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High Performance Computing Technologies

Goal: provide high performances and complete heavy tasks
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Fault tolerant algorithms

[ ] ¢ [ 1] [ The more the number of system

[ 1
QNN Y/
/ becomes relevant
[ 1 \ [ 1] (3,5 faults per day)
\ E / [DI, GUO, PERSHEY, SNIR, CAPPELLO, 2019], [LIU, CHEN, 2018]
MASTER NODE \
[ 1 ‘/‘/ \ [ 1 construct fault tolerant algorithms
=) AN 1
(€3] detect/correct faults
& [ [ 1

COMPUTING NODES

components grows
[ ] the more the failures of computing nodes
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Algorithm-based fault tolerant techniques (ABFT)

[ ] [ ]
[ 1

Algorithm-based fault tolerant techniques (ABFT)

\ / /' [HUANG, ABRAHAM, 1984]

E . D exploits the algorithm’s characteristics

MASTER NODE\ to design a fault tolerant algorithm

Goal: detect/correct computational errors (faults)
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High Performance Computing Technologies

Algorithm-based fault tolerant techniques (ABFT)
[HUANG, ABRAHAM, 1984]

Goal: detect/correct computational errors (faults)

ALGORITHM
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High Performance Computing Technologies

Algorithm-based fault tolerant techniques (ABFT)
[HUANG, ABRAHAM, 1984]

Goal: detect/correct computational errors (faults)

ABFT

ALGORITHM w new
ALGORITHM

e adding redundancy (encoding)
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High Performance Computing Technologies

Algorithm-based fault tolerant techniques (ABFT)
[HUANG, ABRAHAM, 1984]

Goal: detect/correct computational errors (faults)

ABFT

ALGORITHM w new
ALGORITHM
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e adding redundancy (encoding)

e modify the algorithm, work on encoding data <«— robust to errors (faults)

error correcting codes
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High Performance Computing Technologies

Algorithm-based fault tolerant techniques (ABFT)

[ 1 [ 1 HUANG, ABRAHAM, 1084

O ) l
\ /’ exploits the algorithm’s characteristics

to design a fault tolerant algorithm

- L 1

MASTER NODE Goal: detect/correct computational errors (faults)

\ iﬁ ABFT for Polynomial Linear System Solving

L1 / \ [€3] by Evaluation-Interpolation

[BOYER, KALTOFEN, 2014]
[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017]

Ei [GUERRINI, LEBRETON, Z., 2019]
Jﬁl D - [GUERRINI, LEBRETON, Z., 2020]

COMPUTING NODES

............ .

B : publication & : preprint
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Polynomial Linear System Solving by Evaluation-Interpolation

a; 1(x)  a,(x)

a, 1(X) a,,(x)

a, (x) a,,(x)

A(vx)

1. Evaluate A(x), b(x) in {a;,...,q;}, (A(a;) full rank)

v(aj)

2. Compute y; = A(aj)_lb(aj) = A
]

3. Interpolate y(x) from yq, ..., ¥;
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Polynomial Linear System Solving by Evaluation-Interpolation

a; 1(x)  a,(x)

a, 1(X) a,,(x)

a, (x) a,,(x)

A(vx)

1. Evaluate A(x), b(x) in {a;,...,q;}, (A(a;) full rank)

v(aj)

2. Compute y; = A(aj)_lb(aj) = A
]

3. Interpolate y(x) from yq, ..., ¥;
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Polynomial Linear System Solving by Evaluation-Interpolation

Jg
|

a; 1(x)  a,(x)

a, 1(X) a,,(x)

a, (x) a,,(x)

A(vx)

1. Evaluate A(x), b(x) in {a;,...,q;}, (A(a;) full rank)

v(aj)

d(a)) |

2. Compute y; = A(Otj)_lb(aj) —

3. Interpolate y(x) from yy, ..., ¥;
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ABFT for PLS solving by Evaluation-Interpolation

ABFT

Ll @’y [ 1
ALGORITHM G Hew \
ALGORITHM

e adding redundancy (encoding), consider many nodes \ / 'Im'
e decoding, correcting errors E /
MASTER NODE
ABFT for Evaluation-Interpolation Algorithm / \
1. Evaluate A(x), b(x) in many evaluation points _|:|_ / \ ':I'
_ ~1 [X]
2. Compute y; = A(a) b(aj)

3. Interpolate y(x) from y, ..., y; where some errors occur
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ABFT for PLS solving by Evaluation-Interpolation

ABFT

ALGORITHM G new A
ALGORITHM

e adding redundancy (encoding), consider many nodes \ Jm.
e decoding, correcting errors E /

MASTER NODE
ABFT for Evaluation-Interpolation Algorithm ‘/’/ \\

3. Interpolate y(x) from y, ..., y; where some errors occur

Simultaneous Cauchy Interpolation with Errors
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation with Errors

Given yi, ..., ¥1
B v(a)
B d(a))
V(@) |

* Vi F 1) erroneous evaluations
the degree bounds N > deg(v), D > deg(d)

and an upper bound Tt on the number of errors.

MASTER NODE
GOAL: reconstruct (v(x), d(x)) — y(x) / \
o~ \\ -

* )i correct evaluations

«' Simultaneous Cauchy Interpolation [ D [ ]

Simultaneous Rational Function Reconstruction
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Two Main Questions

1. How many evaluations (nodes) do we need to

uniquely recover (v(x), d(x))?

fewer evaluations ——» fewer computations

2. Can we reduce this number?
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Number of Evaluations - QOutline of this work

_ uniqueness
uniqueness
almost always
(v(x), d(x)) Cauchy Interpolation B} [GUERRINI, LEBRETON, Z., 2020]
v(x)
A(X)% = b(x) [CABAY, 1971] ?
d constant Unique Decoding Capability IRS codes
(D = 0) Theorem (IRS codes) [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
(v(x), d(x))

with errors 'BOYER, KALTOFEN, 2014 | By [GUERRINI, LEBRETON, Z., 2019]

D>0
A(x)@ = b(x) [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] # [GUERRINI, LEBRETON, Z., 2020]
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Number of Evaluations - QOutline of this work

_ uniqueness
uniqueness
almost always
(v(x), d(x)) Cauchy Interpolation B [GUERRINI, LEBRETON, Z., 2020}
v(x)
AX)—— = b(x) [CABAY, 1971] ?
d(x)
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No-error case

Simultaneous Cauchy Interpolation

Given the vectors y¢, ..., ¥;

and the degree bounds N, D

GOAL: find (v{(x), ..., v,(X), d(x)) s.t.

N

()
e Vi) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

}

Simultaneous Rational Function Reconstruction

llaria Zappatore Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory GT GRACE December 1, 2020



No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

v(x) V()

e deg(v) < N
e deg(d) < D

. Vi(aj) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

}

Simultaneous Rational Function Reconstruction
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No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

(o) W(@)
e via) =y, da;) * da) =y, d(a) # 0
e deg(v)) <N e deg(v) < N
e deg(d) < D e deg(d) < D

Simultaneous Rational Function Reconstruction Rational Function Reconstruction

If the number of evaluations L> N+ D — 1

!

Unique solution
. Vl V2
(vi,dy), (vy,d,) solutions —» — = —

dy d
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No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

()
° Vi(aj) = yi,jd(aj) * V(aj) — yjd(aj)
e deg(v)) <N e deg(v) < N
e deg(d) < D e deg(d) < D
' '

Simultaneous Rational Function Reconstruction Rational Function Reconstruction

If the number of evaluations L> N+ D — 1

!

Unique solution
. Vl V2
(vi,dy), (vy,d,) solutions —» — = —

dy d
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No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

b(x)
. Vi(aj) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

. V(aj) = yjd(aj)
e deg(v) < N
e deg(d) < D

1. Apply the Cauchy Interpolation component-wise (L > N + D — | —— uniqueness)
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No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

b(x)
. Vi(aj) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

. V(aj) = yjd(aj)
e deg(v) < N
e deg(d) < D

1. Apply the Cauchy Interpolation component-wise (L > N + D — | —— uniqueness)

2. Use the common denominator feature to reduce the number of equations of the related

homogeneous linear system

~ #equations = #unknowns -1— L =N+ (D — 1)/n

nL nN + D uniqueness ’
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No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

()
e Vi) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

. V(aj) = yjd(aj)
e deg(v) < N
e deg(d) < D

If we want to recover a solution of a PLS:

e with L > max{deg(A) + N,deg(b) + D} — uniqueness [CABAY, 1971]
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No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

()
e Vi) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

. V(aj) = yjd(aj)
e deg(v) < N
e deg(d) < D

If we want to recover a solution of a PLS:

e with L > max{deg(A) + N,deg(b) + D} — uniqueness [CABAY, 1971]

e for specific degree constraints N,D max{deg(A) + N,deg(b) + D} =N+ (D — 1)/n —> uniqueness
[OLESH, STORJOHANN, 2007]
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No-error case

Simultaneous Cauchy Interpolation Cauchy Interpolation

Given the vectors yq, ..., Given the evaluations vy, ...,
Y1 Jr Y1 YL

and the degree bounds N, D S ——— and the degree bounds N, D

GOAL: find (v,(x), ..., v, (x),d(x)) st. | Vector Generalization |Goa| - find (v(x), d(x)) s.t
) same denominator

N

()
e Vi) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

. V(aj) = yjd(aj)
e deg(v) < N
e deg(d) < D

k_

f L=N+ (D — 1)/n, for almost all instances =—> uniqueness.

If K = [Fq, the proportion of instances leading to non-uniqueness is < (D — 1)/g
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Just a hint of the technique...

3
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No-error case

Simultaneous Cauchy Interpolation

Given the vectors y¢, ..., ¥;

and the degree bounds N, D

GOAL: find (v{(x), ..., v,(X), d(x)) s.t.

N

b(x)
. Vi(aj) = yi,jd(aj)
e deg(v)) <N
e deg(d) < D

k_

If L =deg(a) =N+ (D — 1)/n, for almost all instances = uniqueness.

If K = [Fq, the proportion of instances leading to non-uniqueness is < (D — 1)/g
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No-error case

Simultaneous Cauchy Interpolation Simultaneous Rational Function Reconstruction

Given the vectors y,, ..., Given two vector of polynomials u(x), a(x)
Y1 yL

and the degree bounds N, D

and the degree bounds N, D

—

GOAL: find (v{(x), ..., v,(x),d(x)) s.t. Specific case of | GOAL: find (v{(x), ...,V (x),d(x)) s.t.

¥ v(vx) V(vx)
o Vi(X)= e Vi(x) = u(x)d(x) mod a,x)

e deg(d) <D u(x) vector of Lagrange interpolators e deg(d) <D

k_

If L =deg(a) =N+ (D — 1)/n, for almost all instances = uniqueness.

If K = [Fq, the proportion of instances leading to non-uniqueness is < (D — 1)/g
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No-error case

Simultaneous Rational Function Reconstruction

Given two vector of polynomials u(x), a(x) .. 0
: : ' : | =0 mod (@O,...,q,...0
and the degree bounds N, D i g( J )>J —(,d) € ‘Q[Ru
—u M

b(x)

e Vi(x) = u,(x)d(x) mod a,x)
e deg(v)) < N
e deg(d) < D

Ay = {p=(P),....p,(x) | PR, = 0 mod ./}
Relation module

If L =deg(a) =N+ (D — 1)/n, for almost all instances = uniqueness.

If K = [Fq, the proportion of instances leading to non-uniqueness is < (D — 1)/g
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No-error case

Simultaneous Rational Function Reconstruction

0
Given two vector of polynomials u(x), a(x) . ST
and the degree bounds N, D | 1 =0 mod ((0.....4;...0)) «» (v,d) € Q[Ru
GOAL: find (v;(x), ..., v, (x), d(x)) s.t. ”
- ~ - take the max
e v() = u0)d() mod ax) (deg(v)—N, ..., deg(v,)— N, deg(d)—D) = rdeg_y _n_p(v.d) <0
e deg(v) <N <0 <0 <0

e deg(d) < D

If L =deg(a) =N+ (D — 1)/n, for almost all instances = uniqueness.

If K = [Fq, the proportion of instances leading to non-uniqueness is < (D — 1)/g
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No-error case

Simultaneous Rational Function Reconstruction _
How to prove uniqueness?

Given two vector of polynomials wu(x),a(x)| |« Minimal basis Bof o, , for which the s—row degrees are uniquely defined

and the degree bounds N, D (Ordered Weak Popov)

o Solution space generated by elements of 95 the with negative s—row degrees
GOAL: find (v{(x), ..., v,(X), d(x)) s.t. l
V(VX) (=N, ..., — N, — D)-row degrees of &% of the form (0,0,..., — 1)

C rdeg(_N,,,,,_N,_D)(V, d) <0 Solution space uniquely generated = uniqueness

B Theorem [GUERRINI, LEBRETON, Z,2020]
f L =deg(a) =N+ (D —1)/n, for almost all instances, rdeg_y __y_p(%) =(0,...,0, — 1)

If K = [Fq, the proportion of instances leading to non-uniqueness is < (D — 1)/g
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with errors

llaria Zappatore

Number of Evaluations - QOutline of this work

_ uniqueness
uniqueness
almost always
D1y
v(x), d(x —
( ( ) ( )) Cauchy Interpolation E n
A®) v(x) = b(x) L = max{deg(A) + N,deg(b) + D}
d(x) [CABAY, 1971]
d constant Unique Decoding Capability IRS codes
(D = 0) Theorem (IRS codes) IBLEICHENBACHER, KIAYIAS, YUNG, 2003]
(v(x), d(x))
[BOYER, KALTOFEN, 2014 | By [GUERRINI, LEBRETON, Z., 2019]
D >0
A(x)% = b(x) [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] # [GUERRINI, LEBRETON, Z., 2020]
xX) e

Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory

GT GRACE December 1, 2020




Number of Evaluations - QOutline of this work

d constant Unique Decoding Capability IRS codes
(D — O) T heorem (IRS codes) IBLEICHENBACHER, KIAYIAS, YUNG, 2003]

(v(x), d(x))

with errors
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation with Errors

Givenyi, ..., ¥;
B v(a)
- d(a)
v(a) |

* Vi F 1) erroneous evaluations
the degree bounds N > deg(v), D > deg(d)

and an upper bound Tt on the number of errors.

GOAL: reconstruct (v(x), d(x))—sy(x)

* )i correct evaluations
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Simultaneous Interpolation with Errors (D=0)

_ ) ] What happens If the denominator 1s constant?
Simultaneous Interpolation with Errors

Given yi, ..., ¥y GOAL: reconstruct a vector of polynomials given its evaluations,
some of which are erroneous

l

decoding Interleaved Reed-Solomon codes

» y;=v(a) correct evaluations

« y;#v(a;) erroneous evaluations

the degree bounds N > deg(v)

and an upper bound Tt on the number of errors. Algebraic coding theory

GOAL: reconstruct v(x) N W e

k-symbol message Encoding Channel Decoding k-symbol message
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Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

~ ~ ~

(mygs.cosmyp_y) My, oMy q) - (my g, ...,y _q) Encoding

l l l Hy) filay) filay) ... fi(a)
Ji(x)

- L) flay) filag) ... filay)
k—1 | k—1 | B — i fz(x) C _
A=Y mxt f) =) myxt e fil) = 2 m g flx) = : } fla) fle) fila) ... fila,)

Jix) fla) flay) fla) ... fla)

Interleaved Reed-Solomon codeword
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Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

~ ~ ~

(mygs.cosmyp_y) My, oMy q) - (my g, ...,y _q) Encoding

7w By ) Fay -

k—1 k—1 k—1 | _
fix) = Z ml,ixi Hx) = Z mz,ixi e filx) = Z mx' wlp fx) = fz(X) } C=1A
i=0 i=0 i=0 ) : : : e :
i) ) fl@) fla) .. fia,)

Interleaved Reed-Solomon codeword

S flan) filas)

(al &

@ . fi@)
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Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

N

Encoding Channel
filay)  fi(a) f1(053) f1(an) Ji(oy)
Hla) fla) fHlas) ... fa,) o)
C=[fa) A fla) ... f@) fy(a)
M) flay) flag) ... fla,) filay)
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Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

N

Encoding Channel
fila) fila) filay) ... fila) filay)  fi(ap)
Hla) fla) fHlas) ... fa,) Hlay) frlay)

C=|fla) Ala) fla) ... fia,) @) fi@)
fla) floy) flag) ... fla,) flay)  flay)
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Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

N

Encoding Channel

ha) fila) files) ... fi(a,)
hla) hHlay) fles) ... fHla,)
C=|fa) filn) filay) ... fila)

Jlay)  flay)  flag) ... fla,)

burst error
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Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

N

Encoding Channel
fila) filay) filoy) ... fi(a,) .. fila,)
Hlay) Hlay) fHlay) ... fHa,) ... Hla,)
C=|fa) filn) filay) ... fila) ... )
o) fla) flay) ... fla,) .. Jla,)

burst error

llaria Zappatore Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory GT GRACE December 1, 2020



Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Decoding IRS codes

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

Given the received matrix with columnsyy, ..., ¥,
Decoding + y;=f(a) correct evaluations
hap) L h@) | fi(as) ... fila,) . .
£a) | bl | ) ... fla) y; ;éf(aj) erroneous evaluations
Y= |fia) | )| Lilay) ... fila) the degree bound k > deg(f)

f(;c) f(;) f(&) f(&) and an upper bound T on the number of errors.
ap) | Jlaw) | flas) ... fla,

GOAL: reconstruct f(x)
burst error

'
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Interleaved Reed-Solomon codes

Interleaved Reed-Solomon Codes

letk <n < qand{ay,...,a,} distinct evaluation points,

The IRS code is an MDS code
the minimum distance isd=n—k+ 1

Crs(n. k) = {(fla)), ..., fla,) | f € F [x]™, deg(f) < k}

Simultaneous Interpolation with Errors

, Given the received matrix with columnsyq, ..., ¥

Decoding | this I1s exactly our starting point!

n

« y;=f(a) correct evaluations
Simultaneous Interpolation with Errors

. @) " y;#f(a) erroneous evaluations

Hlap | hlan) | fr(as)
Y=|fla) | Ll ]| L) ... fila,) the degree bound k > deg(f)

and an upper bound Tt on the number of errors.

Jlay) | Jhew) | filas) ... flay,)

! GOAL: reconstruct f(x)
burst error

Simultaneous Cauchy Interpolation
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Decoding Interleaved Reed-Solomon codes

Simultaneous Interpolation with Errors “’ Simultaneous Cauchy Interpolation

Given the received matrix with columns yi, ..., ¥ Given the vectors yq, ..., Y

n n

+ y;=fla) correct evaluations and the degree bounds v+ k, 7+ 1

GOAL: find (¢{(x), ..., @/(x), (X)) s.t.

o)
o @) =y, W)

o deg(p) <7t+k

" ¥, #f(a) erroneous evaluations

the degree bound k > deg(f)

and an upper bound Tt on the number of errors.

GOAL: reconstruct f(x)

e deg(y) <7+ 1

!

Simultaneous Rational Function Reconstruction
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Decoding Interleaved Reed-Solomon codes

Simultaneous Interpolation with Errors ‘5{‘ Simultaneous Cauchy Interpolation

Given the received matrix with columnsy, ..., ¥, Given the vectors yq, ..., Y,

+ y;=fla) correct evaluations and the degree bounds v+ k, 7+ 1

GOAL: find (¢{(x), ..., @/(x), (X)) s.t.

the degree bound k > deg(f) . A@@) = . /{‘{2)
ARG = i

and an upper bound Tt on the number of errors. o deg(Af) < T+k

GOAL: reconstruct f(x) e deg(A) <7+1

A(x) = (x — ;)
(AWF), AW)) . errlo_r!eous ’

solution Error Locator Polynomial

" ¥, #f(a) erroneous evaluations

roots = erroneous evaluation points

deg(A) = nb errors
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Decoding Interleaved Reed-Solomon codes

Simultaneous Interpolation with Errors 6{‘ Simultaneous Cauchy Interpolation

Given the received matrix with columnsy, ..., ¥, Given the vectors yq, ..., Y,

+ y;=fla) correct evaluations and the degree bounds v+ k, 7+ 1

GOAL: find (¢{(x), ..., @/(x), (X)) s.t.

the degree bound k > deg(f) . o) =y (aj)qa(x)

and an upper bound Tt on the number of errors. o deg(p) <7+k
l

GOAL: reconstruct f(x) o deg(y) <7+ 1

uNnIqueness
(AX)f(x), A(x))
}

unique decoding

" ¥, #f(a) erroneous evaluations
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Coding Theory Computer Algebra

1. Unique decoding Capability
n—k d-—1

nb errors < = .= T —» unique decoding

2
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Coding Theory Computer Algebra

Y ‘ /°
] C, ,?’/ b
: 2 !
° Y g
o.. ‘ ..o
S G, ”

1. Unique decoding Capability
n—k d-—1

nb errors < = .= T —» unique decoding

2
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Coding Theory Computer Algebra

° T - T
-

° _ -~ °
° _ -~ °
° _ - °
° ‘/ P
< °
° Y °
° ‘ °
3 °

. C )

1. Unique decoding Capability

n—k d-1 | |
nb errors < = 5 .= 79 —» unique decoding
2. [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
uniqueness
I(n—k
nb errors < ( ) =: Tipg —p  for almost all
- l+1

error patterns
The proportion of error patterns leading to non-uniqueness < nb errors/q
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Coding Theory Computer Algebra

° T - T
-

° _ -~ °
< _ - °
° _ - °
° ‘/ P
< °
° Y °
° ‘ °
3 °

. C )

1. Unique decoding Capability

n—k d-—1 | |
nb errors < = 5 .= 79 —» unique decoding
2. [BLEICHENBACHER, KIAYIAS, YUNG, 2003] does not depend on errors, O(1/g)
-1 uniqueness BROWN, MINDER, SHOKROLLAHI, 2004]
n— SCHIMDT, SIDORENKO, BOSSERT, 2009]
—- —p for almost all : ' ' '
nb errors < 111 RS PUCHINGER, ROSENKILDE, 2017]

error patterns %

The proportion of error patterns leading to non-uniqueness < nb errors/q
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Coding Theory Computer Algebra

Simultaneous Cauchy Interpolation

Given the vectors yq, ..., ¥,

and the degree bounds ©+ k, 7+ 1

GOAL: find (¢{(x), ..., ¢/(x), (X)) s.t.

cazx)

o @) =y, W)
e deg(p) <t+k

e deg(y) <7+ 1

1. Uni decoding Capabilit | |
nique decoding Lapabliity 1. Cauchy Interpolation component-wise (RFR)

X < n—k d-—1 = decod Lk
nb errors < = ‘= 7, = unique decodin — .
2 0 : ° n=7+k+7 << nberrors < 5 = Tp = uniqueness
2. [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
uniqueness
[(n—k
nb errors < ( ) =: Tipg —p for almost all
I+

error patterns
The proportion of error patterns leading to non-uniqueness < nb errors/q
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Coding Theory Computer Algebra

Simultaneous Cauchy Interpolation

Given the vectors yq, ..., ¥,

and the degree bounds ©+ k, 7+ 1

GOAL: find (¢{(x), ..., ¢/(x), (X)) s.t.

o)
o @) =y, W)

e deg(p) <t+k

e deg(y) <7+ 1

1. Unique decoding Capability
n—k d-—1

1. Cauchy Interpolation component-wise (RFR)

nb errors < = = Ty = unique decodin n—k .
2 k ‘ : n=1t+k+7 < nberrors < 5 =! 79 = uniqueness
2. [BLEICHENBACHER, KIAYIAS, YUNG, 2003] 5 C q - otor feat
] o uniqueness . ommon denominator feature e —
o L
. T [(n—k
nb errors < ” =0 5% —p  for almost all = - + 7 <= nb errors < (l 1 ) = Tpg —» for almost all
error patterns T error patterns

The proportion of error patterns leading to non-uniqueness < nb errors/q
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Simultaneous Cauchy Interpolation with Errors

é )
Simultaneous Interpolation with Errors

Reconstruct a vector of polynomials
by Its evaluations, some erroneous

I

decoding IRS codes

»*°q Simultaneous Cauchy Interpolation
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Simultaneous Cauchy Interpolation with Errors

a ) é )
Simultaneous Interpolation with Errors Simultaneous Cauchy Interpolation with Errors

Reconstruct a vector of polynomials
by Its evaluations, some erroneous

I

decoding IRS codes

Reconstruct a vector of rational functions
by 1ts evaluations, some erroneous

»*q Simultaneous Cauchy Interpolation
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Number of Evaluations - QOutline of this work

_ uniqueness
uniqueness
almost always
D1y
L=N+D-1 Y L =N (
v(x), d(x | =
(%), d(x) Cauchy Interpolation E n
v(x) L = max{deg(A) + N, deg(b) + D
A02%) _ pio x{deg(4) g(b) + D}
d(x) [CABAY, 1971]
L=N-1+2z¢ T
d constant Unique Decoding Capability L=N-1+ . tT7
(D=0) Theorem (IRS codes) [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
(v(x), d(x))
Tl e [BOYER, KALTOFEN, 2014 ] % [GUERRINI, LEBRETON, Z., 2019]
D>0
A(x)@ = b(x) [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] 2 [GUERRINI, LEBRETON, Z., 2020]
o ow | RIETER PEER L S IRRERARE R A
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Number of Evaluations - QOutline of this work

(v(x), d(x))

A
e oy [BOYER, KALTOFEN, 2014 ] E [GUERRINI, LEBRETON, Z., 2019]

D >0

A @ — b [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] =) [GUERRINI, LEBRETON, Z., 2020]
(x) x (x) £
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation with Errors

Given yi, ..., ¥1
B v(a)
B d(a))
V(@) |

* Vi F 1) erroneous evaluations
the degree bounds N > deg(v), D > deg(d)

and an upper bound Tt on the number of errors.

MASTER NODE
GOAL: reconstruct (v(x), d(x)) — y(x) / \
o~ \\ -

* )i correct evaluations

«' Simultaneous Cauchy Interpolation [ D [ ]

Simultaneous Rational Function Reconstruction
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation with Errors “ Simultaneous Cauchy Interpolation

Given y,, ...y, Given the vectors yq, ..., ¥r

B v(a)
 d(a))
v(a) |

* Vi F 1) erroneous evaluations
the degree bounds N > deg(v), D > deg(d)

and an upper bound Tt on the number of errors.

GOAL: reconstruct (v(x), d(x))—y(x)

(A (x), Ax)d(x))

and the degree bounds N + 7, D + 7

* )i correct evaluations

GOAL: find (¢{(x), ..., @, (X), y(x)) s.t.
| o) J

e ¢ia) =Yy; ()

e deg(p) < N+7

e deg(y) <D+ 7

A= |l @-o

a; Erroneous

Error Locator Polynomial

solution | |
roots = erroneous evaluation points

deg(A) = nb errors
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation with Errors “ Simultaneous Cauchy Interpolation

Given y,, ...y, Given the vectors yq, ..., ¥r

B v(a)
 d(a))
v(a) |

* Vi F 1) erroneous evaluations
the degree bounds N > deg(v), D > deg(d)

and an upper bound Tt on the number of errors.

GOAL: reconstruct (v(x), d(x))—y(x)

(A (x), Ax)d(x))

and the degree bounds N + 7, D + 7

* )i correct evaluations

GOAL: find (¢{(x), ..., @, (X), y(x)) s.t.
‘ o) J

. A(aj)vi(aj) — yi,jA(aj)

e deg(Av) <N+~

e deg(Ad) <D+~

A= |l @-o

a; Erroneous

Error Locator Polynomial

solution | |
roots = erroneous evaluation points

deg(A) = nb errors
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation with Errors “ Simultaneous Cauchy Interpolation

Given y,, ...y, Given the vectors yq, ..., Y1

B v(a)
 d(a))
v(a) |

* Vi F 1) erroneous evaluations
the degree bounds N > deg(v), D > deg(d)

and an upper bound Tt on the number of errors.

GOAL: reconstruct (v(x), d(x))—y(x)

and the degree bounds N + 7, D + 7

* )i correct evaluations

GOAL: find (¢{(x), ..., @, (X), y(x)) s.t.
‘ qaZx) J

e ¢ia) =Yy; ()

e deg(p) < N+7

e deg(y) <D +7

!

uNniqueness

(A (x), Ax)d(x))
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation 1. Cauchy Interpolation component-wise

L=N+D+ 27t— 1 —» uniqueness

Given the vectors yy, ...,y [BOYER, KALTOFEN, 2014 ]

and the degree bounds N + v, D + ©

2. If we want to recover a solution of a PLS

L = max{deg(A) + N,deg(b) + D} + 2t —» uniqueness
[CABAY, 1971] —— [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017]

GOAL: find (¢{(x), ..., @,(X), (X)) s.t.

e
e pla) =y; W)

e deg(p) <N+7

uniqueness

—>
for almost all error patterns

/ L = max{deg(A) + N, deg(b) + D} + [i] + T — uniqueness

n
for almost all error patterns

e deg(y) <D +1

generalizing and re-elaborating the
result of [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
for IRS codes

The proportion of error patterns leading to non-uniqueness < (D + 1)/q
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Number of Evaluations - QOutline of this work

_ uniqueness
unigueness
almost always
D—1)
L=N+D-1 Y L =N (
v(x), d(x
(v(x), d(x)) Cauchy Interpolation E n
V(X L = deg(A) + N, deg(b) + D
AGO) ( ):b(x) max{deg(A) + N, deg(b) + D}
d(x) [CABAY, 1971]
L=N-1+21 T
d constant Unique Decoding Capability L=N-1+ . tT7
(D=0) Theorem (IRS codes) [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
(v(x), d(x)) o
L=N+D-1+21 ‘L_N D 1 ¢ |
: = — T
with errors [BOYER, KALTOFEN, 2014 | = T T n
D>0
A%~ oy L = max{deg(d) + N,degb) + D} + 27 | @/ _ Lo ddes(A) + N, deg(b) + D} + [1] +1
d(x) [IKALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] n
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Number of Evaluations - QOutline of this work

(v(x), d(x)) o
: L=N+D-1+21 Y L= N+D—1 Tl
with errors [BOYER, KALTOFEN, 2014 ] = + + i
D >0
A%~ oy L = max{deg(d) + N,degb) + D} + 27 | @/ _ Lo ddes(A) + N, deg(b) + D} + [1] +1
d(x) IKALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] | -
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Early Termination

L = min{LBK, LKPS} Lnew — mln{LGLZl9’ LGLZ2O}

T

OLBK=N+D+2T—1, > o LGLZ19:N+D_1+T+[_ v

o Lypgy = max{deg(A)+ N,deg(b)+ D} + 21

n

L1700 = max{deg(A) + N,deg(b) + D} + 7 + [1]
n

All these bounds depend on o D 3 deg(d)
e T >|nb errors | E|

we don't know these quantities

If N,D, 7 are too big compared to deg(v), deg(d), |E|=——» L, L, too big compared to the number we really need

EARLY TERMINATION TECHNIQUE [KALTOFEN, PERNET, STORJOHANN, WADDELL, 2017]

GOAL: decrease the number of evaluation points without knowing the real degrees
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Early termination strategy

< which depends on
f \ deg(v), deg(d), nb errors

deg(v) - ™

deg(d) —_— uniqueness
nb errors (Ax)v(x), A(x)d(x))

C y \_ /

Simultaneous Cauchy Interpolation
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Early termination strategy

Simultaneous Cauchy Interpolation

~

f \ < which depends on uniqueness \
v, 9, ¢ (AXV(x), AX)d(x))
v \_ Y,
9
v,d, & too small
\_ Y,
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Early termination strategy

Simultaneous Cauchy Interpolation

f \ < which depends on uniqueness
v, 9, ¢ (AXV(x), AX)d(x))

Jw » T

v,d, & too small

N N

\_

A\

construct an early algorithm which iteratively increments v, 8, &
until a solution i1s found
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e Early termination strategy

Simultaneous Cauchy Interpolation

a R

f \ L yew < < which depends on uniqueness for almost all error patterns
v, 4,6 (A (x), Ax)d(x))

/\ W,
“~ N

Jw » T

~

v,d, ¢ too small

~

J
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with errors

llaria Zappatore

Number of Evaluations - Qutline

of this work

_ uniqueness
uniqueness
almost always
‘D-1)
v(x),d +
(v(x), d(x)) Cauchy Interpolation E n
| 489 [ = deg(A N,deg(b D
AGO) (x) — b0 max{deg(A) + N, deg(b) + D}
d(x) [CABAY, 1971]
L=N-1+4+21 T
d constant Unique Decoding Capability L=N-1+ a2l t
(D =0) Theorem (IRS codes) [BLEICHENBACHER, KIAYIAS, YUNG, 2003
(v(x), d(x)) -
_ . . T
L=N+D-1+2z B L=N+D—1+|—|+1
[BOYER, KALTOFEN, 2014 | n
D>0
v(x) L = max{deg(A) + N,deg(b) + D} +27 | = , _ z
A(X)E =b(x) [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017] | “— L = max{deg(4) + N, deg(b) + D} + [n] T

2 Early termination technique

Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory

GT GRACE December 1, 2020
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Perspectives

Improving previous results

e On the uniqueness of the simultaneous rational function reconstruction
e Failure probability of Simultaneous Cauchy Interpolation with Errors

Extending previous results

e Rational Function Codes
e Early termination techniques for decoding error correcting codes
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Perspectives

Improving previous results

e On the uniqueness of the simultaneous rational function reconstruction
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On the uniqueness of SRFR

Simultaneous Rational Function Reconstruction

Vi (X)
d(x)

Given two vector of polynomials u(x), a(x)

and the degree bounds N, D

= u(x) mod a(x), gcd(a,,d) = 1

GOAL: find (v{(x), ..., v,(X), d(x)) s.t.

N

b(x)

e Vi(x) = u,(x)d(x) mod a,x)

e deg(v)) <N
e deg(d) < D

If L =deg(a) =N+ (D — 1)/n, for almost all instances = uniqueness.

If K = [Fq, the proportion of instances leading to non-uniqueness is < (D — 1)/g
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Number of Evaluations - QOutline of this work

uniqueness uniqueness
) almost always
@ L=N+D-1 - "D-1)
d(x) Cauchy Interpolation n
v(x _ o
A(X)Q = b(x) L = max{deg(A) + N, deg(b) + D} N
d(x) [CABAY, 1971] .
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Simultaneous Cauchy Interpolation with Errors

Simultaneous CaUChy Interpolatlon 1. Cauchy Interpolation component-wise (RFR)

L=N+D+ 27— 1 —» uniqueness

Given the vectors yy, ...,y [BOYER, KALTOFEN, 2014 ]

and the degree bounds N + 7, D + 7

2. If we want to recover a solution of a PLS

L = max{deg(A) + N, deg(b) +D} 4+ 271 —» uniqueness
[CABAY, 1971] —— [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2014]

GOAL: find (¢{(x), ..., @ (x), w(x)) s.t.

- con)
¢ (pi(aj) _ yi,jl//(aj) Common denominator constraint
o deg(p) <N+1

uniqueness

for almost all error patterns

e deg(y) <D+ 1

for almost all v/d ?

|

UNIquUeENESS

(A (x), Ax)d(x))
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Perspectives

Improving previous results

e On the uniqueness of the simultaneous rational function reconstruction
e Failure probability of Simultaneous Cauchy Interpolation with Errors

llaria Zappatore Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory GT GRACE December 1, 2020



with errors

llaria Zappatore

Number of Evaluations - QOutline of this work

(v(x), d(x))

y(x) — ()
X

A5

D >0

L=N+D-1+21
[BOYER, KALTOFEN, 2014]

B L=N+D-1+|—

L = max{deg(A) + N,deg(b) + D} + 21
[KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017]

. L = max{deg(A) + N, deg(b) + D} + [1

n

[+

Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory

GT GRACE December 1, 2020




Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation 1. Cauchy Interpolation component-wise

L=N+D+ 27— 1 —» uniqueness
[BOYER, KALTOFEN, 2014 ]

Given the vectors yq, ..., ¥;

and the degree bounds N + 7, D + 7

2. If we want to recover a solution of a PLS

L = max{deg(A) + N, deg(b) +D} 4+ 271 —» uniqueness
[CABAY, 1971] —— [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017]

GOAL: find (¢{(x), ..., @, (X), (X)) s.t.

o)
o pfa) =y; ()

e deg(p) < N+71

uniqueness

e deg(y) <D+ 1

for almost all error patterns

/ = If we want to recover a solution of a PLS

beored

generalizing and re-elaborating the
result of [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
for IRS codes

T .
L = max{deg(A) + N,deg(b) + D} + [—] + 7 —p uniqueness
" for almost all error patterns

he proportion of error patterns leading to non-uniqueness < (D + 7)/g
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Simultaneous Cauchy Interpolation with Errors

Simultaneous Cauchy Interpolation .

Cauchy Interpolation component-wise

L=N+D+ 27— 1 —» uniqueness

Given the vectors yy, ..., ¥y [BOYER, KALTOFEN, 2014 |

and the degree bounds N + 7, D + 7

2. If we want to recover a solution of a PLS

L = max{deg(A) + N, deg(b) +D} 4+ 271 —» uniqueness
[CABAY, 1971] —— [KALTOFEN, PERNET, STORJOHANN, WADDEL, 2017]

GOAL: find (¢{(x), ..., @, (X), (X)) s.t.

o)
o pfa) =y; ()

e deg(p) < N+71

e [TW _ uniqueness\

e deg(y) <D+ 1

atterns

can we improve this bound?
prove that 1t does not depend on errors
as IRS?

[BROWN, MINDER, SHOKROLLAHI, 2004]

[SCHMIDT, SIDORENKO, BOSSERT, 2009]
[PUCHINGER, ROSENKILDE, 2017]

ey

2 If we want t

generalizing and re-elaborating the
result of [BLEICHENBACHER, KIAYIAS, YUNG, 2003]
for IRS codes

L = max{de ness

2rror patterns

he proportion of error patterns leading to non-uniqueness < (D + 7)/g
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Conclusions & Open Problems

Improving previous results

e On the uniqueness of the simultaneous rational function reconstruction
e Failure probability of Simultaneous Cauchy Interpolation with Errors

Extending previous results

e Rational Function Codes
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Simultaneous Cauchy Interpolation with Errors

s

Simultaneous Interpolation with Errors

Reconstruct a vector of polynomials
by Its evaluations, some erroneous

I

decoding IRS codes

~

llaria Zappatore

~

Simultaneous Cauchy Interpolation with Errors

Reconstruct a vector of rational functions
by 1ts evaluations, some erroneous

)

decoding specific

Interleaved Rational Function codes
[PERNET, 2017]

Simultaneous Cauchy Interpolation

Simultaneous Rational Function Reconstruction and applications to Algebraic Coding Theory GT GRACE December 1, 2020




Conclusions & Open Problems

Rational Function Code [PERNET, 2017] generalization of Rle_ed—Solomon codes,
non lnear

Let N,D < L < g and {ay, ..., } distinct evaluation points,

Crr(n, k) .= (v(al) V(@) ) \1 € [F (x),deg(v) < N,deg(d) < D,d(a;) # 0
e da)’ da)) d T | -

the minimum distance > L — (N+ D + 2)

Interleaved Rational Function Code [PERNET, 2017]

Let N,D < L < g and {ay,...,a; } distinct evaluation points,

B (. k) = (V(al) V(“L))\i e F (x)™!, deg(v) < N, deg(d) < D.d{(a;) # 0
e da)’ Td))d T | -
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Perspectives

Improving previous results

e On the uniqueness of the simultaneous rational function reconstruction
e Failure probability of Simultaneous Cauchy Interpolation with Errors

Extending previous results

e Rational Function Codes =—» determine parameters and other applications

e Early termination techniques for decoding error correcting codes
[KHONJI, PERNET, ROCH, ROCHE, STALINSKI, 2010]
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Thank you
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