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- Distance is : measures error-resilience δ := min{d(c, c′￼) : c ≠ ⃗c ′￼ ∈ 𝒞}

- Here,  is (Hamming) distanced(x, y) = |{i ∈ [n] : xi ≠ yi} | /n

- Let  be its weightwt(x) = d(x, 0)

- Goal: design codes with large distance and large rate

- However, these desiderata are at odds

KEY DEFINITIONS
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-Larger rate: more points

-Larger distance: further apart points

-Suppose channel corrupts -fraction 
of symbols

ρ

- : can uniquely decodeρ < δ/2

- : cannot uniquely decodeρ ≥ δ/2

-“Half-the-distance limit”

RATE-DISTANCE TRADEOFF

z ρ
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 is -list-decodable if , 


 
𝒞 ⊆ [q]n (ρ, L) ∀y ∈ [q]n

|𝒞 ∩ B(y, ρ) | < L

y
ρ

Hamming balls: 
B(y, ρ) = {x ∈ [q]n : d(x, y) ≤ ρ}

< L

[Elias’57, Wozencraft’58]

Tradeoffs between ?R, ρ, L
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DREAM max rate of 

-list-dec. code 

Rcap =
(ρ, L)

 (GV) as Rcap → 1 − hq(ρ) L → ∞

Describe this curve?

What about fixed ? E.g., ?L L = 10
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LET'S BE MORE MODEST…
- ,  (unique-decoding) case: q = 2 L = 2

- , :q = 49 L = 2

- Larger , : seems very difficult…L q

GV ≤ R ≤ min{LP,EB}

max{GV,AG} ≤ R
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ZERO-RATE THRESHOLD

Determine this 
point?

Zero-rate threshold 
ρ*(q, L)
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- For general , answer should be q

- Blinovsky '05, '08 claims a proof… but it's flawed

CONJECTURE FOR GENERAL q

ρ*(q, L) = 1 −
1
L

𝔼
(X1,…,XL)∼𝖴𝗇𝗂𝖿([q])L

[𝗉𝗅(X1, …, XL)]
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∃
(ρ* − ϵ, L) Impossibility Result: If 

 is -list-dec.,

then 
𝒞 ⊆ [q]n (ρ* + ϵ, L)

|𝒞 | ≤ Oϵ(1)

Analogous result 
for list-recovery

Today's 
focus

From this: derive 
new upper bounds 
on rate of -list-

decodable codes
(ρ, L)
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- Given vectors , their average-radius is x1, …, xL ∈ [q]n
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*pass to "very symmetric" 
subcode of size Ω(M)

Ramsey-theory…
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= 1 −
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(y1,…,yL)∼P⊗L
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[𝗉𝗅(y1, …, yL)]

If , then 
this equals 

Pk = 𝖴𝗇𝗂𝖿([q])
ρ*!

≤ 1 −
1
L

𝔼
(y1,…,yL)∼𝖴𝗇𝗂𝖿([q])⊗L

[𝗉𝗅(y1, …, yL)] = ρ*

Suppose we 
can prove 

this 
inequality

(ρ* + ϵ)n ≤ Φ ≤ ρ*n

Contradiction!



PROVING THAT INEQUALITY



INEQUALITY TO PROVE
1 −

1
L

𝔼
(y1,…,yL)∼P⊗L

k

[𝗉𝗅(y1, …, yL)] ≤ 1 −
1
L

𝔼
(y1,…,yL)∼(Unif([q])⊗L

[𝗉𝗅(y1, …, yL)]



- Define function on prob. dists. P ∈ Δ([q]) = {Q ∈ ℝq
≥0 : ∑

i

Qi = 1}

INEQUALITY TO PROVE
1 −

1
L

𝔼
(y1,…,yL)∼P⊗L

k

[𝗉𝗅(y1, …, yL)] ≤ 1 −
1
L

𝔼
(y1,…,yL)∼(Unif([q])⊗L

[𝗉𝗅(y1, …, yL)]

fq,L(P) := 𝔼
(X1,…,XL)∼P⊗L

[𝗉𝗅(X1, …, XL)]



- Define function on prob. dists. P ∈ Δ([q]) = {Q ∈ ℝq
≥0 : ∑

i

Qi = 1}

- Want to show:  is minimized on uniform distributionf

INEQUALITY TO PROVE
1 −

1
L

𝔼
(y1,…,yL)∼P⊗L

k

[𝗉𝗅(y1, …, yL)] ≤ 1 −
1
L

𝔼
(y1,…,yL)∼(Unif([q])⊗L

[𝗉𝗅(y1, …, yL)]

fq,L(P) := 𝔼
(X1,…,XL)∼P⊗L

[𝗉𝗅(X1, …, XL)]



SCHUR CONVEXITY



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

SCHUR CONVEXITY



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

- Functions  such that  whenever , where  is 
majorization ordering

f f(x) ≤ f(y) x ⪯ y ⪯

SCHUR CONVEXITY



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

- Functions  such that  whenever , where  is 
majorization ordering

f f(x) ≤ f(y) x ⪯ y ⪯

SCHUR CONVEXITY

-  satisfy  if


where  is  sorted in descending order

x, y ∈ Δ([n]) x ⪯ y

x↓ x

k

∑
i=1

x↓
i ≤

k

∑
i=1

y↓
i ∀k ∈ [n]



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

- Functions  such that  whenever , where  is 
majorization ordering

f f(x) ≤ f(y) x ⪯ y ⪯

SCHUR CONVEXITY

-  satisfy  if


where  is  sorted in descending order

x, y ∈ Δ([n]) x ⪯ y

x↓ x

k

∑
i=1

x↓
i ≤

k

∑
i=1

y↓
i ∀k ∈ [n]

1/3 1/3 1/3 1/5 1/2 3/10x y



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

- Functions  such that  whenever , where  is 
majorization ordering

f f(x) ≤ f(y) x ⪯ y ⪯

SCHUR CONVEXITY

-  satisfy  if


where  is  sorted in descending order

x, y ∈ Δ([n]) x ⪯ y

x↓ x

k

∑
i=1

x↓
i ≤

k

∑
i=1

y↓
i ∀k ∈ [n]

1/3 1/3 1/3 1/5 1/2 3/10x y

1/3 1/3 1/3 1/2 3/10 1/5x↓ y↓



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

- Functions  such that  whenever , where  is 
majorization ordering

f f(x) ≤ f(y) x ⪯ y ⪯

SCHUR CONVEXITY

-  satisfy  if


where  is  sorted in descending order

x, y ∈ Δ([n]) x ⪯ y

x↓ x

k

∑
i=1

x↓
i ≤

k

∑
i=1

y↓
i ∀k ∈ [n]

1/3 1/3 1/3 1/5 1/2 3/10x y

1/3 1/3 1/3 1/2 3/10 1/5x↓ y↓

1/3 2/3 1 1/2 8/10 1



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

- Functions  such that  whenever , where  is 
majorization ordering

f f(x) ≤ f(y) x ⪯ y ⪯

SCHUR CONVEXITY

-  satisfy  if


where  is  sorted in descending order

x, y ∈ Δ([n]) x ⪯ y

x↓ x

k

∑
i=1

x↓
i ≤

k

∑
i=1

y↓
i ∀k ∈ [n]

1/3 1/3 1/3 1/5 1/2 3/10x y

1/3 1/3 1/3 1/2 3/10 1/5x↓ y↓

1/3 2/3 1 1/2 8/10 1

⟹ x ⪯ y



- Well-studied class of functions minimized on uniform distribution: 
Schur-convex functions

- Functions  such that  whenever , where  is 
majorization ordering

f f(x) ≤ f(y) x ⪯ y ⪯

SCHUR CONVEXITY
 is majorized by 

every other probability vector
(1/q, …,1/q)

-  satisfy  if


where  is  sorted in descending order

x, y ∈ Δ([n]) x ⪯ y

x↓ x

k

∑
i=1

x↓
i ≤

k

∑
i=1

y↓
i ∀k ∈ [n]

1/3 1/3 1/3 1/5 1/2 3/10x y

1/3 1/3 1/3 1/2 3/10 1/5x↓ y↓

1/3 2/3 1 1/2 8/10 1

⟹ x ⪯ y



SCHUR-OSTROWSKI CRITERION



-  is Schur-convex iff f (xi − xj)( ∂f
∂xi

−
∂f
∂xj ) ≥ 0 ∀i ≠ j

SCHUR-OSTROWSKI CRITERION



-  is Schur-convex iff f (xi − xj)( ∂f
∂xi

−
∂f
∂xj ) ≥ 0 ∀i ≠ j

- Can verify this holds for 

where sum runs over all  s.t. (a0, …, aq−1) ∈ ℕq
≥0 ∑

i

ai = L

SCHUR-OSTROWSKI CRITERION

fq,L(P) = 𝔼
(X1,…,XL)∼P⊗L

[𝗉𝗅(X1, …, XL)] = ∑
(a0,…,aq−1)

( L
a0, …, aq−1) max{a0, …, aq−1} ∏

i∈[q]

Pai
i
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Want: Plotkin bound for list-decodable 
 with weight constraint𝒞
wt(x) ≤ w ∀x ∈ 𝒞
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USING WEIGHT CONSTRAINT
Φ =

n

∑
k=1

(1− 1
L fq,L(Pk))

- Let  be fractional weight of -th column, i.e., wk k 1 − Pk(0)

- Define ; then Pu = (1 − u, u/(q − 1), …, u/(q − 1)) Pwk
⪯ Pk

- Consider univariate function , suppose its convexg(u) := fq,L(Pu)

≤
n

∑
k=1

(1− 1
L fq,L (Pwk))

≤ n 1− 1
L gq,L ( 1

n

n

∑
k=1

wk) ≤ n (1− 1
L gq,L(w)) =: nρ*(q, L, w)



SOME PLOTS
q = 3, L = 3

ρ

R

ρ
R

q = 3, L = 4
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- For all  and , we prove the equality


- Two parts:

q ≥ 2 L ≥ 2

RECAP

ρ*(q, L) = 1 −
1
L

𝔼
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- Two parts:

q ≥ 2 L ≥ 2

RECAP

ρ*(q, L) = 1 −
1
L

𝔼
(X1,…,XL)∼𝖴𝗇𝗂𝖿([q])L

[𝗉𝗅(X1, …, XL)]

Possibility Result:  positive 
rate -list-dec. 
codes (standard random 
code argument)

∃
(ρ* − ϵ, L) Impossibility Result: If 

 is -list-dec.,

then 
𝒞 ⊆ [q]n (ρ* + ϵ, L)

|𝒞 | ≤ Oϵ(1)

Analogous result 
for list-recovery

Question: explicit bound à la 
[Alon-Bukh-Polyanskiy'18]?

From this: derive 
new upper bounds 
on rate of -list-

decodable codes
(ρ, L)
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Elias-Bassalygo Bound
Schur-Convexity


y
ρ

< L
y +

+

+

1
L( (

Φ =
1

ML ∑
(x1,…,xL)∈𝒞L

rad(x1, …, xL)THANK YOU! 
QUESTIONS?

(Pi − Pj)(
∂fq,L

∂Pi
(P) −

∂fq,L

∂Pi
(P)) ≥ 0


