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e Arclength parameterization
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Main idea

@ Series of pairs (time, parameter values)
@ interpolate inbetween

key T0,q0 t, interpolated q key T1,91
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Parametric curves

Parametric curves

@ General form : P(u) = (x(u), y(u),z(u)) 0<u<1

P(u)

P(0) P(1)
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Parametric curves

Linear curves

@ General form : P(u) = (1 — u)Py + uP

@ Use fractional value of global parameter U for piecewise
curves

@ Sharp discontinuities

U=1
U

3
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Cubic bases

Cubic curves

@ Patches are defined using endpoints and tangents
(Hermite splines)

@ x(u) and y(u) are cubic functions

@ Smooth continuity

y
A
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Cubic bases

Hermite spline equation

y = by+biu+ bou? + bgt®
Yy = by +2byu+ 3bgu? y K
y()
@ Match values and slopes
bo = Yo o
by = y0 5 > U

b = 3(y1—Y)— 2y — ¥4
bs = 2(yo—y1)+ ¥+ ¥4
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Cubic bases

Hermite blending functions

y(t) = (13024203 yo+(BUP —203) yy +(u—2uP+u®) Yo+ (1P — LP)y]

2y
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Cubic bases

Beziers curves

@ 4 points
@ tangents along the first and last line segments

P1
P2

PO
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Cubic bases

Catmull-Rom splines

@ Derived from Hermite splines

@ Approximate tangents using control points
Di = ;( i+1 — / 1)
@ Arbitrary first and last points
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Cubic bases

Kochaneck-Bartels splines

@ Add intuitive control parameters to Catmull-Rom splines

o Tensiont
@ Bias b
e Continuity ¢

(1-H(1-b)(1+0)

D~ = . (Pii1 — P)
(1= Zb)(1 =) ip_poy)

pr = (=00 B-9p
(1= ; b)(1+)p_p
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Cubic bases

Tension

@ Tension t is responsible for sharpness

1-—t
D= —5—(Pit1 = Piy)

AVAWAN

more less
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Cubic bases

@ Bias b modifies the slope

1-b 1+b
D= —5=(Pis1 = P) + —5—(Pi = Pi1)

0 more less
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Cubic bases

Discontinuity

@ Discontinuity ¢ splits the tangent in two pieces

_ 1+c¢ 1-c
b~ = ——(Pi1 = P)+ —5—(Pi=Pi4)
1-c 1+c
Dt = (Pis1 = Pi) + ——(Pi = Pi1)
2 2
0 less more
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Arclength parameterization

Arclenght parameterization

@ ltis difficult to control P
and 9 independently

@ Example using two
Kochaneck-Bartels with
same shape

shape P(u)

A
VAV
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Arclength parameterization

Arclength parameterization

@ We want to control the arclength s(u(t))
Y

arclength s(u)

curve points P(u)

0

@ Problem : s(u) is far from trivial
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Arclength parameterization

Approximate arclength parameterization

@ Approximate s(u) using distances between regularly
sampled points

@ Model s(u) as a tabulated function

S S
Sj+1
Sitife Sj
Sile
= U e u
0 Ui Uip1 ] 0 Wj U Uit ]

@ For a given s, find the corresponding interval and apply
linear approximation

@ Complete computation : P(u(s(t)))
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Velocity control

Velocity

@ We want to control the velocity of a moving object along a
given path (spline)
@ Use arclength parameterization

@ Apply velocity control as s(t) with s = 0 at starting point
and s = 1 at end point

s S N N Y
1 1 / 1 / 1 / L /
t t ! ! !
0 1 0 1 0 1 0 o !
constant accelerated decelerated
speed

Frangois Faure Introduction to Parametric interpolation for computer animation



	Parametric curves
	Cubic bases
	Arclength parameterization
	Velocity control

