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Scientific context Introduction

Client Server
(Verifier) (Prover)

Please compute f on z
; @ ) [Eo[T[ofi[ofo1]
\ 1@

=y

|t

How can the client check that the server gives the correct answer?

The client checks the execution trace!
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Scientific context Introduction

Client Server
(Verifier) (Prover)

Please compute f on z
o) =y <) AloloT 0T i ofof1]
\

t=0:0Jo[1]1]o[1]o]0[1]1]
t=1:1]1]1]oloJo]1]1]0]0]

But naively checking the whole computation is as hard as computing.
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Probabilistically Checkable Proofs Introduction

m PCP (Probabilistically Checkable Proof)

L C ¥*is in PCP[r(n),q(n)] if 3 polynomial time V' using r(n) random bits and reading
q(n) bits of the proof, such that

m Perfect completeness: Vz € £, 3 proof, P(V (z, w) accepts) = 1
m Soundness: s < 1/2,Vz ¢ L£,Vr proof, P(V (z, ) accepts) < s.

m [BFLS91]: PCP[O(log(n)),0(1)] = NP
m [BS08]: quasilinear-size PCP proofs
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Interactive Oracle Proofs Introduction

m IOP (Interactive Oracle Proof) [BCS16]

L C ¥*is in IOP if 3 polynomial time V interacting with a prover, such that
m Perfect completeness: Va € £,3P prover, P(V (z, P(z)) accepts) = 1
m Soundness: s < 1/2,Vx ¢ L£,VP prover,P(V(z, P(z)) accepts) < s.

Iiimll [BCS16]

IOP = NEXP

Without oracle, IP = PSPACE.
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Arithmetization

Arithmetization

’ Algorithm ‘

Polynomial execu-
| tion trace P(X)

Constraint poly-
nomials Q's

Proof of execgt)i(on
foX) = 1555

ven'

....................

Low deg

(FRI protocol)

ree test

STARK protocols

mH={(y) CFofsizeT+1
m Rreqgistersr; : H - F
B P,(X) € F[X] interpolates r, on H

m several transition constraints
Q(X17 sy XRa Y717 ceey YR)

mQoP:=QP(X),P(gX)) cancelson H
iff valid computation
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Ex: square Fibonacci Arithmetization STARK protocols

. Jo=fi=1
Consider { five = f21 + f? mod 96769.

There are 2 registers f; and g; = f;_ satisfying
finn—f}—gi=0 gi+1— fi =0,

so the constraint polynomials are

Q1(X1,X2,Y1,Y2) =1 — X7 — X3 Q2(X1,X2,Y7,Y2) = Yo — Xy,
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Reed-Solomon codes Reed-Solomon codes STARK protocols

m Reed-Solomon codes

GivenD CFand k < |D|,

RS[F,D,k] := {f : D = F | 3P(X) € F[X]<, Pp = f}.

l D
execution trace codeword
(|H| = k)
m Hamming distance
With w,v € F?,

Alu,v) = i [[1’7;]]7“1' # ’Ui}.
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Gap promise Reed-Solomon codes STARK protocols

m Gap promise

mif [[,cy(X —y) divides Q o P(X) then f € RS[F, D, k]

a proof of execution,

m otherwise, A(f,RS[F,D,k]) > 1 — % max(deg @, 2).

9/21



Folding Reed-Solomon codes STARK protocols

Consider the even and odd parts fo(Y) + X f1(Y) = f(X) with Y = X2
We check simultaneously the degree of a random folding.

I!Ham Folding

Fora e Fand f: D — F, with fy, f1 even and odd parts of f,

Fold[f,a] := fo + afi.

m Fold[f, o] : D' — F where D' = {22 | z € D}.

NNt NN

m If f € RS[F, D, k] then Fold[f, a] € RS[F, D', k/2).
m Fold|f, a](s?) = L0 4 o ST,
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FRI protocol [BBHR18] FRI protocol STARK protocols

commit

query

Prover Verifier
a0 (6 7)) i F
f1 : Dl —F
(f1 = Fold[fy, ag]) fi
ar-1 (a7} & ]F
fr:D.—F
(fr' = FOId[frf'l-,Qrfl]) fr

Verifier chooses s & Dy, defines s;,1 := s? and accepts if
fi(s1) = Fold[fo, ao](s1)

m times

fr(sy) = FOId[fr—la ar—1](8r).
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Detailled complexity FRI protocol STARK protocols

m Properties of FRI [Bor22]

The FRI protocol on RS[F, D, k] with m query phases has properties
m round complexity log k&
m proof length < |D|
m query complexity 2mlogk + 1
m prover complexity < 8|D|
m verifier complexity < 8mlogk
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Bound on the soundness Proof of soundness STARK protocols
Let V; := RS[F, D;, k/21].

P(V accepts) < P(gap reduction) + P (V accepts ‘ gap reduction)

m Gap reduction probability [BKS18]

Let f; : D; — F be an arbitrary function. Let e > 0 and 6 = A(f;, V).
Suppose § < dnax. Then

2
aE]F( (FOId[f“ ] l+1) < d— 6) < 83|F| 0

Query soundness [BKS18]

Lete > 0and § := A(fo, Vo) > 0. SUPPOSE § < dpax- Then

P (V accepts | Vi, A(Fold[f;,a],Vit1) > 6 —¢) < (1 — 6 +elogk)™
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List decoding Proof of soundness STARK protocols

m List-decodability

S CF"is (u,d)-list-decodable if Yu € F™, |B(u,d) N S| < p.

m Johnson bound

Let J.(0) :=1—+/1—6(1—¢). Then S CF"is (L, J.(A(S)))-list-decodable.
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Why § < dnax Proof of soundness STARK protocols

Jfotafi Let A:={aeF|(A(fo+afi,Vis1) <6—e)}
-t Suppose |A] > .

— 90,91 € Vi 8.t gojr = foyrs 9oy = Jfor-
B — o9 cF,BC Asuch that
Va € B,A(g* — af1,g* —apf1) < JZ1(6).
4V, m— g eV, CC Bsuchthat
Vae C g1 = = (9% — g™).

a—aoq

B — go, Va € C, gy + ag; closest to fo + af.
m—|T|>(1-9)D]...

Twice Johnson bound S0 § < dmax := J=(J-(A(V))).
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Interleaved code Definition and properties Using IRS

m Interleaved error-correcting code

For C C F", the ¢-interleaved code associated is

Uy
U, ...,up € C p CFX™,

Ug

The distance used is the same distance, but over F<.

m Interleaved Reed-Solomon code

IRS[F, D, k, ¢] is the ¢-interleaved code on RS[F, D, k].
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Probabilistic list-decoding Definition and properties Using IRS

m Probabilistic list-decoding -&

Given E C P(F™), S C F™is (E, p)-probabilistically (u, §)-list-decodable if

<) >p.
VU €E, P (IB(u,8)NS| < p) >p

Deterministic list-decoding use p =1 and E = {{u} | u € F"}.

Probabilistic decoding of an IRS [Zap20]

With U, := B (u Zfl(A(V))) and E := {U, | v € IRS[F, D, k, 4]},

= IRS[]F,D,k,é] is

141

(E 1- LID]\F k) -probabilistically ( ,Zfl(A(V))) -list-decodable.
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FRI protocol Attempt with the FRI protocol Using IRS

m Gap reduction probability generalization -2

Let f : D, — F be an arbitrary function.
Let » € Nand é,e,v > 0 such that § = A(f, V;).
Let f; be the odd part of f. Suppose that

|B(f1,7)NVi| < (1)
§ < Ommax 1= J= (7). (2)
Then
P (A(Fold[f,a], Vi1) <5 —¢) < %.

m (1) requires V; to be (u,~)-list-decodable, by worst case scenario
m thus in (2), dmax Can’'t be improved.
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DEEP-FRI protocol DEEP-FRI protocol Using IRS

Prover Verifier
Zi Zi (i F

) BH_in :F—TF

£ (Bis1,z, (X) = Fold[f;, X](z;)) Bit1.z

8 Qi (677 (i F

fi+1:Dip1 = F

Id[f;,0 —Biy1,2, (o %
(i (X) = FMI0I0)_Brnsfogy - Ji

m Gap reduction probability [BGKS20]

Let f; : D; — F be an arbitrary function. Let e > 0 and 6 = A(f, V).
Suppose that V; is (i, max)-list-decodable and § < dmax- Then

. ] /3 4
P(gap reduction) < n k.er == 2/ - <W| + €> + 2[F|
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DEEP-FIl soundness DEEP-FRI protocol Using IRS

m (/l.p, (5111z1x>'hyp0theSiS —é

IRS[F, D, k, ¢] is (E, p)-probabilistically (u, dmax)-list-decodable, with
E:=={{fo+a fi|aeFY}| fo,f1 e F>*"}

m DEEP-FIl soundness -&

Let f : D; — FF be an arbitrary function. Let p,e > 0and § = A(f, V;).
Suppose that the (i, p, dmax)-hypothesis is valid and § < d,,.x. Then

P(gap reduction) < p -7y ker+1—p.
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Conclusion Conclusion

m | have not improved the soundness with probabilistic list-decoding.
m The results to prove to do so are more clearly identified.

m Studying arithmetization may give other tracks of study.
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