Precond
I I I M solve 2000~ I M solve
. ! [ ol ll III |

2 4 2 46 é 6 2 4 6
Number of threads Number of threads

Time (sec)
n
8

Time (sec)
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Hybrid linear solver for Maxwell applications

Strong speed-ups

MaPHyS speedups, interpolation P1

4.

=3
T3- Solver
8 Ideal
o MaPHyS
No-

1.

576 768
# cores
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Hybrid linear solver for Maxwell applications

Strong speed-ups

MaPHyS speedups, interpolation P2

4.

=3
T3- Solver
8 Ideal
o MaPHyS
No-

1.

576 768
# cores
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Hybrid linear solver for Maxwell applications

Related activities

» Recent/Ongoing efforts

1. Partioning/balancing both interface and interior vertices
(A. Cassadei)

2. Parallel analysis and FEM APl (M. Kuhn)

3. Deflation/augmentation via local spectral calculation
(L. Poirel)

4. H-arithmetic for local solve (#-PasTiX) and preconditioner
(A. Falco, G. Pichon, Y. Harness)

5. Numerical resilience policies (M. Zounon)

6. Experiments on large 3D elastodynamic problems (S. Nakov -
Magique 3D)

» Future step: Full task based implemenation on top of runtime
systems

-
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Hybrid linear solver for Maxwell applications

Block Krylov linear solver

E. AguLLO and C. PIACIBELLO

Y.F. JING, Chengdu University, China

Parallel linear algebra tools for wave propagation simulations



Block Krylov variants

Some basic ingredients in classical GMRES - Ax = b

xp = argmin ||b— Az||,
2€K4(b,A)

with KCy(b, A) = span(b, Ab, ..., A" 1b):
1. Construction of an orthonormal basis of the Krylov space
2. Minimum norm solution

Computational facts
1. Happy breakdown

2. Simple restarting mechanism

-
-
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Block Krylov variants

Construction of the orthonormal basis

ARNOLDI WITH MODIFIED GRAM-SCHMIDT ORTHOGONALIZATION
1. 8= b|] set v =b/8
2: forj=1,2,...,mdo

3:  Compute w; = Ay;
4. fori=1,2,...,jdo
5: hij=vi'w

6: wj = w; — vihi;
7:  end for

8w = viihy

9: end for

Key equalities :
AV = ViH; + [Onx(j-1), wj] = Vi1 H;

with Vf’\/l = [; and \/ﬂl Vii1 = 11 where V; = [v1, ..., v}]

-
-
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Block Krylov variants

Minimum norm solution

» What we want

x¢ = argmin ||b— Azl x; = Viye
26K, (b,A)

» Key equality

|b—Axl| = ||b—AVpye| = ||b— VigiHpye||
= |[[Vig1(Ber — Hoye)l| = [|Ber — Hyyil|

> Key features that make it works
1. Arnoldi equality AVy = Vp11H,
2. Orthonormal basis V[’H Vi1 = loya
3. Right-hand side in search space b € span(Vp1)

-
-
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Block Krylov variants

Happy breakdown

This situation occurs when w; = 0 in Arnoldi, meaning the
algorithm cannot extend the space

AVj = ViH; + [0nx(j-1), W] = ViH;

Consequences
» Happy breakdown: the solution x € span(V})

> b can be expressed as a linear combination of j eigenvectors
Remark: all eigenvectors are not revealed at the same speed in
the Krylov space (argument will come back later)

-
-
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Block Krylov variants

Basic restart mechanism

» Computation per iteration and storage increase linearly with
iteration

> Restart mechanism when maximum search space dimension m
is attained

» Set xg = X, solve
Ae = ny
using GMRES where ry = b — Axg so that x; € xg + Kj(rg, A)

Remark: all spectral information captured in the Krylov space
is lost at restart

Parallel linear algebra tools for wave propagation simulations



Block Krylov variants

Some key ingredients for block GMRES - AX = B

Xy = argmin |B— AZ||F
ZeKo(Vh,A)

with KCo( V4, A) = span(Vy, AV, ..., ATV
1. Construction of an orthonormal basis of the Krylov space,
where B = VA1 is the reduced QR factorisation of B

2. Minimum residual norm solution
Computational challenges
1. Numerical deficiency in W; - inexact breakdown [Robbé, Sadkane]

2. More sophisticated restarting mechanism [R. Morgan]

-
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Block Krylov variants

Construction of the orthonormal basis

ARNOLDI WITH MODIFIED GRAM-SCHMIDT ORTHOGONALIZATION
1: Choose a unitary matrix Vi of size n x p

2: forj=1,2,...,mdo

3:  Compute W; = AV,

4. fori=1,2,...,jdo

5: Hij = VW,

6: W = W; — ViHi;

7:  end for

8 W, = Vjj1Hj1; (reduced QR—factorization)
9: end for

A% % j + [On><nj717 VV_]] = %'ﬁ‘l%j

with VM %1 = I, where Y41 = [Vi,..., Vj]

-
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Block Krylov variants

Minimun norm solution

[B=AXllF = min 171 (N = 22;Y) || = ,min 1A =25 ||

because #j11 forms an orthonormal basis and

A= [/:)1] c Chi1 <P

Remark: we minimize the Frobenius norm of the block that
translates in 2-norm for the individual column residual

-
-
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Block Krylov variants

Numerical rank deficiency in W,

» For reasons to be made clear later but related to stopping
criterion we decompose

Wi = VitiHjpaj + Q)
with (QJ 1 Vj+1) 1 %
We still have
AV, =1+ (@1, W)

where Q;_1 = [Q1,..., Qj—1] € C"*"~1 accounts for all the
abandoned directions.

» To characterize a minimum norm solution in #; we need to
have an orthonormal basis of [#}, Q;—1, Wj] so that

AV = |73, 1P Wl 7

-
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Block Krylov variants

Shortcut for deriving the extended Arnoldi equality |

[M. Robbé and M. Sadkane, LAA, 2006]

AV =15+ Qi1 W]

v

Qj1= (1= ¥¥")Qj1, & = A5+ 97 [Qj-1.0, ] (Hessenberg)
Qj_1 is low rank so is Qj,l = Pi_1Gj_1

P;_1 € C"™ -1 has orthonormal columns with ”/GHPj_l =0,
Gj_1 € CI9—*"-1 is of full rank.

v

» W, orthogonalized against P;_; with W; — P;_; C; where
Cj = Pj’ilvvj
> WD = QR (W = P1G)).

v

[#, P;_1, W] form an orthonormal basis of [#}, Q; 1, Wj].

-
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Block Krylov variants

Shortcut for deriving the generalized Arnoldi equality |
[M. Robbé and M. Sadkane, LAA, 2006]

» Extended Arnoldi equality

C
A= %%+ [PG [a )| 5]
j
= [76 Pj-1, WJ] J
D;
= [’VJ [Pj-1, Wjﬂ 7
» Least-squares problem reads
A
Y; = argmin [|[A; — F; Y|, with A\j = | 0
Yech P 0

-
-
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Block Krylov variants

Numerical rank deficiency in W, vs convergence

» Based on SVD of least-squared residual
A — 7Y = U 5,V 4+ U5,V with (R < ||z
» Decompose
U; = (gg) in accordance with [767 [Pj-1, WJ]]
1

» Consider [Wy, W] unitary so that Range(W;) = Range(IU(lz))
» Define and update

Parallel linear algebra tools for wave propagation simulations



Block Krylov variants

Rank deficiency threshold vs stopping criterion

Assuming p inexact breakdowns
I\ = FeYel| = ||B = AXi||> < P
e(R)

169 — Aq”ll2 _ |I1B = AXilla _ |18 = AXill:
101,

60T = 162~ _min IO, = min

It follows that the choice

e(R)—ax m|n Hb ‘
1,...,p

ensures convergence below the threshold e for individual b() if same
accuracy required for all the righ-hand sides

-
-
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Block Krylov variants

A few definitions

Definition
Harmonic Ritz pair. Consider a subspace U of C". Given a matrix B € C"™" X\ € C
and y €U, (\,y) is a harmonic Ritz pair of A with respect to U if and only if

Ay — Ay L AU
The vector y is a harmonic Ritz vector associated with the harmonic Ritz value A.

Lemma )
The harmonic Ritz pairs (0;, ;) associated with U = span(¥y,) satisfy the following

property
y:':l (gmgi_éi I:gl]> =0, (i=1,...,nm),
P

g € C"m, and ¥mgi are the harmonic Ritz vectors associated with the corresponding
harmonic Ritz values 0;.

-
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Block Krylov variants

An interesting fact for augmentation at restart

Lemma
Assume that %, is of full rank after performing a first cycle of IB-BGMRES, then the
column vectors (ﬁmg,- —0; [%’]) € C™ TP (i=1,...,nm) are all contained in the

subspace spanned by the least-squares residuals Ris,, = (Am — FmYm) € Clm+p)xp,
i.e., da; € CP so that

ﬁ“mg,- — 9~,' [%] = RLsmOti~

Proposition
The harmonic residual vectors are all linear combinations of the residual vectors from
the minimum residual solutions of the linear equation problem after performing a first
cycle of the IB-BGMRES.

-
-
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An interesting fact for augmentation at restart

Lemma
Assume that %, is of full rank after performing a first cycle of IB-BGMRES, then the
column vectors (ﬁmg,- —0; [%’]) € C™*P (i=1,...,nm) are all contained in the

subspace spanned by the least-squares residuals Ris,, = (Am — FmYm) € Crm+p)%p,
i.e., da;j € CP so that

Fmi — 0; [i’] = Ris, .

Proposition

The harmonic residual vectors are all linear combinations of the residual vectors from
the minimum residual solutions of the linear equation problem after performing a first
cycle of the IB-BGMRES.

Some harmonic vectors can be kept in the search space at restart with the residual
vector that must be in the space

-
-
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Restarting mechanism |

Let G = [&1,...,8] € C"*k and form G = [ OG Ris,, | We denote
pXk
G = QgRg the reduced QR—factorization of G,
Q¢ = [ gl I, } c (C(anrp)X(kﬂ’)7
- pXk

Re = [ 1 0, } € Clktp)x(ktp)
- 0p><k
so that
é = rlela
Ris,, = Qc©2

We can define an orthonormal basis for the restarting search space that contains

spectral information
4//1new — «y/mrl

and an orthonormal encompassing basis that contains the residuals

[%new, [Po, Wl]neW] = [“//m, [Pm—1, Wm]] Qe

-
-
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Restarting mechanism Il
Extended Arnoldi relation
Ay/lnew _ [,Vlnew) [Po, Wl]new] g.{new Ant/lnew _ V2newiTew + Q?ew’
with
[“Vlnew, [Pos W1]new] = ["Vm, [Pm—1, Wm]} Qs, Ro= ["’ﬁnew, [Pos W1]new] AP®Y with AT = ©,,
znew
e e, ry, WY =rh e, r, Frev = [ anbw |
1
V2I'ISW - [PO; V|"'/1]I'IEWVVT1'IGW7 P{'IeW - [PO; WI]HGWWSEW, zzl'l’ew - W?EWHHTeW, G{IeW — W;eWHH?eW,

new
£

new __ new new new __ Anew new -~new
WP = [ ] ) —[gnew},gl = P{ee,
2,:

new (1
P 1)

where Range(W]®V) = Range(lU?er)) with UTSW = |: :| and [WW,  W3*"Tis unitary with

2
UTe‘”( )
ADEW _ genewynew _ pnewsnewynewH | pnewsnewynewH i, SyD trheshold ()

the SVD to detect inexact breakdown in the restarting block residual where

Ylnew = argmin H/\?ew — .?PEWYH .
F
yecmn xXp
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Comparative covergence rate

. Example 1
10 . . : . . .
—— IB-BGMRES
ol ——BGMRES-DR |
—— IB-BGMRES-DR
107k E
X s
© b 4
g 10
£
E ol E
=
10°} 5
10°F 5
10*7 | | | | | |
0 200 400 600 800 1000 1200 1400

mvps

IB-BGMRES [M. Robbé and M. Sadkane, LAA, 2006], BGMRES-DR [R. Morgan,
APNUM, 2005]
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Inexact breakdown vs targeted accuracy

Example 1 with IB-BGMRES-DR

T T

nb(min,max)
>

0 200 400 600 800 1000
mvps
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Concluding remarks

» The new algorithm IB-BGMRES-DR inherits the positive
genes of its parents IB-BGMRES [M. Robbé and M. Sadkane, LAA,
2006] and BGMRES-DR [R. Morgan, APNUM, 2005]

» Flexible variants can be designed to accomodate resiliency or
mixed precision calculation

> Possible extension to handle massive number of right-hand
sides (deflation between sequences)
> Flexible implementation in the framework of the Hi-Box

project in collaboration with Airbus Group Innovations and
IMACS

-
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“Personal” advert

PMAA®

Sth International Workshop on PMAR
5-8 July, 2@16 - Bordeaux, FRANCE

Parallel Matrix Algorithms and Applications
http://pmaal6.inria.fr
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Comparisons with cousins and parents

Iso-memory comparison for basis storage

Example | GMRES | GMRES-DR | IB-BGMRES | BGMRES-DR | IB-BGMRES-DR
1 2536 1077 1344 892 588
2 1069 856 788 667 538
3 378 378 372 341 335
4 412 412 446 447 440
5 845 694 617 474 386
6 464 464 357 294 248
7 3154 2003 3291 3090 2104
8 10643 3110 - 4426 2202

Table: Number of mvps for regular GMRES, GMRES-DR, IB-BGMRES,
BGMRES-DR and IB-BGMRES-DR with ¢ = 107°.
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Numerical alternative: numerical scalability in 3D

Domain based coarse space : M = Mus + Rg)—AalRo where Ag = RoSRg
> “As many” dof in the coarse space as sub-domains
[Carvalho, Giraud, Le Tallec, 01]

> Partition of unity : ROT simplest constant
interpolation

2D Heterogenous diffusion 3D Heterogenous diffusion

2D Heterogenous diffusion Problem 3D Heterogenous diffusion Problem

—A— mixed calculation
160| —A— 64 bit calculation

—A— mixed calculation
160| —A— 64 bit calculation
—— coarsegrid correction

—A— coarse grid correction

140F

120

_ _ 100
£ £
= g * 80
60 60
40 2
20 20
o 200 400 600 800 1000 o 200 0 800 1000

0 600
#Procs

#Procs
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Experimental set up

Hopper - LBNL platform

» Two twelve-core AMD "MagnyCours’ 2.1-GHz
» Memory: 32 GB GDDR3

» Double precision

Matrices
Matrix Matrix211 | Nachos4M
n 801K 4,147K
nnz 129,4M 256,4M
Preconditioner dense sparse02

Parallel linear algebra tools for wave propagation simulations
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Nachos4M matrix on the Hopper platform

All computation steps Memory per node
T T 100000
3tp —— 3tp ——
6tp —— 6tp ——
12tp 12tp
24tp —— 5 24tp ——
. = 10000 oot
_ 100 g —
°2 @
g : .
e 5 1000
10 = 100
768 1536 3072 6144 12288 24576 768 1536 3072 6144 12288 24576
#cores #cores

Parallel linear algebra tools for wave propagation simulations




Forewords
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