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Summary 

 

• Antenna array problem 

• FETI domain decomposition method 

• FETI-2LM for Maxwell with Nédélec finite elements 

• Acceleration of iterations via reuse of search directions  

• Parallel local direct solver 

• Block strategy 

• Conclusion 
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 Antenna Arrays 

F = 9.7 GHz 

Electric Field at z = 5mm 

Source 6,6 

30 cm 
30 cm 

• 2D device,  attached to the 

fuselage of the plane 

• Complex treatment to orient 

the radar beam 

• Larger arrays for higher 

intensity 

 

• Fine local mesh to take into 

account the heterogeneous 

structure of each element 
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 Maxwell equations 
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Find the diffracted electric field                      such that 
PEC 

Isotropic & anisotropic Dielectric materials 

Air 

e
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Multiple sources: 

 
• plane waves 
• modes 

FEM: Nédélec tetrahedral elements 

 
• Degree 1 (6 dof) 
• Degree 2 (20 dof) 

ABC 
Resistive Cards 

r
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 Non overlapping domain decomposition 

• Matrix graph, mesh graph 

 

• Separator from a dual graph 

splitting 
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• Block structure of the 

matrix 
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 Problem forming in subdomains 
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• Splitting of system in two local problems 
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 Local equations, interface matching conditions 

• Admissibility condition on the interface = continuity condition 

1 
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• Local equations inside subdomains 
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• Equilibrium condition  on interface 
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 Neumann local problems 
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• Local systems of equations 
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• Interface matching conditions 
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 FETI 

• Interface unknown : 
2 1  
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• Interface residual : 

 

• Solve local problems with direct sparse solver, factorization performed once 

for all 

• Use CG to converge to the solution of the implicit condensed interface 

problem 

• Local problems : 
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 Condensed interface problem for FETI 

  )2(

3

1)2()1(

3

1)1(1)2(1)1()2(

3 

)1(

3 cc       0


 SSSSxx 

































)1(

3 

1 

(1)

3 

1 

)1(

3331

1311
 

b

b

x

x

KK

KK

































)2(

3 

2 

)2(

3 

2 

)2(

3332

2322
 

b

b

x

x

KK

KK

• Local systems of equations 
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• Condensation on interface 

• Condensed interface problem 
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 Robin boundary conditions: FETI-H  

• For Helmholtz equation, augmented 

matrix associated with inner or outer 

approximate transparent boundary 

condition 

• Well posed local problem if all 

conditions are inward or outward 

• Coloring of subdomains 

• Mixing of absorbing and non absorbing 

interfaces 

2 1  
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• Opposite Robin conditions : 

 

 

• Interface unknown : 

 

 

• Interface residual : 
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 FETI-2LM : two independent Robin conditions 

• Global system of equations 
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• Local system of equations 
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• Interface matching conditions 
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 FETI-2LM : homogenization of interface matching 
conditions 

• Interface matching conditions are mixed 

 

 

 

 

• Combine the equations to find two homogeneous conditions 

 

 

 

 

• Definition of condensed interface problem 
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 Condensed interface problem 

• Local static condensation 
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• Matrix of condensed interface problem 
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 Optimal interface connection conditions 

• Optimal interface conditions 
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• Interpretation via local condensation in global system of equations 
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• Optimal conditions = static condensation on interface of remaining 

structure = discrete Dirichlet to Neumann operator of outer domain 
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 Main features of the method 

• Well posed local problems, even with irregular mesh splitting with 
correct Robin conditions  

 

• Convergence in p -1 iterations in case of  one-way splitting into p 
subdomains 

 

 

 

• Issue : computation of exact optimal operator impossible (Schur 
complement) 

 

• Approximation required 
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N  ....21
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Domain partition 

Additional variables on the interface (2 LM method) 

(1) 

(2) 

Electric and Magnetic field Continuity 

Lagrange multipliers with approximate transparent Robin condition 

(approximate outer Dirichlet-Neumann)  
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Robin 

 FETI-2LM applied to Maxwell 
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 Krylov subspace method and iterations 
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Computation of  

1. Solution of local problem with Robin 

conditions defined by  

2. Exchange values of E and  on 

interfaces 

3. On each interface Γi
j, computation of : 

ORTHODIR iterations until    || K x - b || < stopping criterion 

dF 
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  Tests with prototype antenna array 

• 44x44 array  

• 1936 subdomains, 400M unknowns 

• Comparison between numerical results and experimental results OK  

19 
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 Weak scalability 

• Timings with one subdomain per core 

• Increasing size of the array 

20 
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ORTHODIR algorithm 

• ORTHODIR : build a F*F-orthogonal basis of Krylov space 
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• ORTHODIR : block formulation 
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Restarted ORTHODIR with multiple RHS 

• Vp and F Vp are given , (F Vp)* (F Vp) = Dp 

• Optimal starting λ0
opt
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• Start new iterations with new search directions F*F-orthogonal to Vp 

• F*F-projected ORTHODIR 

• In practice same as if restarting ORTHODIR at iteration p 

• Accumulation of search directions with successive RHS 
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 Dependancy upon number of stored directions 

23 

• 17x17 array  

• 289 subdomains, 50 Million unknowns 

• 31 RHS, incident waves with various angles 
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 Computer architecture 

• Networked compute nodes 

• Each node is a hierarchical memory SMP with possibly parallel 

co-processor 

• Space and time locality of data required for performance 

• Present trend: increasing number of cores on each node 

24 
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 Local direct solver on SMP compute node 

• Sparse direct solver based on nested 

bisection 

• P-threads multi-threading management 

• Splitting of blocks in small sub-blocks 

25 
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 Efficiency of multiple forward-backward substitution 

• Actual performance limited by global memory access 

• Parallelization of forward-backward substitution for a single RHS gives 

very limited performance (speed-up < 2) 

• With multiple RHS, higher arithmetic complexity with same memory 

access requirement (better data locality) 

26 

• With more than one subdomain per node, memory bandwidth 

available for each MPI process is even lower 

• Performance of each single RHS forward-backward substitution is 

even poorer 
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 Limited parallel efficiency of restarted ORTHODIR 

• One product by F per iteration 

• Single RHS local forward-backward substitution 
 

• For numerical stability, use modified Gram-Schmidt procedure for 

orthogonalization 

• dot product (BLAS1) + global reduction via MPI one by one 

 

 

• Inefficient for local multi-threading on multi-core node 

• Large communication overhead 

 

 

• Use simultaneous solution 

• Keep good properties of restarted ORTHODIR 

27 

=> block ORTHODIR 
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Block ORTHODIR algorithm 
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• Block ORTHODIR iteration 
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• Block ORTHODIR initialization 
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Block ORTHODIR implementation 

• Optimal solution for each RHS using all search directions computed for 

all RHS 

• Rank revealing LL* factorization of Dp, automatic detection of 

dependencies between search directions, reduction of number of 

search directions 

• Same property as restarted ORTHODIR in term of decrease of global 

number of directions to be computed 

 

• nblock simultaneous forward-backward substitutions at each iteration, 

good parallel efficiency on multi-core nodes 

• Simultaneous computation of dot products, BLAS3, good parallel 

efficiency on multi-core nodes, global reduction for a block of scalars at 

once, reduced MPI overhead 

 

• Restarted block ORTHODIR straightforward 
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 Timings with various multi-RHS strategies 

 289 CORE 

50 MILLION DOF 

GRID RHS STORED 
DIRECTIONS 

ELAPSE 
TIME(H) 

MEMORY/CO

RE (GB) 

FIRST RHS 17X17 1 2500 0.96 1.15 

INITIAL  RHS 
STRATEGY 

17X17 31 2500 3.30 1.15 

BLOCK  RHS 
STRATEGY 

17X17 31 2500 0.8 1.4 

Time / 9 

Time / 37 

• 17x17 array ; 289 cores, 31 RHS, 50M unknowns 
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Conclusion 

Block ORTHODIR strategy is good for reducing complexity, increasing 
shared memory parallel efficiency of local direct solver on multi-core 

node and reducing message passing overhead 

Make the design of good preconditioner less important 


