Computer Animation

Lesson 4 - Forward and inverse kinematics

Remi Ronfard, Nov 2019



Principle 4 Slow in & Slow out

Slow in and slpw out deals with the spacing of the inbetween drawings
between the extreme poses. Mathematically, the term refers to second- and
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Fast numerical methods for inverse kinematics by
Bill Baxter

® We will only consider manipulators that are open
Kimematic chamns composed of npid links

® The IK problem and formalation

S v+ Fverse K memat ® (1 Ajomted robhot arm with no loops)
¢ Jout 0 pea
¢ Kyod body math

® Jacobian inverse method (/)

® Jacobian transpose method (J7)

® Method of Cyelxe Coordmate Descent (CCD)
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Jomnt Lypes Viore Jomnt typcs

® 1 DOF Jomt types ® Many higher order jomt types can be represented

: W ¢ ymations of |- ) onts
® Revolute . by combmations of 1-DOF jount

® Just make axes intersec!
- \I)i‘r RL"-\\..LI.' -
RR




Fast numerical methods for inverse kinematics by
Bill Baxter

Forward Kincmatics

® |2t q be the configuration of manipulatos
(CO00ts tnsade spacs. 1o Avwiorolalltec @ )
® Lot x be the up of the munipulater

D A _{ " 9
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® For 2 given manipulator we can write down a
clased-torm formula for 7 such that

X~ /(q)
That's FORWARD KINEMATICS
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>owhatis f7 Other Representations

* Prismatic joint Qinele kink
- There are several wavs 1o mathematically represent
structural relationshms in kmematic
manipulators

® Scparale Rolation + ranslation: ¥
e ROWLALON AR sS4 L malnx

> '." ‘t\"v,. " AR \1‘:'1l arhSis
® Kot l..‘ 335 AT Al :-'
Al togethcr ¢ Homogencous matrices. 1= H(R.d)
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| . * We have no wdea
® Forward: joant params © » EE position

® Inverse: FF posibon = point params
Forward Kinematics

Twvverse Mimeroed x s

L |
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Inverse Kinemalics

q

o Find answer numencally

e
1%)
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he Jacobian
Fowed '..'\I..AL.I
- fig=(/.14)/,4 (.4

* The Jacobian gives the hincar approxamalion Lo /

e /15 nonlincur because ol all those sm's and
cOs's 1n the rodalions
e Idea: find linear approximation to f

AR FE-L =

o he partials in J must be evaluated at some ¢
to vield the focal hincar approximation to /

« flg)+|lJ Aa)g—q) ™ Ihe 1% order Tavlor
approx. of f at g°
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| he Jacobian | he Jacobian

® *ul another wav . lells us .\l"[‘rn'-: matelv wow ® Collectively Jtells us how ¥ chanees locallyv in
much x will charpe 1n worlc
AAJUST 3 Joent parumeter g. o

ANACE WIRN we world space with respect to a/f the parameters ¢
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Computing the Jacobian Viatrix Dernivatives

® To pet the Jacobian we have to know how to ® [nterested in affect of time dependant matnix
compute denvatives of our forward Xinematic AN, on a ransformed pont 4 |A(n))x.
cqualon

.\'il_:;'—{.lil, | x

® ‘The forward Kinematics 18 gengrally some b ! .
malnees and‘or qualermions [ 1{e)11 A (1) Alz,)|x

={A(e)A ()] A(2))x
=[Alt)A " (1,)] X

1 15 called Whe langen! operak




Fast numerical methods for inverse kinematics by

Bill Baxter

Rotation Matnx Denivatives

® What's the 1.1'1'_’.t‘nf -.‘]\" ator for a rotation™

,? "{...' -I' by ot eve v i)

RITERIT=0 o dgoreresnon

RR 4 .‘\'Hrt' =)
RR =—(RR'Y ttevowmw

RR'=RR =) onsvgentcperces

1 e o A A"

¢ (215 the anguilar velocity matnx of X(r)

[hc Angular Vclocity Matnix

® [ 15 skew symmeince so 1t can be wnitter

® And its effect on on a vector r1s equivalent to the
crass product withw (w0, @, @ )

(r=wXr

e w s the axis ol e rolalion. w s the wmount
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Simple Answer . |
. 1Ic Jacobian Inversce

In sweneral v Iy 1 : | ers -
L el B : T &0 e Find A¢ by

X \ @

: , . ® ./ 15 a 6xn matnx, so how do we mvert it?
i -1 " 119 -4 - ) g ’
For revolute DO For prismatic DO ® Use a peneralized inverse
oS ® Gencrnlized inverse 15 nol umigue. L s a
peneralized wverse of J if it has some of the
-
tollowing, properties e,
" J
1 J
“ JA
® And il s a prendomverse il 1 has all ol thom

® Wnte » s+ The pseudomverse J5s umg
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What's Wrong with J 7 Jacobian Transposc

® Fairlv slow to co mpute ® jacohuan ! ANSPOSE M sthod uses the transpose o '
» Leevalle's moetlexd O ralls po . the Jacobian matnix rather than the p-inverse

. . 'md g by

® Insiabilily around smgulantcs \¢—J Ax
R HEGS Fee NI e tather than

A g -J X

¢ AVOIAS EXDmNIVe Dverson

e Avonds smeulanty mroblones

3t whv 15 Uas a reasonable thing o do?
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Principal of Virtual Work Jacobian Transposc

® *"Virtual™ because amount 13 mfinitessimal
® Work = [oree X dslance. Work = lorque X angle Virtaal work eqn

!

}.' \ X =1 ‘l (’ (EMETRY SN N D oy
F'Ax=v' \¢q

Comparc with

\g=J  Ax

coordmaler)

® So we're Laking the distance 10 our goal to be a
force that ‘:'.ulls the enc effector

® ‘\With J inverse. soluton was axact answer 1o
Iincanzed problem.  This 15 no longer so
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Jacobian Iransposc

g=J Fle)
® In cllcel the Jacobian tanspose method solves
the IK problem by settmg up a dvnamical system
thal oboys the Anstoblcan laws ol phyvscs

F=mv

=1 w

® ‘| he Jacoban pseucoinverse method 1s equivalent
o solving by Newton's method

® Jucobumn transpose 15 also related Lo solulion by
the method of sleepest descent
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Good and Bad of ./ Cychic Coordinatc Descent
Cheaper evaluation g1ep than pseudoinverse
\No snvulantios o« \:t‘.::llj.' amuch ‘:n*\plv "wieca

- Scaling problems ¢ Just solve | DOF 1K problems repestedly

* J a8 nice propertv |

CWTY SWp ¢ |-DOF problems are ssmple and have analytical
solulions

OME SSlng prooe

g~AJ Ilg] where cach A | sct apropniately
Slower to converge than J

. X SIOMCT acCordIng 1o Las. Slotinc & Shcrxan)
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CC D Math - Prismatic CC D Math - Revolute

od aten d = Ax -axis) A8 v manemmased when o/ 6) ¥ maxemused
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CC D Math - Revolute yood and Bad of CCD

Simple to implement

Often effective

Stabic around smgular configuration
Compulationally cheap

Can combine with other more accuralg

apiimizabion method hke BFS when close enough
BuUT

Can lead 1o odd solutions 1f per step deltas not

hmited, making method slower

Doesnt necessanly lead to smooth motion




Fast numerical methods for inverse kinematics by
Bill Baxter

;ll‘fll;!grgt;?h\

Covraond Smvevare AMerier NG

- '\'(‘P':‘k:‘t‘.'..\f on 15 important bt Vo call

® N\l

¢ I and CCD methods both quick and ellochive
(depending on vour requirements, of course)
® | ipnored constramts. | hey are very important
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