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Discrete Models in Biology

Our research focuses on understanding the foundation of
modeling paradigms.

In the thesis, we focus on assessing the rigorousness of
logical models, such as Boolean Networks.

Signalling pathways in breast cancer cells (Chifman et al.
2017),
Cell division process in mammalian (Faure et al. 2006).

To do so, we invoke Abstract Interpretation.

A framework successful in approximating mathematical
structures at varying levels of granularity (see P. Cousot
and R. Cousot 1977).
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Related works

Two major lines of work

Logical models: interval sampling the quantities of
chemical components

Choices of updating strategies (synchronous,
asynchronous, parallel, etc) (Paulevé and Sené 2022)
Yet, intermediate transitions may also be
considered (Chatain, Haar, and Paulevé 2018)

Synthesis of discrete transition systems from reaction
network dynamics

Either by piecewise affine systems (Dejong et al. 2004)
Sound abstractions on reaction dynamics (Fages and
Soliman 2008)
Can be made more precise by exploiting properties of the
concrete semantics (Abou-Jaoudé, Thieffry, and
Jérôme Feret 2016)
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Today’s discussion

1 formally reason on behaviors from (stochastic) reaction
networks;

2 abstracting such behaviors by intervals (P. Cousot and
R. Cousot 1977);

3 re-introduce probabilities between abstract transitions;

4 evaluate tendencies between refined abstract transitions.

Formally evaluate time-scale separation hypotheses
by Faure et al. 2006
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Case Study I: the birth and death model
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A logical BD model

The BD process is modeled by a reaction couple:

r1 : ∅ kA−→ A r2 : A
kA′−−→ ∅

Following the focal point principle of Réné Thomas (Thomas
1973), we obtain

A

Directed graph Logical function Transition system

fxv =

8
>><
>>:

{0, 1, 2} ! {0, 1, 2}

xv 7!

8
<
:

xv � 1 if xv > 1
xv + 1 if xv < 1

1 otherwise.
<latexit sha1_base64="Q0pey7bS2ObmWN+K75EYer+9ERQ="></latexit>

xA(t) ! xA(t + 1)
0 ! 1
1 ! 1
2 ! 1

<latexit sha1_base64="Eb+C/0bTIn8mYX9WcI+I/t9EWik="></latexit>
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A formal BD model

Consider the same reaction network:

r1 : ∅ kA−→ A r2 : A
kA′−−→ ∅.

The BD probability functions, µr , are derived as an instance of
a Discrete-time Markov Chain (DTMC):

µr1(q) = kA
kA+q(A)·kA′

and µr2(q) =
q(A)·kA′

kA+q(A)·kA′

such that q is a one-dimensional vector containing the value of
the species A.
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Intuition for coarse-graining the BD dynamics

Concrete transition system

Non-deterministic abstraction with non-overlapping intervals

Concrete transition system

∅
8 ⋅ kA′ 

kA+8 ⋅ kA′ 

7 ⋅ kA′ 

kA+7 ⋅ kA′ 

6 ⋅ kA′ 

kA+6 ⋅ kA′ 

5 ⋅ kA′ 

kA+5 ⋅ kA′ 

4 ⋅ kA′ 

kA+4 ⋅ kA′ 

3 ⋅ kA′ 

kA+3 ⋅ kA′ 

2 ⋅ kA′ 

kA+2 ⋅ kA′ 

kA′ 

kA + kA′ 

1A 2A 3A 4A 5A 6A 7A . . .
kA

kA + kA′ 

kA

kA+2 ⋅ kA′ 

kA

kA+3 ⋅ kA′ 

kA

kA+4 ⋅ kA′ 

kA

kA+5 ⋅ kA′ 

kA

kA+6 ⋅ kA′ 

kA

kA+7 ⋅ kA′ 

1
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Coarse-graining BD dynamics with non-overlapping
intervals
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<latexit sha1_base64="/Gw+2FZk2pclqJRFRNGecqL1DBw=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3YwWwYWUpCq6bHXjsoK9QBrKZDpph04uzEyEGvokblwo4tZHcefbOGmz0NYfBj7+cw7nzO/FnEllWd9GYWV1bX2juFna2t7ZLZt7+20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8ca3Wb3zSIVkUfigJjF1AzwMmc8IVtrqm2Wnd+RcNs6QbTUy7JsVq2rNhJbBzqECuZp986s3iEgS0FARjqV0bCtWboqFYoTTaamXSBpjMsZD6mgMcUClm84On6IT7QyQHwn9QoVm7u+JFAdSTgJPdwZYjeRiLTP/qzmJ8q/dlIVxomhI5ov8hCMVoSwFNGCCEsUnGjARTN+KyAgLTJTOqqRDsBe/vAztWtU+r9buLyr1mzyOIhzCMZyCDVdQhztoQgsIJPAMr/BmPBkvxrvxMW8tGPnMAfyR8fkDh+SRDw==</latexit>

[[5A, 10A[[
<latexit sha1_base64="/Gw+2FZk2pclqJRFRNGecqL1DBw=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3YwWwYWUpCq6bHXjsoK9QBrKZDpph04uzEyEGvokblwo4tZHcefbOGmz0NYfBj7+cw7nzO/FnEllWd9GYWV1bX2juFna2t7ZLZt7+20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8ca3Wb3zSIVkUfigJjF1AzwMmc8IVtrqm2Wnd+RcNs6QbTUy7JsVq2rNhJbBzqECuZp986s3iEgS0FARjqV0bCtWboqFYoTTaamXSBpjMsZD6mgMcUClm84On6IT7QyQHwn9QoVm7u+JFAdSTgJPdwZYjeRiLTP/qzmJ8q/dlIVxomhI5ov8hCMVoSwFNGCCEsUnGjARTN+KyAgLTJTOqqRDsBe/vAztWtU+r9buLyr1mzyOIhzCMZyCDVdQhztoQgsIJPAMr/BmPBkvxrvxMW8tGPnMAfyR8fkDh+SRDw==</latexit>

[[10A, 15A[[
<latexit sha1_base64="YCh2149Izrd+I0UWtbpnOVKTXTI=">AAAB+XicbZC7TsMwFIZPuJZyCzCyGCokBlQlBQRjCwtjkehFSqPKcd3WquNEtlOpivomLAwgxMqbsPE2OG0GaDmSpU//f459/AcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7zG+NqVQsEk96ElM/xAPB+oxgbaSubXudE891ahfIva5l3LVLTtmZFVoGN4cS5FXv2l+dXkSSkApNOFbK3BZrP8VSM8LptNhJFI0xGeEB9QwKHFLlp7PNp+jMKD3Uj6Q5QqOZ+nsixaFSkzAwnSHWQ7XoZeJ/npfo/q2fMhEnmgoyf6ifcKQjlMWAekxSovnEACaSmV0RGWKJiTZhFU0I7uKXl6FZKbuX5crjVal6l8dRgGM4hXNw4Qaq8AB1aACBMTzDK7xZqfVivVsf89YVK585gj9lff4A+nyRSg==</latexit>

[[10A, 15A[[
<latexit sha1_base64="YCh2149Izrd+I0UWtbpnOVKTXTI=">AAAB+XicbZC7TsMwFIZPuJZyCzCyGCokBlQlBQRjCwtjkehFSqPKcd3WquNEtlOpivomLAwgxMqbsPE2OG0GaDmSpU//f459/AcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7zG+NqVQsEk96ElM/xAPB+oxgbaSubXudE891ahfIva5l3LVLTtmZFVoGN4cS5FXv2l+dXkSSkApNOFbK3BZrP8VSM8LptNhJFI0xGeEB9QwKHFLlp7PNp+jMKD3Uj6Q5QqOZ+nsixaFSkzAwnSHWQ7XoZeJ/npfo/q2fMhEnmgoyf6ifcKQjlMWAekxSovnEACaSmV0RGWKJiTZhFU0I7uKXl6FZKbuX5crjVal6l8dRgGM4hXNw4Qaq8AB1aACBMTzDK7xZqfVivVsf89YVK585gj9lff4A+nyRSg==</latexit>

[[15A, 20A[[
<latexit sha1_base64="PWEwGnU5ltqOu3dP1oTlwriE0GU=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1oEF1KSquiy1Y3LCvYCaSiT6bQdOpmEmUmhhL6JGxeKuPVN3Pk2TtostPWHgY//nMM58wcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7rN4aU6lYJJ70JKZ+iAeC9RnB2lhd2/Y6J557XbtAFaeWcdcuOWVnJrQMbg4lyFXv2l+dXkSSkApNOFbKc51Y+ymWmhFOp8VOomiMyQgPqGdQ4JAqP51dPkVnxumhfiTNExrN3N8TKQ6VmoSB6QyxHqrFWmb+V/MS3b/1UybiRFNB5ov6CUc6QlkMqMckJZpPDGAimbkVkSGWmGgTVtGE4C5+eRmalbJ7Wa48XpWqd3kcBTiGUzgHF26gCg9QhwYQGMMzvMKblVov1rv1MW9dsfKZI/gj6/MH/B+RSw==</latexit>

[[15A, 20A[[
<latexit sha1_base64="PWEwGnU5ltqOu3dP1oTlwriE0GU=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1oEF1KSquiy1Y3LCvYCaSiT6bQdOpmEmUmhhL6JGxeKuPVN3Pk2TtostPWHgY//nMM58wcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7rN4aU6lYJJ70JKZ+iAeC9RnB2lhd2/Y6J557XbtAFaeWcdcuOWVnJrQMbg4lyFXv2l+dXkSSkApNOFbKc51Y+ymWmhFOp8VOomiMyQgPqGdQ4JAqP51dPkVnxumhfiTNExrN3N8TKQ6VmoSB6QyxHqrFWmb+V/MS3b/1UybiRFNB5ov6CUc6QlkMqMckJZpPDGAimbkVkSGWmGgTVtGE4C5+eRmalbJ7Wa48XpWqd3kcBTiGUzgHF26gCg9QhwYQGMMzvMKblVov1rv1MW9dsfKZI/gj6/MH/B+RSw==</latexit>

[[20A, +1[[
<latexit sha1_base64="D72Xvg/3PjycKyYTV95Fs01zvcc=">AAACDHicbVBPS8MwHE3nvzn/TT16iQ5BUEY7BT1OvXic4P5AW0aapltYmpYkFUrpB/DiV/HiQRGvfgBvfhvTbgedPgg83nu//JLnxYxKZZpfRmVhcWl5pbpaW1vf2Nyqb+/0ZJQITLo4YpEYeEgSRjnpKqoYGcSCoNBjpO9Nrgu/f0+EpBG/U2lM3BCNOA0oRkpLw3rDdvbtlnl5AjOnvC0TxM+zY4fyQKV5Xtg6ZTbNEvAvsWakAWboDOufjh/hJCRcYYaktC0zVm6GhKKYkbzmJJLECE/QiNiachQS6Wbl+hweasWHQST04QqW6s+JDIVSpqGnkyFSYznvFeJ/np2o4MLNKI8TRTieLgoSBlUEi2agTwXBiqWaICyofivEYyQQVrq/mi7Bmv/yX9JrNa3TZuv2rNG+mtVRBXvgABwBC5yDNrgBHdAFGDyAJ/ACXo1H49l4M96n0Yoxm9kFv2B8fAOJ1pqx</latexit>

[[20A, +1[[
<latexit sha1_base64="D72Xvg/3PjycKyYTV95Fs01zvcc=">AAACDHicbVBPS8MwHE3nvzn/TT16iQ5BUEY7BT1OvXic4P5AW0aapltYmpYkFUrpB/DiV/HiQRGvfgBvfhvTbgedPgg83nu//JLnxYxKZZpfRmVhcWl5pbpaW1vf2Nyqb+/0ZJQITLo4YpEYeEgSRjnpKqoYGcSCoNBjpO9Nrgu/f0+EpBG/U2lM3BCNOA0oRkpLw3rDdvbtlnl5AjOnvC0TxM+zY4fyQKV5Xtg6ZTbNEvAvsWakAWboDOufjh/hJCRcYYaktC0zVm6GhKKYkbzmJJLECE/QiNiachQS6Wbl+hweasWHQST04QqW6s+JDIVSpqGnkyFSYznvFeJ/np2o4MLNKI8TRTieLgoSBlUEi2agTwXBiqWaICyofivEYyQQVrq/mi7Bmv/yX9JrNa3TZuv2rNG+mtVRBXvgABwBC5yDNrgBHdAFGDyAJ/ACXo1H49l4M96n0Yoxm9kFv2B8fAOJ1pqx</latexit>

Non-deterministic abstraction
<latexit sha1_base64="f2j2LLf7XNnOwwC//JgL3kCkkE4=">AAACDXicbVC7SgNBFJ31GeMrammzGAUbw24UtAzaWEkE84BkCbOTm2TI7Owyc1cMS37Axl+xsVDE1t7Ov3E22UITDwwczjl3Lvf4keAaHefbWlhcWl5Zza3l1zc2t7YLO7t1HcaKQY2FIlRNn2oQXEINOQpoRgpo4Ato+MOr1G/cg9I8lHc4isALaF/yHmcUjdQpHLYRHjC5CeVJFxBUwKVZyplNfY2KsjQ17hSKTsmZwJ4nbkaKJEO1U/hqd0MWByCRCap1y3Ui9BKqzM8Cxvl2rCGibEj70DJU0gC0l0yuGdtHRunavVCZJ9GeqL8nEhpoPQp8kwwoDvSsl4r/ea0YexdewmUUI0g2XdSLhY2hnVZjd7kChmJkCGWKpy2wAU1LMAXmTQnu7MnzpF4uuael8u1ZsXKZ1ZEj++SAHBOXnJMKuSZVUiOMPJJn8krerCfrxXq3PqbRBSub2SN/YH3+AOQ/nLY=</latexit>

Logical model
<latexit sha1_base64="GvFG85ozfTZDDEObI9881CAU4eo=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iJgh6DXjx4iGAWSELo6VSSJj3TQ3eNGIfgr3jxoIhX/8Obf2NnOWjig4LHe1VU1QtiKQx63reTWVpeWV3Lruc2Nre2d9zdvapRieZQ4UoqXQ+YASkiqKBACfVYAwsDCbVgcDX2a/egjVDRHQ5jaIWsF4mu4Ayt1HYPmggPmN6onpUkDVUH5Kjt5r2CNwFdJP6M5MkM5bb71ewonoQQIZfMmIbvxdhKmUbBJYxyzcRAzPiA9aBhacRCMK10cv2IHlulQ7tK24qQTtTfEykLjRmGge0MGfbNvDcW//MaCXYvWqmI4gQh4tNF3URSVHQcBe0IDRzl0BLGtbC3Ut5nmnG0geVsCP78y4ukWiz4p4Xi7Vm+dDmLI0sOyRE5IT45JyVyTcqkQjh5JM/klbw5T86L8+58TFszzmxmn/yB8/kD3XKVfA==</latexit>
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Refining a coarse-grained BD model with
probabilities

Q be the set of states.
G ∈ ℘(℘(Q))
g ∈ G

For example, for the BD model,
[A 7→ 13].
{{q | q(A) ≥ 15}, {q | q(A) ≤ 9}}.
{q | q(A) ≥ 15}.

Proposition

The probabilities PGg (q) for every state q ∈ Q are related by
the following three conditions:

1 PGg (q) = 1 whenever q ∈ g ;

2 PGg (q) = 0 whenever q ∈ ⋃G \ g ;

3 PGg (q) =
∑

q
ri−→q′

µri (q) · PGg (q′) whenever q 6∈ ⋃G.

Note: probabilities could also be computed by PRISM (Kwiatkowska
2015).
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Coarse-grained BD dynamics refined with
probabilities

[[0A, 5A[[
<latexit sha1_base64="5JOeNWc4z551HRcb1zqHYdoRT8w=">AAAB9XicbZC7TsMwFIZPyq2UW4GRxVAhMaAqKSAYW1gYi0QvUhoqx3Vaq44T2Q6oivoeLAwgxMq7sPE2OG0HaPklS5/+c47O8e/HnClt299Wbml5ZXUtv17Y2Nza3inu7jVVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Q9vsnrrkUrFInGvRzH1QtwXLGAEa2M9uJ1D166dootaRt1iyS7bE6FFcGZQgpnq3eJXpxeRJKRCE46Vch071l6KpWaE03GhkygaYzLEfeoaFDikyksnV4/RsXF6KIikeUKjift7IsWhUqPQN50h1gM1X8vM/2puooMrL2UiTjQVZLooSDjSEcoiQD0mKdF8ZAATycytiAywxESboAomBGf+y4vQrJSds3Ll7rxUvZ7FkYcDOIITcOASqnALdWgAAQnP8Apv1pP1Yr1bH9PWnDWb2Yc/sj5/AJ2vkKM=</latexit>

[[5A, 10A[[
<latexit sha1_base64="/Gw+2FZk2pclqJRFRNGecqL1DBw=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3YwWwYWUpCq6bHXjsoK9QBrKZDpph04uzEyEGvokblwo4tZHcefbOGmz0NYfBj7+cw7nzO/FnEllWd9GYWV1bX2juFna2t7ZLZt7+20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8ca3Wb3zSIVkUfigJjF1AzwMmc8IVtrqm2Wnd+RcNs6QbTUy7JsVq2rNhJbBzqECuZp986s3iEgS0FARjqV0bCtWboqFYoTTaamXSBpjMsZD6mgMcUClm84On6IT7QyQHwn9QoVm7u+JFAdSTgJPdwZYjeRiLTP/qzmJ8q/dlIVxomhI5ov8hCMVoSwFNGCCEsUnGjARTN+KyAgLTJTOqqRDsBe/vAztWtU+r9buLyr1mzyOIhzCMZyCDVdQhztoQgsIJPAMr/BmPBkvxrvxMW8tGPnMAfyR8fkDh+SRDw==</latexit>

[[10A, 15A[[
<latexit sha1_base64="YCh2149Izrd+I0UWtbpnOVKTXTI=">AAAB+XicbZC7TsMwFIZPuJZyCzCyGCokBlQlBQRjCwtjkehFSqPKcd3WquNEtlOpivomLAwgxMqbsPE2OG0GaDmSpU//f459/AcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7zG+NqVQsEk96ElM/xAPB+oxgbaSubXudE891ahfIva5l3LVLTtmZFVoGN4cS5FXv2l+dXkSSkApNOFbK3BZrP8VSM8LptNhJFI0xGeEB9QwKHFLlp7PNp+jMKD3Uj6Q5QqOZ+nsixaFSkzAwnSHWQ7XoZeJ/npfo/q2fMhEnmgoyf6ifcKQjlMWAekxSovnEACaSmV0RGWKJiTZhFU0I7uKXl6FZKbuX5crjVal6l8dRgGM4hXNw4Qaq8AB1aACBMTzDK7xZqfVivVsf89YVK585gj9lff4A+nyRSg==</latexit>

[[15A, 20A[[
<latexit sha1_base64="PWEwGnU5ltqOu3dP1oTlwriE0GU=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1oEF1KSquiy1Y3LCvYCaSiT6bQdOpmEmUmhhL6JGxeKuPVN3Pk2TtostPWHgY//nMM58wcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7rN4aU6lYJJ70JKZ+iAeC9RnB2lhd2/Y6J557XbtAFaeWcdcuOWVnJrQMbg4lyFXv2l+dXkSSkApNOFbKc51Y+ymWmhFOp8VOomiMyQgPqGdQ4JAqP51dPkVnxumhfiTNExrN3N8TKQ6VmoSB6QyxHqrFWmb+V/MS3b/1UybiRFNB5ov6CUc6QlkMqMckJZpPDGAimbkVkSGWmGgTVtGE4C5+eRmalbJ7Wa48XpWqd3kcBTiGUzgHF26gCg9QhwYQGMMzvMKblVov1rv1MW9dsfKZI/gj6/MH/B+RSw==</latexit>

[[20A, +1[[
<latexit sha1_base64="D72Xvg/3PjycKyYTV95Fs01zvcc=">AAACDHicbVBPS8MwHE3nvzn/TT16iQ5BUEY7BT1OvXic4P5AW0aapltYmpYkFUrpB/DiV/HiQRGvfgBvfhvTbgedPgg83nu//JLnxYxKZZpfRmVhcWl5pbpaW1vf2Nyqb+/0ZJQITLo4YpEYeEgSRjnpKqoYGcSCoNBjpO9Nrgu/f0+EpBG/U2lM3BCNOA0oRkpLw3rDdvbtlnl5AjOnvC0TxM+zY4fyQKV5Xtg6ZTbNEvAvsWakAWboDOufjh/hJCRcYYaktC0zVm6GhKKYkbzmJJLECE/QiNiachQS6Wbl+hweasWHQST04QqW6s+JDIVSpqGnkyFSYznvFeJ/np2o4MLNKI8TRTieLgoSBlUEi2agTwXBiqWaICyofivEYyQQVrq/mi7Bmv/yX9JrNa3TZuv2rNG+mtVRBXvgABwBC5yDNrgBHdAFGDyAJ/ACXo1H49l4M96n0Yoxm9kFv2B8fAOJ1pqx</latexit>

[[0A, 5A[[
<latexit sha1_base64="5JOeNWc4z551HRcb1zqHYdoRT8w=">AAAB9XicbZC7TsMwFIZPyq2UW4GRxVAhMaAqKSAYW1gYi0QvUhoqx3Vaq44T2Q6oivoeLAwgxMq7sPE2OG0HaPklS5/+c47O8e/HnClt299Wbml5ZXUtv17Y2Nza3inu7jVVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Q9vsnrrkUrFInGvRzH1QtwXLGAEa2M9uJ1D166dootaRt1iyS7bE6FFcGZQgpnq3eJXpxeRJKRCE46Vch071l6KpWaE03GhkygaYzLEfeoaFDikyksnV4/RsXF6KIikeUKjift7IsWhUqPQN50h1gM1X8vM/2puooMrL2UiTjQVZLooSDjSEcoiQD0mKdF8ZAATycytiAywxESboAomBGf+y4vQrJSds3Ll7rxUvZ7FkYcDOIITcOASqnALdWgAAQnP8Apv1pP1Yr1bH9PWnDWb2Yc/sj5/AJ2vkKM=</latexit>

[[5A, 10A[[
<latexit sha1_base64="/Gw+2FZk2pclqJRFRNGecqL1DBw=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3YwWwYWUpCq6bHXjsoK9QBrKZDpph04uzEyEGvokblwo4tZHcefbOGmz0NYfBj7+cw7nzO/FnEllWd9GYWV1bX2juFna2t7ZLZt7+20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8ca3Wb3zSIVkUfigJjF1AzwMmc8IVtrqm2Wnd+RcNs6QbTUy7JsVq2rNhJbBzqECuZp986s3iEgS0FARjqV0bCtWboqFYoTTaamXSBpjMsZD6mgMcUClm84On6IT7QyQHwn9QoVm7u+JFAdSTgJPdwZYjeRiLTP/qzmJ8q/dlIVxomhI5ov8hCMVoSwFNGCCEsUnGjARTN+KyAgLTJTOqqRDsBe/vAztWtU+r9buLyr1mzyOIhzCMZyCDVdQhztoQgsIJPAMr/BmPBkvxrvxMW8tGPnMAfyR8fkDh+SRDw==</latexit>

[[10A, 15A[[
<latexit sha1_base64="YCh2149Izrd+I0UWtbpnOVKTXTI=">AAAB+XicbZC7TsMwFIZPuJZyCzCyGCokBlQlBQRjCwtjkehFSqPKcd3WquNEtlOpivomLAwgxMqbsPE2OG0GaDmSpU//f459/AcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7zG+NqVQsEk96ElM/xAPB+oxgbaSubXudE891ahfIva5l3LVLTtmZFVoGN4cS5FXv2l+dXkSSkApNOFbK3BZrP8VSM8LptNhJFI0xGeEB9QwKHFLlp7PNp+jMKD3Uj6Q5QqOZ+nsixaFSkzAwnSHWQ7XoZeJ/npfo/q2fMhEnmgoyf6ifcKQjlMWAekxSovnEACaSmV0RGWKJiTZhFU0I7uKXl6FZKbuX5crjVal6l8dRgGM4hXNw4Qaq8AB1aACBMTzDK7xZqfVivVsf89YVK585gj9lff4A+nyRSg==</latexit>

[[15A, 20A[[
<latexit sha1_base64="PWEwGnU5ltqOu3dP1oTlwriE0GU=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1oEF1KSquiy1Y3LCvYCaSiT6bQdOpmEmUmhhL6JGxeKuPVN3Pk2TtostPWHgY//nMM58wcxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHh00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBaP7rN4aU6lYJJ70JKZ+iAeC9RnB2lhd2/Y6J557XbtAFaeWcdcuOWVnJrQMbg4lyFXv2l+dXkSSkApNOFbKc51Y+ymWmhFOp8VOomiMyQgPqGdQ4JAqP51dPkVnxumhfiTNExrN3N8TKQ6VmoSB6QyxHqrFWmb+V/MS3b/1UybiRFNB5ov6CUc6QlkMqMckJZpPDGAimbkVkSGWmGgTVtGE4C5+eRmalbJ7Wa48XpWqd3kcBTiGUzgHF26gCg9QhwYQGMMzvMKblVov1rv1MW9dsfKZI/gj6/MH/B+RSw==</latexit>

0.12
<latexit sha1_base64="M6hJXyikft9/GSblwbzwnrdnNTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hqQY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ll+fVitea63AFonfkFqUKA1rH4NRjFJBZWGcKx13/cSE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qopsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI/urL66RTd/0rt/7QqDVvizjKcAbncAk+XEMT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPGCY1n</latexit>

0.04
<latexit sha1_base64="OLYxHlNxkhITyUrOgHRR0x1RERw=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9oh5JJM21okhmSjFCG/oIbF4q49Yfc+TdmprPQ1gMhh3Pu5d57gpgzbVz32yltbG5t75R3K3v7B4dH1eOTro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB7C7ze09UaRbJRzOPqS/wRLKQEWwyya27zVG1Zr8caJ14BalBgfao+jUcRyQRVBrCsdYDz42Nn2JlGOF0URkmmsaYzPCEDiyVWFDtp/muC3RhlTEKI2WfNChXf3ekWGg9F4GtFNhM9aqXif95g8SEN37KZJwYKslyUJhwZCKUHY7GTFFi+NwSTBSzuyIyxQoTY+Op2BC81ZPXSbdR967qjYdmrXVbxFGGMziHS/DgGlpwD23oAIEpPMMrvDnCeXHenY9lackpek7hD5zPH8eMjWg=</latexit>

0.01
<latexit sha1_base64="qwdErDBbtRO3grGovDj15i8QXKs=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEyaaUOTzJBkhDL0F9y4UMStP+TOvzHTzkJbD4QczrmXe+8JE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic0lr+b5g0rVfXPgVeIXpAoFmoPKV38Y01QyZakgxvR8L7FBRrTlVLBZuZ8alhA6ISPWc1QRyUyQzXed4XOnDHEUa/eUxXP1d0dGpDFTGbpKSezYLHu5+J/XS210E2RcJallii4GRanANsb54XjINaNWTB0hVHO3K6Zjogm1Lp6yC8FfPnmVtOs1/7JWf7iqNm6LOEpwCmdwAT5cQwPuoQktoDCGZ3iFNyTRC3pHH4vSNVT0nMAfoM8fwwCNZQ==</latexit>

0.27
<latexit sha1_base64="/z1o/6Fu+ZORxmHQEuBpNJ/LJ6A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqUI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ln1xrBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mn7vpXbv3huta8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfPIo1t</latexit>

0.27
<latexit sha1_base64="/z1o/6Fu+ZORxmHQEuBpNJ/LJ6A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqUI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ln1xrBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mn7vpXbv3huta8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfPIo1t</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

0.73
<latexit sha1_base64="TeB6uLecWXB+P1rcSRbpfvQETJw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0haoR6LXjxWsLXQhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbG5t75R3K3v7B4dH1eOTro5TRWiHxDxWvRBrypmkHcMMp71EUSxCTh/D6W3uPz5RpVksH8wsoYHAY8kiRrDJJc9tNobVmud6C6B14hekBgXaw+rXYBSTVFBpCMda930vMUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJroOMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K++vE66dddvuPX7q1rrpoijDGdwDpfgQxNacAdt6ACBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx/Qq41u</latexit>

0.73
<latexit sha1_base64="TeB6uLecWXB+P1rcSRbpfvQETJw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0haoR6LXjxWsLXQhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbG5t75R3K3v7B4dH1eOTro5TRWiHxDxWvRBrypmkHcMMp71EUSxCTh/D6W3uPz5RpVksH8wsoYHAY8kiRrDJJc9tNobVmud6C6B14hekBgXaw+rXYBSTVFBpCMda930vMUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJroOMiaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K++vE66dddvuPX7q1rrpoijDGdwDpfgQxNacAdt6ACBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx/Qq41u</latexit>

0.47
<latexit sha1_base64="neMJE0x0FTwRck4SVzH2FXWMjC0=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Ckkt1GPRi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u6W98v7B4dFx5eS0o+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtc8tx6Y1ipeq63AFonfkGqUKA1rHwNRjFJBZWGcKx13/cSE2RYGUY4nZcHqaYJJlM8pn1LJRZUB9ni1jm6tMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qopsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxlG0I/urL66RTc/1rt/ZQrzZvizhKcA4XcAU+NKAJ99CCNhCYwDO8wpsjnBfn3flYtm44xcwZ/IHz+QPSLI1v</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

0.99
<latexit sha1_base64="383wR384MQdf+zTWUxGTACq5XJY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4CkkVtLeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa55Ln1+qBS9VxvDrRK/IJUoUBzUPnqD2OSCioN4Vjrnu8lJsiwMoxwOiv3U00TTCZ4RHuWSiyoDrL5rTN0bpUhimJlSxo0V39PZFhoPRWh7RTYjPWyl4v/eb3URDdBxmSSGirJYlGUcmRilD+OhkxRYvjUEkwUs7ciMsYKE2PjKdsQ/OWXV0m75vqXbu3hqtq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/czY12</latexit>

0.53
<latexit sha1_base64="XseTOawmVNaCGJKT/ERjssl1kBI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0haRY9FLx4r2FpoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rbog15UzStmGG026iKBYhp4/h5Db3H5+o0iyWD2aa0EDgkWQRI9jkkudeNgbVmud6c6BV4hekBgVag+pXfxiTVFBpCMda93wvMUGGlWGE01mln2qaYDLBI9qzVGJBdZDNb52hM6sMURQrW9Kgufp7IsNC66kIbafAZqyXvVz8z+ulJroOMiaT1FBJFouilCMTo/xxNGSKEsOnlmCimL0VkTFWmBgbT8WG4C+/vEo6dddvuPX7i1rzpoijDCdwCufgwxU04Q5a0AYCY3iGV3hzhPPivDsfi9aSU8wcwx84nz/NoY1s</latexit>

0.96
<latexit sha1_base64="6xXEqQ9qz3gyohQjzZ0bGIeNa6c=">AAAB63icbVDLSsNAFL3xWeur6tLNYBFchaSKj13RjcsK9gFtKJPppB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89YcKZNp737aysrq1vbJa2yts7u3v7lYPDlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+C73209UaRbLRzNJaCDwULKIEWxyyXNvLvuVqud6M6Bl4hekCgUa/cpXbxCTVFBpCMdad30vMUGGlWGE02m5l2qaYDLGQ9q1VGJBdZDNbp2iU6sMUBQrW9Kgmfp7IsNC64kIbafAZqQXvVz8z+umJroOMiaT1FBJ5ouilCMTo/xxNGCKEsMnlmCimL0VkRFWmBgbT9mG4C++vExaNdc/d2sPF9X6bRFHCY7hBM7Ahyuowz00oAkERvAMr/DmCOfFeXc+5q0rTjFzBH/gfP4A2EGNcw==</latexit>

0.88
<latexit sha1_base64="j5taFKADIJZxMtu4sIkOdB9Bq4U=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqYI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmNxrBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URI0gYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI/urL66RTd/0rt/5wXWveFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfZxI10</latexit>
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Coarse-graining BD dynamics with overlapping
intervals

[[0A, 10A[[
<latexit sha1_base64="pDxOVOd17ZubkRk7E8BtkjX5lAY=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm9EiuJCSVEGXrW5cVrAXSEOZTCft0MkkzEyEGvokblwo4tZHcefbOG2z0NYfBj7+cw7nzB8knCntON/Wyura+sZmYau4vbO7V7L3D1oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDka303r7kUrFYvGgxwn1IzwQLGQEa2P17JLXPfac+jlynfoUe3bZqTgzoWVwcyhDrkbP/ur2Y5JGVGjCsVKe6yTaz7DUjHA6KXZTRRNMRnhAPYMCR1T52ezwCTo1Th+FsTRPaDRzf09kOFJqHAWmM8J6qBZrU/O/mpfq8NrPmEhSTQWZLwpTjnSMpimgPpOUaD42gIlk5lZEhlhiok1WRROCu/jlZWhVK+5FpXp/Wa7d5HEU4AhO4AxcuIIa3EEDmkAghWd4hTfryXqx3q2PeeuKlc8cwh9Znz+AHpEK</latexit>

[[6A, 17A[[
<latexit sha1_base64="6DVkinTFTnDDdNM0c2JDdU5+ovk=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm9EiuJCSVLEuW924rGAvkIYymU7aoZMLMxOhhj6JGxeKuPVR3Pk2TtostPWHgY//nMM583sxZ1JZ1rexsrq2vrFZ2Cpu7+zulcz9g7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPbrN55pEKyKHxQk5i6AR6GzGcEK231zZLTO3auGufIrjUy7Jtlq2LNhJbBzqEMuZp986s3iEgS0FARjqV0bCtWboqFYoTTabGXSBpjMsZD6mgMcUClm84On6JT7QyQHwn9QoVm7u+JFAdSTgJPdwZYjeRiLTP/qzmJ8q/dlIVxomhI5ov8hCMVoSwFNGCCEsUnGjARTN+KyAgLTJTOqqhDsBe/vAztasW+qFTvL8v1mzyOAhzBCZyBDTWowx00oQUEEniGV3gznowX4934mLeuGPnMIfyR8fkDlDGRFw==</latexit>

[[13A, 24A[[
<latexit sha1_base64="WY485AfLNgPQY3sw1DXysHUc840=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm9EiuJCStAVdtrpxWcFeIA1lMp20QycXZiaFEvomblwo4tY3cefbOGmz0NYfBj7+cw7nzO/FnEllWd9GYWNza3unuFva2z84PDKPTzoySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0603us3p3SoVkUfikZjF1AzwKmc8IVtoamKbTP3fsWvMaVevNjAdm2apYC6F1sHMoQ67WwPzqDyOSBDRUhGMpHduKlZtioRjhdF7qJ5LGmEzwiDoaQxxQ6aaLy+foUjtD5EdCv1Chhft7IsWBlLPA050BVmO5WsvM/2pOovxbN2VhnCgakuUiP+FIRSiLAQ2ZoETxmQZMBNO3IjLGAhOlwyrpEOzVL69Dp1qxa5XqY73cuMvjKMIZXMAV2HADDXiAFrSBwBSe4RXejNR4Md6Nj2VrwchnTuGPjM8f/yeRTQ==</latexit>

[[20A, 31A[[
<latexit sha1_base64="39L/yw6rnST4oLAiMiAR47bI3iI=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1oEF1KSVtBlqxuXFewF0lIm00k7dDIJM5NCCX0TNy4UceubuPNtnLRZaOsPAx//OYdz5vdjzpR2nG9rbX1jc2u7sFPc3ds/OLSPjlsqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sf3Wb09oVKxSDzpaUx7IR4KFjCCtbH6tu11z7yKU79CVbeecd8uOWVnLrQKbg4lyNXo21/dQUSSkApNOFbKc51Y91IsNSOczordRNEYkzEeUs+gwCFVvXR++QxdGGeAgkiaJzSau78nUhwqNQ190xliPVLLtcz8r+YlOrjtpUzEiaaCLBYFCUc6QlkMaMAkJZpPDWAimbkVkRGWmGgTVtGE4C5/eRValbJbLVcer0u1uzyOApzCOVyCCzdQgwdoQBMITOAZXuHNSq0X6936WLSuWfnMCfyR9fkD+PuRSQ==</latexit>

[[27A, +1[[
<latexit sha1_base64="oysdjhSVxGbVXXLYSC6vzHRxTM4=">AAACCnicbVDLSsNAFJ3UV62vqEs3U4sgKCWpQl1W3bisYB+QhDKZTNqhk0mYmQgldO3GX3HjQhG3foE7/8ZJ2oVWD1w4nHPv3LnHTxiVyrK+jNLS8srqWnm9srG5tb1j7u51ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOePr3O/d0+EpDG/U5OEeBEachpSjJSWBmbVcatOo3l5CjO3eC0TJJieuJSHajLNzYFZs+pWAfiX2HNSA3O0B+anG8Q4jQhXmCEpHdtKlJchoShmZFpxU0kShMdoSBxNOYqI9LJi+RQeaSWAYSx0cQUL9edEhiIpJ5GvOyOkRnLRy8X/PCdV4YWXUZ6kinA8WxSmDKoY5rnAgAqCFZtogrCg+q8Qj5BAWOn0KjoEe/Hkv6TbqNtn9cbtea11NY+jDA7AITgGNmiCFrgBbdABGDyAJ/ACXo1H49l4M95nrSVjPrMPfsH4+Aa4spms</latexit>

[[0A, 10A[[
<latexit sha1_base64="pDxOVOd17ZubkRk7E8BtkjX5lAY=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm9EiuJCSVEGXrW5cVrAXSEOZTCft0MkkzEyEGvokblwo4tZHcefbOG2z0NYfBj7+cw7nzB8knCntON/Wyura+sZmYau4vbO7V7L3D1oqTiWhTRLzWHYCrChngjY105x2EklxFHDaDka303r7kUrFYvGgxwn1IzwQLGQEa2P17JLXPfac+jlynfoUe3bZqTgzoWVwcyhDrkbP/ur2Y5JGVGjCsVKe6yTaz7DUjHA6KXZTRRNMRnhAPYMCR1T52ezwCTo1Th+FsTRPaDRzf09kOFJqHAWmM8J6qBZrU/O/mpfq8NrPmEhSTQWZLwpTjnSMpimgPpOUaD42gIlk5lZEhlhiok1WRROCu/jlZWhVK+5FpXp/Wa7d5HEU4AhO4AxcuIIa3EEDmkAghWd4hTfryXqx3q2PeeuKlc8cwh9Znz+AHpEK</latexit>

[[6A, 17A[[
<latexit sha1_base64="6DVkinTFTnDDdNM0c2JDdU5+ovk=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm9EiuJCSVLEuW924rGAvkIYymU7aoZMLMxOhhj6JGxeKuPVR3Pk2TtostPWHgY//nMM583sxZ1JZ1rexsrq2vrFZ2Cpu7+zulcz9g7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPbrN55pEKyKHxQk5i6AR6GzGcEK231zZLTO3auGufIrjUy7Jtlq2LNhJbBzqEMuZp986s3iEgS0FARjqV0bCtWboqFYoTTabGXSBpjMsZD6mgMcUClm84On6JT7QyQHwn9QoVm7u+JFAdSTgJPdwZYjeRiLTP/qzmJ8q/dlIVxomhI5ov8hCMVoSwFNGCCEsUnGjARTN+KyAgLTJTOqqhDsBe/vAztasW+qFTvL8v1mzyOAhzBCZyBDTWowx00oQUEEniGV3gznowX4934mLeuGPnMIfyR8fkDlDGRFw==</latexit>

[[13A, 24A[[
<latexit sha1_base64="WY485AfLNgPQY3sw1DXysHUc840=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm9EiuJCStAVdtrpxWcFeIA1lMp20QycXZiaFEvomblwo4tY3cefbOGmz0NYfBj7+cw7nzO/FnEllWd9GYWNza3unuFva2z84PDKPTzoySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0603us3p3SoVkUfikZjF1AzwKmc8IVtoamKbTP3fsWvMaVevNjAdm2apYC6F1sHMoQ67WwPzqDyOSBDRUhGMpHduKlZtioRjhdF7qJ5LGmEzwiDoaQxxQ6aaLy+foUjtD5EdCv1Chhft7IsWBlLPA050BVmO5WsvM/2pOovxbN2VhnCgakuUiP+FIRSiLAQ2ZoETxmQZMBNO3IjLGAhOlwyrpEOzVL69Dp1qxa5XqY73cuMvjKMIZXMAV2HADDXiAFrSBwBSe4RXejNR4Md6Nj2VrwchnTuGPjM8f/yeRTQ==</latexit>

[[20A, 31A[[
<latexit sha1_base64="39L/yw6rnST4oLAiMiAR47bI3iI=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1oEF1KSVtBlqxuXFewF0lIm00k7dDIJM5NCCX0TNy4UceubuPNtnLRZaOsPAx//OYdz5vdjzpR2nG9rbX1jc2u7sFPc3ds/OLSPjlsqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sf3Wb09oVKxSDzpaUx7IR4KFjCCtbH6tu11z7yKU79CVbeecd8uOWVnLrQKbg4lyNXo21/dQUSSkApNOFbKc51Y91IsNSOczordRNEYkzEeUs+gwCFVvXR++QxdGGeAgkiaJzSau78nUhwqNQ190xliPVLLtcz8r+YlOrjtpUzEiaaCLBYFCUc6QlkMaMAkJZpPDWAimbkVkRGWmGgTVtGE4C5/eRValbJbLVcer0u1uzyOApzCOVyCCzdQgwdoQBMITOAZXuHNSq0X6936WLSuWfnMCfyR9fkD+PuRSQ==</latexit>

0.95
<latexit sha1_base64="VAYnBARcYVpOsVS6pHNb1UV3vm8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4CklV1FvRi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtc8tyby36l6rneDGiZ+AWpQoFGv/LVG8QkFVQawrHWXd9LTJBhZRjhdFrupZommIzxkHYtlVhQHWSzW6fo1CoDFMXKljRopv6eyLDQeiJC2ymwGelFLxf/87qpia6DjMkkNVSS+aIo5cjEKH8cDZiixPCJJZgoZm9FZIQVJsbGU7Yh+IsvL5NWzfXP3drDRbV+W8RRgmM4gTPw4QrqcA8NaAKBETzDK7w5wnlx3p2PeeuKU8wcwR84nz/WvY1y</latexit>

0.52
<latexit sha1_base64="3kXWggjd9LHHz8d6g4TF3P9/ckk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoseiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Xtys7u3v5B9fCoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucv9zhNVmsXy0UwTGgg8kixiBJtc8tyr+qBa81xvDrRK/ILUoEBzUP3qD2OSCioN4Vjrnu8lJsiwMoxwOqv0U00TTCZ4RHuWSiyoDrL5rTN0ZpUhimJlSxo0V39PZFhoPRWh7RTYjPWyl4v/eb3URDdBxmSSGirJYlGUcmRilD+OhkxRYvjUEkwUs7ciMsYKE2PjqdgQ/OWXV0m77voXbv3hsta4LeIowwmcwjn4cA0NuIcmtIDAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/MHY1r</latexit>

0.12
<latexit sha1_base64="M6hJXyikft9/GSblwbzwnrdnNTg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hqQY9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ll+fVitea63AFonfkFqUKA1rH4NRjFJBZWGcKx13/cSE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qopsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI/urL66RTd/0rt/7QqDVvizjKcAbncAk+XEMT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPGCY1n</latexit>

0.88
<latexit sha1_base64="j5taFKADIJZxMtu4sIkOdB9Bq4U=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqYI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmNxrBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URI0gYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI/urL66RTd/0rt/5wXWveFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfZxI10</latexit>

0.48
<latexit sha1_base64="hsMBc8pviPadIWlfTWJsHieK9sw=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4Ckkt2GPRi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u6W98v7B4dFx5eS0o+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vcv97hNVmsXy0cwSGgg8lixiBJtc8tx6Y1ipeq63AFonfkGqUKA1rHwNRjFJBZWGcKx13/cSE2RYGUY4nZcHqaYJJlM8pn1LJRZUB9ni1jm6tMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qokaQMZmkhkqyXBSlHJkY5Y+jEVOUGD6zBBPF7K2ITLDCxNh4yjYEf/XlddKpuf61W3uoV5u3RRwlOIcLuAIfbqAJ99CCNhCYwDO8wpsjnBfn3flYtm44xcwZ/IHz+QPTsI1w</latexit>

0.05
<latexit sha1_base64="t02x+nfKLkD1J0G9dr5ZutSBXZU=">AAAB63icbVDLSgMxFL1TX7W+qi7dBIvgqsxURZdFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz01lo64GQwzn3cu89QcyZNq777ZTW1jc2t8rblZ3dvf2D6uFRR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gepf53SeqNIvko5nF1Bd4LFnICDaZ5Nbdq2G1Zr8caJV4BalBgdaw+jUYRSQRVBrCsdZ9z42Nn2JlGOF0XhkkmsaYTPGY9i2VWFDtp/muc3RmlREKI2WfNChXf3ekWGg9E4GtFNhM9LKXif95/cSEN37KZJwYKsliUJhwZCKUHY5GTFFi+MwSTBSzuyIywQoTY+Op2BC85ZNXSadR9y7qjYfLWvO2iKMMJ3AK5+DBNTThHlrQBgITeIZXeHOE8+K8Ox+L0pJT9BzDHzifP8kQjWk=</latexit>

0.99
<latexit sha1_base64="383wR384MQdf+zTWUxGTACq5XJY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4CkkVtLeiF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa55Ln1+qBS9VxvDrRK/IJUoUBzUPnqD2OSCioN4Vjrnu8lJsiwMoxwOiv3U00TTCZ4RHuWSiyoDrL5rTN0bpUhimJlSxo0V39PZFhoPRWh7RTYjPWyl4v/eb3URDdBxmSSGirJYlGUcmRilD+OhkxRYvjUEkwUs7ciMsYKE2PjKdsQ/OWXV0m75vqXbu3hqtq4LeIowSmcwQX4cA0NuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/czY12</latexit>

0.72
<latexit sha1_base64="TDftYNMGRbx3R49ykR+BN/yzMUo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqUI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmN+rBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mn7vpXbv3huta8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfPJ41t</latexit>

0.29
<latexit sha1_base64="4CIZQEmU4TQb2Ctw5bxUSJBUTC8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoN6KXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLRzNNaCDwSLKIEWxyyXPrN4NqzXO9OdAq8QtSgwLNQfWrP4xJKqg0hGOte76XmCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QmVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE10HGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuPWHy1rjtoijDCdwCufgwxU04B6a0AICY3iGV3hzhPPivDsfi9aSU8wcwx84nz/SKo1v</latexit>

0.71
<latexit sha1_base64="KHPZuuupZVV75l88cAkDeYDTcMY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqUI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LkNf1itea63AFonfkFqUKA1rH4NRjFJBZWGcKx13/cSE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qopsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI/urL66RTd/0rt/5wXWveFnGU4QzO4RJ8aEAT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPNo41s</latexit>

0.27
<latexit sha1_base64="/z1o/6Fu+ZORxmHQEuBpNJ/LJ6A=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0iqUI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55Ln1xrBa81xvAbRO/ILUoEBrWP0ajGKSCioN4Vjrvu8lJsiwMoxwOq8MUk0TTKZ4TPuWSiyoDrLFrXN0YZURimJlSxq0UH9PZFhoPROh7RTYTPSql4v/ef3URDdBxmSSGirJclGUcmRilD+ORkxRYvjMEkwUs7ciMsEKE2PjqdgQ/NWX10mn7vpXbv3huta8LeIowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfPIo1t</latexit>

0.01
<latexit sha1_base64="qwdErDBbtRO3grGovDj15i8QXKs=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEyaaUOTzJBkhDL0F9y4UMStP+TOvzHTzkJbD4QczrmXe+8JE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic0lr+b5g0rVfXPgVeIXpAoFmoPKV38Y01QyZakgxvR8L7FBRrTlVLBZuZ8alhA6ISPWc1QRyUyQzXed4XOnDHEUa/eUxXP1d0dGpDFTGbpKSezYLHu5+J/XS210E2RcJallii4GRanANsb54XjINaNWTB0hVHO3K6Zjogm1Lp6yC8FfPnmVtOs1/7JWf7iqNm6LOEpwCmdwAT5cQwPuoQktoDCGZ3iFNyTRC3pHH4vSNVT0nMAfoM8fwwCNZQ==</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>
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A generic framework for coarse-graining
(stochastic) reaction networks

We begin to derive the language of our problem: the concrete
and abstract semantics.
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The concrete semantics as the most-precise abstraction.
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A hierarchy of mathematical objects for expressing
chemical behaviors

Q× (T × [0, 1])k (chemical traces)

Q× {ri | 1 ≤ i ≤ n} × Q (chemical transitions)

Q (chemical states)

V,N,R (chemical variables, values, reaction networks)
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Q× (T × [0, 1])k (chemical traces)

Q× {ri | 1 ≤ i ≤ n} × Q (chemical transitions)

Q (chemical states)

V,N,R (chemical variables, values, reaction networks)
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Concrete semantics: chemical reaction

Definition (Chemical Reaction)

Let V be a set of chemical species. A reaction over the set of
species V is defined as a triple r = (M,V , k) such that:

1 M : V → N,

2 V : V → Z,

3 and k : NV → R≥0

such that if ∃v ∈ V, q(v) < M(v), then k(q) = 0.
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Concrete semantics: chemical reaction networks

Definition (Chemical reaction network)

A reaction network R is defined as a pair (V, (rj)1≤j≤n) such
that:

1 V is the set of chemical species;

2 (ri )1≤i≤n is a set of n reactions over the set V indexed
with an integer i between 1 and n.

For each integer i between 1 and n, the reaction ri is also
denoted as (Mri ,Vri , kri ).
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Q× (T × [0, 1])k (chemical traces)

Q× {ri | 1 ≤ i ≤ n} × Q (chemical transitions)

Q (chemical states)

V,N,R (chemical variables, values, reaction networks)
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Concrete semantics: chemical states

Definition (Chemical State)

A chemical state is defined as a function q : V → N. The set of
all the chemical states for a reaction network is denoted as Q.
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Concrete semantics: chemical transitions

Definition (Chemical transition)

A chemical transition is a triple (q, r, q′) relating two chemical
states q, q′ ∈ Q by a reaction r such that for all chemical
variables v ∈ V:

1 Mr (v) ≤ q(v);

2 q′(v) = q(v) + Vr (v).

The set of the all the chemical transitions for a reaction
network is denoted as T .

25 / 59



Thesis
Defense

Salazar, A.

Motivation

Case Study I

Birth and death
model

Coarse-graining the
BD model

A Generic
Framework

Concrete Semantics

Abstract Semantics

Chemical Goals

Case Study II

Competition for
resources

Perspectives

Conclusion

Acknowledgements

Concrete semantics: probabilistic transition systems

Definition (Transition probability)

Let (q, r, q′) ∈ T be a chemical transition. The probability for
a chemical state q ∈ Q involved in a chemical transition is
defined as:

λr (q) = kr (q)∑
r′∈{1,...,n} kr′ (q)
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Q× (T × [0, 1])k (chemical traces)

Q× {ri | 1 ≤ i ≤ n} × Q (chemical transitions)

Q (chemical states)

V,N,R (chemical variables, values, reaction networks)
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Concrete semantics: chemical traces

Definition (Chemical trace)

A trace of length k ∈ N is a couple
(q′0, ((qi , ri , q

′
i ), µi )1≤i≤k) ∈ Q× (T × [0, 1])k that satisfies

both conditions:

1 for every integer i between 0 and k − 1, we have q′i = qi+1;

2 for every integer i between 1 and k, we have µi = λri (qi ).

Such a trace is usually written as q1
r1−→
µ1

. . .
rk−→
µk

q′k .

The set of all the chemical traces for a reaction network is
denoted as T .
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Concrete Semantics: putting it altogether

We focus on a second example reaction network:

r1 : A
kB−→ B r2 : 2A

kC−→ C

After which, we can derive the reaction probabilities:

µ1(q) = 2·kB ·q(A)
q(A)·(2·kB+kC ·(q(A)−1))

µ2(q) = kC ·q(A)·(q(A)−1)
q(A)·(2·kB+kC ·(q(A)−1)) .
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Concrete Semantics: putting it altogether

We focus on a second example reaction network:

r1 : A
kB−→ B r2 : 2A

kC−→ C

An example of a sequence of chemical reactions (a chemical
trace):

(6, 0, 0)
r1−−→

0.8
(5, 1, 0)

r1−−→
0.83

(4, 2, 0)
r2−−→

0.13
(2, 2, 1)

r1−−→
0.95

(1, 3, 1)
r1−→
1

(0, 4, 1).
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Abstract semantics

An abstract semantics using the interval lattice domain: an
over-approximation of concrete behaviors.
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β
T
q] (trace abstraction function)

β
T
q] (transition abstraction function)

β
Q
q] (state abstraction function)

β
N
Jq]p ,q

]
pJ (value abstraction function)

Jq]p, q]pJ∈ I] (abstract intervals)

32 / 59



Thesis
Defense

Salazar, A.

Motivation

Case Study I

Birth and death
model

Coarse-graining the
BD model

A Generic
Framework

Concrete Semantics

Abstract Semantics

Chemical Goals

Case Study II

Competition for
resources

Perspectives

Conclusion

Acknowledgements

β
T
q] (trace abstraction function)

β
T
q] (transition abstraction function)

β
Q
q] (state abstraction function)

β
N
Jq]p ,q

]
pJ (value abstraction function)

Jq]p, q]pJ∈ I] (abstract intervals)

33 / 59



Thesis
Defense

Salazar, A.

Motivation

Case Study I

Birth and death
model

Coarse-graining the
BD model

A Generic
Framework

Concrete Semantics

Abstract Semantics

Chemical Goals

Case Study II

Competition for
resources

Perspectives

Conclusion

Acknowledgements

Abstract Semantics: abstract interval domain

Definition (Intervals)

We consider a family (Jq]p, q]pJ)1≤p≤n of n couple of values in
N ∪ {+∞} where n is a natural number in N such that the
following properties are all satisfied:

1 for every natural number p between 1 and n, q]p < q]p;

2 for every natural number p between 2 and n, q]p ≤ q]p−1;

3 and q]1 = 0 and q]n = +∞.

We denote the set of intervals by I].
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Abstract semantics: value abstraction function

Definition (Value abstraction function)

Let Jq]?, q
]
?J ∈ I] be a reference interval. The value abstraction

function β
N
Jq]?,q

]
?J : N→ I] maps each value x ∈ N to the

unique abstract interval Jq]p, q]pJ∈ I], such that both of the
following properties are satisfied:

1 q]p ≤ x < q]p;

2 for any Jq]p′ , q
]
p′J∈ I] such that q]p′ ≤ x < q]p′ , we have:

|p? − p| ≤ |p? − p′|.
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Abstract Semantics: abstract state function

Definition (Macro-states)

Let V be a set of variables. A macro-state is a function
q] : V → I].
The set of all macro-states is denoted Q].

Definition (State Abstraction Function)

Let q]∗ be an macro-state in Q]. The abstract state function

β
Q
q]∗

: Q → Q] maps each chemical state q to the macro-state[
v ∈ V 7→ β

N
q]∗(v)(q(v)) ∈ I]

]
.
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Abstract semantics: macro-transitions

Definition (Macro-transitions)

An element (q], r, q]′) ∈ Q] × J1, σK×Q] is called an abstract
transition.
The set of all abstract transitions is denoted T ].
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Abstract semantics: transition abstraction function

Definition (Chemical transition abstraction)

Let q] ∈ Q] be a reference macro-state. The chemical
transition abstraction function

β
T

q] : {(q, r , q′) ∈ T | βQq](q) = q]} → {(q]′′, r , q]′) ∈ T ] | q]′′ = q]}

maps each chemical transition (q, r , q′) such that β
Q
q](q) = q]

to the macro-transition
(
q]′′, r , β

Q
q](q′)

)
such that q]′′ = q].
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Abstract Semantics: macro-traces

Definition (Macro-traces)

Let k be an element in N. A macro-trace of size k is an
element (q]′0 , (q

]
i , ri , q

]′
i )1≤i≤k) ∈ Q] × T ]k such that q]i = q]′i−1

for every integer i such that 1 ≤ i ≤ k .
The set of all macro-traces is denoted T ].
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Abstract semantics: abstract trace function

Definition (Chemical trace abstraction function)

Let q] ∈ Q] be a reference macro-state. The chemical trace

abstraction function β
T
q] : T ⇀ T ] maps each chemical trace

(q′0, ((qi , ri , q
′
i ), µi )1≤i≤k) to the macro-trace:

1 β
T
q](q′0, ()) = (β

Q
q](q′0), ());

2 By induction, β
T
q](q′0, ((qi , ri , q

′
i ), µi )1≤i≤k) outputs the

macro-trace
(
q]′0 , (q

]
i , l
′
i , q

]′
i )1≤i<k

)
_β

T
q]′k−1

((qk , rk , q
′
k), µk)

where (q]′0 , (q
]
i , l
′
i , q

]′
i )1≤i<k) = β

T
q](q′0, (qi , ri , q

′
i )1≤i<k).
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Refining the abstract semantics with probabilities

Now we introduce the notion of chemical goals to propagate
probabilities to abstract transitions.
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Intuition for chemical goals

Consider the previous reaction network:

r1 : A
kB−→ B r2 : 2A

kC−→ C

(6, 0, 0)

(4, 0, 1)

(2, 0, 2)

r2

(3, 1, 1)r1

r2

(5, 1, 0)
r1
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Intuition for chemical goals

A goal is when the value of B is equal to 1 before C is equal to
2, or vice versa.

(6, 0, 0)

(4, 0, 1)

(2, 0, 2)

r2

(3, 1, 1)r1

r2

(5, 1, 0)
r1
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Chemical goals

Definition (Target region)

A target region is a set of chemical states of the form

{q ∈ Q | q(v) � b} ,

where v is a chemical species in V, � a binary relation in the
set {≤,≥}, and b a natural number in N.
This target region is denoted as gv ,�,b. The set of target
regions is denoted as G.
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We must not overcount traces

(6, 0, 0)

(4, 0, 1)

(2, 0, 2)
(0, 2, 2)

r2

(1, 1, 2)
r1

r2

(3, 1, 1)
(1, 1, 2)

r2

(2, 2, 1)
r1

r1

r2

(5, 1, 0)

(3, 1, 1)
(1, 1, 2)

r2

(2, 2, 1)
r1

r2

(4, 2, 0)
(2, 2, 1)

(3, 3, 0)
r1

r1

r1
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Cut the trace when it has reached a goal

Definition (Minimum successful traces)

We denote as χ(q•,G,g) the set of the chemical traces
(q′0, ((qi , ri , q

′
i ), µi )1≤i≤k) such that the following conditions are

satisfied:

1 q′0 = q•;

2 q′k ∈ g ; and

3 ∀i ∈ N, such that 0 ≤ i < k, q′i /∈
⋃G.
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Probability for the traces that have reached a goal

Definition (Probability to reach a specific goal first)

The probability that the system reaches the target region g
before any other target regions in G when starting in the state
q• is defined as:

PGg (q•) =
∑

τ∈χ(q•,G,g)

P(τ | q•).
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Probability to reach a goal prior to another

Proposition

The probabilities PGg (q) for every state q ∈ Q are related by
the following three conditions:

1 PGg (q) = 1 whenever q ∈ g ;

2 PGg (q) = 0 whenever q ∈ ⋃G \ g ;

3 PGg (q) =
∑

q
ri−→q′

µri (q) · PGg (q′) whenever q 6∈ ⋃G.
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Case Study II

Now for a second case study: competition for resources.
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Competition for resources

This system is represented by the following reaction network:

r1 : A
kB−→ B r2 : 2A

kC−→ C

And, the following probabilities:

µ1(q) = 2·kB ·q(A)
q(A)·(2·kB+kC ·(q(A)−1))

µ2(q) = kC ·q(A)·(q(A)−1)
q(A)·(2·kB+kC ·(q(A)−1)) .

It is possible to identify a mass invariant:

q(A) = q′0(A)− (q(B)− q′0(B))− 2(q(C )− q′0(C )).
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Competition for resources

This system is represented by the following reaction network:

r1 : A
kB−→ B r2 : 2A

kC−→ C

And, the following probabilities:

µ1(q) = 2·kB ·q(A)
q(A)·(2·kB+kC ·(q(A)−1))

µ2(q) = kC ·q(A)·(q(A)−1)
q(A)·(2·kB+kC ·(q(A)−1)) .

It is possible to identify a mass invariant:

q(A) = q′0(A)− (q(B)− q′0(B))− 2(q(C )− q′0(C )).
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A system competing for resources

g2 = {q | q(C) ≥ M′ 2}

[P𝒢
g2,1 − P𝒢

g1]

(q00(B), q00(C))
<latexit sha1_base64="oUrV9V6IMNNYmL8TCseRrw4WZiI=">AAACBnicbZDLSgMxFIYz9VbrrepShGARW5AyUwVdlnbjsoK9QGcomTTThmYyY3JGKKUrN76KGxeKuPUZ3Pk2ppeFtv4Q+PjPOZyc348F12Db31ZqZXVtfSO9mdna3tndy+4fNHSUKMrqNBKRavlEM8ElqwMHwVqxYiT0BWv6g+qk3nxgSvNI3sEwZl5IepIHnBIwVid77AoWQP7+rGPnK4VzPIVqwVW814dCJ5uzi/ZUeBmcOeTQXLVO9svtRjQJmQQqiNZtx47BGxEFnAo2zriJZjGhA9JjbYOShEx7o+kZY3xqnC4OImWeBDx1f0+MSKj1MPRNZ0igrxdrE/O/WjuB4NobcRknwCSdLQoSgSHCk0xwlytGQQwNEKq4+SumfaIIBZNcxoTgLJ68DI1S0bkolm4vc+XKPI40OkInKI8cdIXK6AbVUB1R9Iie0St6s56sF+vd+pi1pqz5zCH6I+vzBy+PlmQ=</latexit>

[PG
g1

, 1 � PG
g2

]
<latexit sha1_base64="ugBi9cIiYVjH70rZJZdJjzDow+A="></latexit>

[PG
g2

, 1 � PG
g1

]
<latexit sha1_base64="2FQQAaybIOULYQr27f3dr4rmlhs="></latexit>

g2 = {q | q(C) � M 0
2}

<latexit sha1_base64="GIuR10ab0YPxVPfBqgw4Y0wVeYc="></latexit>

g1 = {q | q(B) � M 0
1}

<latexit sha1_base64="5nGgfTUuuzcyRA2QdZTpSoVCqrk="></latexit>

M1
<latexit sha1_base64="tgUff1w6KekbKu2Qf3LkgSvjRj0=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRixehgv2ANpbNZtou3WzC7kYpof/DiwdFvPpfvPlv3KY5aOuDgcd7Mzs7z485U9pxvq3Cyura+kZxs7S1vbO7V94/aKkokRSbNOKR7PhEIWcCm5ppjp1YIgl9jm1/fD3z248oFYvEvZ7E6IVkKNiAUaKN9NDLXkglBtPbvtsvV5yqk8FeJm5OKpCj0S9/9YKIJiEKTTlRqus6sfZSIjWjHKelXqIwJnRMhtg1VJAQlZdmO6f2iVECexBJU0Lbmfp7IiWhUpPQN50h0SO16M3E/7xuogeXXspEnGgUdL5okHBbR/YsAjtgEqnmE0MIlcz81aYjIgnVJqiSCcFdPHmZtGpV96xauzuv1K/yOIpwBMdwCi5cQB1uoAFNoCDhGV7hzXqyXqx362PeWrDymUP4A+vzB57fkpU=</latexit>

M2
<latexit sha1_base64="0lVppuoKuiJHBXjgWAPksjOoBJU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRixehgv2ANpbNZtou3WzC7kYpof/DiwdFvPpfvPlv3KY5aOuDgcd7Mzs7z485U9pxvq3Cyura+kZxs7S1vbO7V94/aKkokRSbNOKR7PhEIWcCm5ppjp1YIgl9jm1/fD3z248oFYvEvZ7E6IVkKNiAUaKN9NDLXkglBtPbfq1frjhVJ4O9TNycVCBHo1/+6gURTUIUmnKiVNd1Yu2lRGpGOU5LvURhTOiYDLFrqCAhKi/Ndk7tE6ME9iCSpoS2M/X3REpCpSahbzpDokdq0ZuJ/3ndRA8uvZSJONEo6HzRIOG2juxZBHbAJFLNJ4YQKpn5q01HRBKqTVAlE4K7ePIyadWq7lm1dndeqV/lcRThCI7hFFy4gDrcQAOaQEHCM7zCm/VkvVjv1se8tWDlM4fwB9bnD6BjkpY=</latexit>

M 0
2

<latexit sha1_base64="qP5oqifzlYjgDW4BMlbDNcrz7/0=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaQKuiy6cSNUsA9oYphMb9qhkwczEyWEgBt/xY0LRdz6E+78G6dpFtp64MLhnHvnzj1ezKiQpvmtLSwuLa+sVtaq6xubW9v6zm5HRAkn0CYRi3jPwwIYDaEtqWTQizngwGPQ9caXE797D1zQKLyVaQxOgIch9SnBUkmuvm8Xb2QpMBY95Ndu4y6zY04DyF29ZtbNAsY8sUpSQyVarv5lDyKSBBBKwrAQfcuMpZNhLilhkFftRECMyRgPoa9oiAMQTlbsz40jpQwMP+KqQmkU6u+JDAdCpIGnOgMsR2LWm4j/ef1E+udORsM4kRCS6SI/YYaMjEkgxoByIJKlimDCqfqrQUaYYyJVbFUVgjV78jzpNOrWSb1xc1prXpRxVNABOkTHyEJnqImuUAu1EUGP6Bm9ojftSXvR3rWPaeuCVs7soT/QPn8AFBOYbw==</latexit>

M 0
1

<latexit sha1_base64="o4Yyvcl0CoQTeFpWPLV04Fuu0ic=">AAAB+XicjVDLSsNAFL2pr1pfUZdugkV0VZIq6LLoxo1QwdpCG8JketMOnUzCzKRQQv/EjQtF3Pon7vwbp2kXKgoeuHA45744YcqZ0q77YZWWlldW18rrlY3Nre0de3fvXiWZpNiiCU9kJyQKORPY0kxz7KQSSRxybIejq5nfHqNULBF3epKiH5OBYBGjRBspsO1esSMPeYbTm+PAC+yqV3MLOH+TKizQDOz3Xj+hWYxCU06U6npuqv2cSM0ox2mllylMCR2RAXYNFSRG5efF1alzZJS+EyXSlNBOoX6dyEms1CQOTWdM9FD99Gbib14309GFnzORZhoFnR+KMu7oxJnF4PSZRKr5xBBCJTO/OnRIJKHahFX5Xwj39Zp3WqvfnlUbl4s4ynAAh3ACHpxDA66hCS2gMIYHeIJnK7cerRfrdd5ashYz+/AN1tsnUQ6TcQ==</latexit>

q(C)
<latexit sha1_base64="3svcQ4XbwsKW/ux3L8e5CW2UJ+w=">AAACFnicbZBNS8MwGMfT+TbnW9Wjl+AQJuhop6DH4S4eJ7gX6MpIs3QLS9OapMIo/RRe/CpePCjiVbz5bcy6Crr5QODH//88yZO/FzEqlWV9GYWl5ZXVteJ6aWNza3vH3N1ryzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbN6Z+554ISUN+qyYRcQM05NSnGCkt9c3TpJdd4oih5yZW1crqZAHSu0rjOO2b5R8BLoKdQxnk1eybn71BiOOAcIUZktKxrUi5CRKKYkbSUi+WJEJ4jIbE0chRQKSbZBul8EgrA+iHQh+uYKb+nkhQIOUk8HRngNRIzntT8T/PiZV/6SaUR7EiHM8e8mMGVQinGcEBFQQrNtGAsKB6V4hHSCCsdJIlHYI9/+VFaNeq9lm1dnNerl/lcRTBATgEFWCDC1AH16AJWgCDB/AEXsCr8Wg8G2/G+6y1YOQz++BPGR/fuN2apg==</latexit>

q(B)
<latexit sha1_base64="1e09tmIPjZ+eoT7s0Vz+VEFl+hA=">AAACFnicbZBNS8MwGMfT+TbnW9Wjl+AQJuhop6DHMS8eJ7gX6MpIs3QLS9OapMIo/RRe/CpePCjiVbz5bcy6Crr5QODH//88yZO/FzEqlWV9GYWl5ZXVteJ6aWNza3vH3N1ryzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX039zj0Rkob8Vk0i4gZoyKlPMVJa6punSS+7xBFDz02sqpXVyQKkd5XGcdo3yz8CXAQ7hzLIq9k3P3uDEMcB4QozJKVjW5FyEyQUxYykpV4sSYTwGA2Jo5GjgEg3yTZK4ZFWBtAPhT5cwUz9PZGgQMpJ4OnOAKmRnPem4n+eEyv/0k0oj2JFOJ495McMqhBOM4IDKghWbKIBYUH1rhCPkEBY6SRLOgR7/suL0K5V7bNq7ea8XG/kcRTBATgEFWCDC1AH16AJWgCDB/AEXsCr8Wg8G2/G+6y1YOQz++BPGR/ft1eapQ==</latexit>

r1
<latexit sha1_base64="w+fMBncFYKx0kEKsDtLgWG6j6to=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAD2o2e</latexit>

r1
<latexit sha1_base64="w+fMBncFYKx0kEKsDtLgWG6j6to=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAD2o2e</latexit>

r2
<latexit sha1_base64="qRYq8+LBOBKrAYqfcugvOTPcEds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAFXo2f</latexit>

r1
<latexit sha1_base64="w+fMBncFYKx0kEKsDtLgWG6j6to=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAD2o2e</latexit>

r2
<latexit sha1_base64="qRYq8+LBOBKrAYqfcugvOTPcEds=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAFXo2f</latexit>

r1
<latexit sha1_base64="w+fMBncFYKx0kEKsDtLgWG6j6to=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAD2o2e</latexit>

q0•<latexit sha1_base64="LaJe2J0nRDtMsCDafmqMx76aFnA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXZWkCrosunFZwT6gCWEyuW2HTh7OTIQSu/BX3LhQxK2/4c6/cZpmoa0HLhzOuXfu3OMnnEllWd9GaWl5ZXWtvF7Z2Nza3jF399oyTgWFFo15LLo+kcBZBC3FFIduIoCEPoeOP7qe+p0HEJLF0Z0aJ+CGZBCxPqNEackzD5z8jUxAMLk/8Rw/5RwU9syqVbNy4EViF6SKCjQ988sJYpqGECnKiZQ920qUmxGhGOUwqTiphITQERlAT9OIhCDdLN89wcdaCXA/FroihXP190RGQinHoa87Q6KGct6biv95vVT1L92MRUmqIKKzRf2UYxXjaRg4YAKo4mNNCBVM/xXTIRGEKh1ZRYdgz5+8SNr1mn1Wq9+eVxtXRRxldIiO0Cmy0QVqoBvURC1E0SN6Rq/ozXgyXox342PWWjKKmX30B8bnDzH5ljQ=</latexit>
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2-D abstract transition system

0.94

[0.59,1.00]0.05

0.01
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[0.10,0.11]

[0.89,0.90]

[0.07,0.08]

[0.99,1.00]

[0.00,0.01]

[0.99,1.00]
[0.00,0.01]

[0.92,0.93]

[[0, 6[[
<latexit sha1_base64="9uIFf4VxKOc++CnQf0jj9qmpvMo=">AAAB83icbVDLSsNAFL2pr1pfVZduRovgQkpSRV0W3bisYB+QhDKZTtqhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcu93DOvcydEyScKW3b31ZpZXVtfaO8Wdna3tndq+4fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbjO9yv/tEpWKxeNSThPoRHgoWMoK1kTzXO3btc3SV9361ZtftGdAycQpSgwKtfvXLG8QkjajQhGOlXMdOtJ9hqRnhdFrxUkUTTMZ4SF1DBY6o8rPZzVN0apQBCmNpSmg0U39vZDhSahIFZjLCeqQWvVz8z3NTHd74GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8WE4Cx+eZl0GnXnot54uKw1b4s4ynAEJ3AGDlxDE+6hBW0gkMAzvMKblVov1rv1MR8tWcXOIfyB9fkDideQDg==</latexit>

[[0
,6

[[
<latexit sha1_base64="9uIFf4VxKOc++CnQf0jj9qmpvMo=">AAAB83icbVDLSsNAFL2pr1pfVZduRovgQkpSRV0W3bisYB+QhDKZTtqhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcu93DOvcydEyScKW3b31ZpZXVtfaO8Wdna3tndq+4fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbjO9yv/tEpWKxeNSThPoRHgoWMoK1kTzXO3btc3SV9361ZtftGdAycQpSgwKtfvXLG8QkjajQhGOlXMdOtJ9hqRnhdFrxUkUTTMZ4SF1DBY6o8rPZzVN0apQBCmNpSmg0U39vZDhSahIFZjLCeqQWvVz8z3NTHd74GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8WE4Cx+eZl0GnXnot54uKw1b4s4ynAEJ3AGDlxDE+6hBW0gkMAzvMKblVov1rv1MR8tWcXOIfyB9fkDideQDg==</latexit>

[[3, 12[[
<latexit sha1_base64="UuT1odgWfNCSHhyN4Fo0Pe0vkaM=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm9EiuJCStIIui25cVrAXSEOZTCft0MkkzkwKJfQ53LhQxK0P4863cdJmoa0/DHz85xzOmd+POVPatr+twtr6xuZWcbu0s7u3f1A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9pxx/fZfXOhErFIvGopzH1QjwULGAEa2N5bu/UrV8ip5ZBv1yxq/ZcaBWcHCqQq9kvf/UGEUlCKjThWCnXsWPtpVhqRjidlXqJojEmYzykrkGBQ6q8dH70DJ0bZ4CCSJonNJq7vydSHCo1DX3TGWI9Usu1zPyv5iY6uPFSJuJEU0EWi4KEIx2hLAE0YJISzacGMJHM3IrICEtMtMmpZEJwlr+8Cu1a1alXaw9XlcZtHkcRTuAMLsCBa2jAPTShBQSe4Ble4c2aWC/Wu/WxaC1Y+cwx/JH1+QP6PZBI</latexit>

[[9, +1[[
<latexit sha1_base64="M5cZihM9fde0fz6cJBhDpIbHzf4=">AAACCHicbVDLSsNAFJ3UV62vqEsXjhZBUEpSBXVXdOOygn1AUspkOmmHTiZhZiKUkKUbf8WNC0Xc+gnu/BsnaRbaeuDC4Zx75849XsSoVJb1bZQWFpeWV8qrlbX1jc0tc3unLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vfJP5nQciJA35vZpEpBegIac+xUhpqW/uO+6Bc3UKEzd/KxFkkJ64lPtqkmZW36xaNSsHnCd2QaqgQLNvfrmDEMcB4QozJKVjW5HqJUgoihlJK24sSYTwGA2JoylHAZG9JF+ewiOtDKAfCl1cwVz9PZGgQMpJ4OnOAKmRnPUy8T/PiZV/2Usoj2JFOJ4u8mMGVQizVOCACoIVm2iCsKD6rxCPkEBY6ewqOgR79uR50q7X7LNa/e682rgu4iiDPXAIjoENLkAD3IImaAEMHsEzeAVvxpPxYrwbH9PWklHM7II/MD5/ALRkmSc=</latexit>

[[1
3
,+

1
[[

<latexit sha1_base64="H2dszAgidQ+0nlSsE25spznHsUI=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0UQlJK0gi6LblxWsA9IQplMJu3QySTMTIQSsnXjr7hxoYhb/8Cdf+Mk7UKrBy4czrl37tzjJ4xKZVlfRmVpeWV1rbpe29jc2t4xd/d6Mk4FJl0cs1gMfCQJo5x0FVWMDBJBUOQz0vcn14XfvydC0pjfqWlCvAiNOA0pRkpLQxM67qFjt85g5paPZYIE+alLeaimeeENzbrVsErAv8SekzqYozM0P90gxmlEuMIMSenYVqK8DAlFMSN5zU0lSRCeoBFxNOUoItLLyuU5PNZKAMNY6OIKlurPiQxFUk4jX3dGSI3loleI/3lOqsJLL6M8SRXheLYoTBlUMSxigQEVBCs21QRhQfVfIR4jgbDS4dV0CPbiyX9Jr9mwW43m7Xm9fTWPowoOwBE4ATa4AG1wAzqgCzB4AE/gBbwaj8az8Wa8z1orxnxmH/yC8fENIKCZXA==</latexit>

[[8
,1

6[
[

<latexit sha1_base64="RaaquewhxpCLKFE2UtjeSJD5vOw=">AAAB9HicbZDLSsNAFIZPvNZ6q7p0M1oEF1KSKtpl0Y3LCvYCaSiT6aQdOpnEmUmhhD6HGxeKuPVh3Pk2TtostPWHgY//nMM58/sxZ0rb9re1srq2vrFZ2Cpu7+zu7ZcODlsqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9kd3Wb09plKxSDzqSUy9EA8ECxjB2lie2z1xaxfIuc6gVyrbFXsmtAxODmXI1eiVvrr9iCQhFZpwrJTr2LH2Uiw1I5xOi91E0RiTER5Q16DAIVVeOjt6is6M00dBJM0TGs3c3xMpDpWahL7pDLEeqsVaZv5XcxMd1LyUiTjRVJD5oiDhSEcoSwD1maRE84kBTCQztyIyxBITbXIqmhCcxS8vQ6tacS4r1Yercv02j6MAx3AK5+DADdThHhrQBAJP8Ayv8GaNrRfr3fqYt65Y+cwR/JH1+QMIKJBR</latexit>

[[3
,1

1[
[

<latexit sha1_base64="/eFqHRcWoAQ/ZE+BAfjw1NxKMS0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm9EiuJCStIIui25cVrAXSEOZTCft0MkkzkwKJfQ53LhQxK0P4863cdJmoa0/DHz85xzOmd+POVPatr+twtr6xuZWcbu0s7u3f1A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9pxx/fZfXOhErFIvGopzH1QjwULGAEa2N5bu/UrV8ix8mgX67YVXsutApODhXI1eyXv3qDiCQhFZpwrJTr2LH2Uiw1I5zOSr1E0RiTMR5S16DAIVVeOj96hs6NM0BBJM0TGs3d3xMpDpWahr7pDLEeqeVaZv5XcxMd3HgpE3GiqSCLRUHCkY5QlgAaMEmJ5lMDmEhmbkVkhCUm2uRUMiE4y19ehXat6tSrtYerSuM2j6MIJ3AGF+DANTTgHprQAgJP8Ayv8GZNrBfr3fpYtBasfOYY/sj6/AH4tZBH</latexit>

6
<latexit sha1_base64="en610beLkXEYkwEwIpMC/5Hmsis=">AAACE3icdZDLSgMxFIYz9VbrrerSTbAIIjJkphfbXdGNywr2AtOhZNK0Dc1cSDJCGfoObnwVNy4UcevGnW9jehlQ0QOBn/87Jzn5vYgzqRD6NDIrq2vrG9nN3Nb2zu5efv+gJcNYENokIQ9Fx8OSchbQpmKK004kKPY9Ttve+GrG23dUSBYGt2oSUdfHw4ANGMFKW738WdKdX+KIoecmyKzVUMmqnSOzjJBdrWiBina1XJ5Wpr18IeUw5TDl0DLRvApgWY1e/qPbD0ns00ARjqV0LBQpN8FCMcLpNNeNJY0wGeMhdbQMsE+lm8zXmcIT7fThIBT6BArO3e8TCfalnPie7vSxGsnfbGb+xZxYDapuwoIoVjQgi4cGMYcqhLOAYJ8JShSfaIGJYHpXSEZYYKJ0jDkdQvpT+L9o2aZVNO2bUqF+uYwjC47AMTgFFrgAdXANGqAJCLgHj+AZvBgPxpPxarwtWjPGcuYQ/Cjj/QvSLZpR</latexit>

6
<latexit sha1_base64="en610beLkXEYkwEwIpMC/5Hmsis=">AAACE3icdZDLSgMxFIYz9VbrrerSTbAIIjJkphfbXdGNywr2AtOhZNK0Dc1cSDJCGfoObnwVNy4UcevGnW9jehlQ0QOBn/87Jzn5vYgzqRD6NDIrq2vrG9nN3Nb2zu5efv+gJcNYENokIQ9Fx8OSchbQpmKK004kKPY9Ttve+GrG23dUSBYGt2oSUdfHw4ANGMFKW738WdKdX+KIoecmyKzVUMmqnSOzjJBdrWiBina1XJ5Wpr18IeUw5TDl0DLRvApgWY1e/qPbD0ns00ARjqV0LBQpN8FCMcLpNNeNJY0wGeMhdbQMsE+lm8zXmcIT7fThIBT6BArO3e8TCfalnPie7vSxGsnfbGb+xZxYDapuwoIoVjQgi4cGMYcqhLOAYJ8JShSfaIGJYHpXSEZYYKJ0jDkdQvpT+L9o2aZVNO2bUqF+uYwjC47AMTgFFrgAdXANGqAJCLgHj+AZvBgPxpPxarwtWjPGcuYQ/Cjj/QvSLZpR</latexit>

12<latexit sha1_base64="7Ik/onLVpIgPsoWSEKqzhxXYmzU="></latexit>

11<latexit sha1_base64="HGzzvIucBK3xv75pM8ELMMraJOw="></latexit>

16
<latexit sha1_base64="Lk06w18kJG9VZCr02l2FIkSDw2s="></latexit>

q00(A) = 15
<latexit sha1_base64="+hC1h2Wu3DTfbYm/uD/UYI5rxLo="></latexit>

q(C)
<latexit sha1_base64="ABTmIjzjdGiBB+cAO9P6bS6Wwds=">AAAB63icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnokcvGIiSAJbEi3dKGh7a5t14Rs+AtePGiMV/+QN/+NXdiDgi+Z5OW9mczMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+POjpKFKFtEvFIdQOsKWeStg0znHZjRbEIOH0IJs3Mf3iiSrNI3ptpTH2BR5KFjGCTSY/V5vmgXHFr7hxolXg5qUCO1qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+STr3mXdTqd5eVxk0eRxFO4BSq4MEVNOAWWtAGAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/LfGNqw==</latexit>

q(B)
<latexit sha1_base64="Ha7ZGE2p7flZDVpSefVUvhEbnPw=">AAAB63icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnokePGIiSAJbEi3dKGh7a5t14Rs+AtePGiMV/+QN/+NXdiDgi+Z5OW9mczMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+POjpKFKFtEvFIdQOsKWeStg0znHZjRbEIOH0IJjeZ//BElWaRvDfTmPoCjyQLGcEmkx6rzfNBueLW3DnQKvFyUoEcrUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14lnXrNu6jV7y4rjWYeRxFO4BSq4MEVNOAWWtAGAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/LGyNqg==</latexit>

[[0, 6[[
<latexit sha1_base64="9uIFf4VxKOc++CnQf0jj9qmpvMo=">AAAB83icbVDLSsNAFL2pr1pfVZduRovgQkpSRV0W3bisYB+QhDKZTtqhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcu93DOvcydEyScKW3b31ZpZXVtfaO8Wdna3tndq+4fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbjO9yv/tEpWKxeNSThPoRHgoWMoK1kTzXO3btc3SV9361ZtftGdAycQpSgwKtfvXLG8QkjajQhGOlXMdOtJ9hqRnhdFrxUkUTTMZ4SF1DBY6o8rPZzVN0apQBCmNpSmg0U39vZDhSahIFZjLCeqQWvVz8z3NTHd74GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8WE4Cx+eZl0GnXnot54uKw1b4s4ynAEJ3AGDlxDE+6hBW0gkMAzvMKblVov1rv1MR8tWcXOIfyB9fkDideQDg==</latexit>

[[0
,6

[[
<latexit sha1_base64="9uIFf4VxKOc++CnQf0jj9qmpvMo=">AAAB83icbVDLSsNAFL2pr1pfVZduRovgQkpSRV0W3bisYB+QhDKZTtqhk0mYmQgl9DfcuFDErT/jzr9x0mahrQcu93DOvcydEyScKW3b31ZpZXVtfaO8Wdna3tndq+4fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbjO9yv/tEpWKxeNSThPoRHgoWMoK1kTzXO3btc3SV9361ZtftGdAycQpSgwKtfvXLG8QkjajQhGOlXMdOtJ9hqRnhdFrxUkUTTMZ4SF1DBY6o8rPZzVN0apQBCmNpSmg0U39vZDhSahIFZjLCeqQWvVz8z3NTHd74GRNJqqkg84fClCMdozwANGCSEs0nhmAimbkVkRGWmGgTU8WE4Cx+eZl0GnXnot54uKw1b4s4ynAEJ3AGDlxDE+6hBW0gkMAzvMKblVov1rv1MR8tWcXOIfyB9fkDideQDg==</latexit>

[[3, 12[[
<latexit sha1_base64="UuT1odgWfNCSHhyN4Fo0Pe0vkaM=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm9EiuJCStIIui25cVrAXSEOZTCft0MkkzkwKJfQ53LhQxK0P4863cdJmoa0/DHz85xzOmd+POVPatr+twtr6xuZWcbu0s7u3f1A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9pxx/fZfXOhErFIvGopzH1QjwULGAEa2N5bu/UrV8ip5ZBv1yxq/ZcaBWcHCqQq9kvf/UGEUlCKjThWCnXsWPtpVhqRjidlXqJojEmYzykrkGBQ6q8dH70DJ0bZ4CCSJonNJq7vydSHCo1DX3TGWI9Usu1zPyv5iY6uPFSJuJEU0EWi4KEIx2hLAE0YJISzacGMJHM3IrICEtMtMmpZEJwlr+8Cu1a1alXaw9XlcZtHkcRTuAMLsCBa2jAPTShBQSe4Ble4c2aWC/Wu/WxaC1Y+cwx/JH1+QP6PZBI</latexit>

[[9, +1[[
<latexit sha1_base64="M5cZihM9fde0fz6cJBhDpIbHzf4=">AAACCHicbVDLSsNAFJ3UV62vqEsXjhZBUEpSBXVXdOOygn1AUspkOmmHTiZhZiKUkKUbf8WNC0Xc+gnu/BsnaRbaeuDC4Zx75849XsSoVJb1bZQWFpeWV8qrlbX1jc0tc3unLcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vfJP5nQciJA35vZpEpBegIac+xUhpqW/uO+6Bc3UKEzd/KxFkkJ64lPtqkmZW36xaNSsHnCd2QaqgQLNvfrmDEMcB4QozJKVjW5HqJUgoihlJK24sSYTwGA2JoylHAZG9JF+ewiOtDKAfCl1cwVz9PZGgQMpJ4OnOAKmRnPUy8T/PiZV/2Usoj2JFOJ4u8mMGVQizVOCACoIVm2iCsKD6rxCPkEBY6ewqOgR79uR50q7X7LNa/e682rgu4iiDPXAIjoENLkAD3IImaAEMHsEzeAVvxpPxYrwbH9PWklHM7II/MD5/ALRkmSc=</latexit>

[[1
3
,+

1
[[

<latexit sha1_base64="H2dszAgidQ+0nlSsE25spznHsUI=">AAACCXicbVDLSsNAFJ3UV62vqEs3o0UQlJK0gi6LblxWsA9IQplMJu3QySTMTIQSsnXjr7hxoYhb/8Cdf+Mk7UKrBy4czrl37tzjJ4xKZVlfRmVpeWV1rbpe29jc2t4xd/d6Mk4FJl0cs1gMfCQJo5x0FVWMDBJBUOQz0vcn14XfvydC0pjfqWlCvAiNOA0pRkpLQxM67qFjt85g5paPZYIE+alLeaimeeENzbrVsErAv8SekzqYozM0P90gxmlEuMIMSenYVqK8DAlFMSN5zU0lSRCeoBFxNOUoItLLyuU5PNZKAMNY6OIKlurPiQxFUk4jX3dGSI3loleI/3lOqsJLL6M8SRXheLYoTBlUMSxigQEVBCs21QRhQfVfIR4jgbDS4dV0CPbiyX9Jr9mwW43m7Xm9fTWPowoOwBE4ATa4AG1wAzqgCzB4AE/gBbwaj8az8Wa8z1orxnxmH/yC8fENIKCZXA==</latexit>

[[8
,1

6[
[

<latexit sha1_base64="RaaquewhxpCLKFE2UtjeSJD5vOw=">AAAB9HicbZDLSsNAFIZPvNZ6q7p0M1oEF1KSKtpl0Y3LCvYCaSiT6aQdOpnEmUmhhD6HGxeKuPVh3Pk2TtostPWHgY//nMM58/sxZ0rb9re1srq2vrFZ2Cpu7+zu7ZcODlsqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9kd3Wb09plKxSDzqSUy9EA8ECxjB2lie2z1xaxfIuc6gVyrbFXsmtAxODmXI1eiVvrr9iCQhFZpwrJTr2LH2Uiw1I5xOi91E0RiTER5Q16DAIVVeOjt6is6M00dBJM0TGs3c3xMpDpWahL7pDLEeqsVaZv5XcxMd1LyUiTjRVJD5oiDhSEcoSwD1maRE84kBTCQztyIyxBITbXIqmhCcxS8vQ6tacS4r1Yercv02j6MAx3AK5+DADdThHhrQBAJP8Ayv8GaNrRfr3fqYt65Y+cwR/JH1+QMIKJBR</latexit>

[[3
,1

1[
[

<latexit sha1_base64="/eFqHRcWoAQ/ZE+BAfjw1NxKMS0=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm9EiuJCStIIui25cVrAXSEOZTCft0MkkzkwKJfQ53LhQxK0P4863cdJmoa0/DHz85xzOmd+POVPatr+twtr6xuZWcbu0s7u3f1A+PGqrKJGEtkjEI9n1saKcCdrSTHPajSXFoc9pxx/fZfXOhErFIvGopzH1QjwULGAEa2N5bu/UrV8ix8mgX67YVXsutApODhXI1eyXv3qDiCQhFZpwrJTr2LH2Uiw1I5zOSr1E0RiTMR5S16DAIVVeOj96hs6NM0BBJM0TGs3d3xMpDpWahr7pDLEeqeVaZv5XcxMd3HgpE3GiqSCLRUHCkY5QlgAaMEmJ5lMDmEhmbkVkhCUm2uRUMiE4y19ehXat6tSrtYerSuM2j6MIJ3AGF+DANTTgHprQAgJP8Ayv8GZNrBfr3fpYtBasfOYY/sj6/AH4tZBH</latexit>

6
<latexit sha1_base64="en610beLkXEYkwEwIpMC/5Hmsis=">AAACE3icdZDLSgMxFIYz9VbrrerSTbAIIjJkphfbXdGNywr2AtOhZNK0Dc1cSDJCGfoObnwVNy4UcevGnW9jehlQ0QOBn/87Jzn5vYgzqRD6NDIrq2vrG9nN3Nb2zu5efv+gJcNYENokIQ9Fx8OSchbQpmKK004kKPY9Ttve+GrG23dUSBYGt2oSUdfHw4ANGMFKW738WdKdX+KIoecmyKzVUMmqnSOzjJBdrWiBina1XJ5Wpr18IeUw5TDl0DLRvApgWY1e/qPbD0ns00ARjqV0LBQpN8FCMcLpNNeNJY0wGeMhdbQMsE+lm8zXmcIT7fThIBT6BArO3e8TCfalnPie7vSxGsnfbGb+xZxYDapuwoIoVjQgi4cGMYcqhLOAYJ8JShSfaIGJYHpXSEZYYKJ0jDkdQvpT+L9o2aZVNO2bUqF+uYwjC47AMTgFFrgAdXANGqAJCLgHj+AZvBgPxpPxarwtWjPGcuYQ/Cjj/QvSLZpR</latexit>

6
<latexit sha1_base64="en610beLkXEYkwEwIpMC/5Hmsis=">AAACE3icdZDLSgMxFIYz9VbrrerSTbAIIjJkphfbXdGNywr2AtOhZNK0Dc1cSDJCGfoObnwVNy4UcevGnW9jehlQ0QOBn/87Jzn5vYgzqRD6NDIrq2vrG9nN3Nb2zu5efv+gJcNYENokIQ9Fx8OSchbQpmKK004kKPY9Ttve+GrG23dUSBYGt2oSUdfHw4ANGMFKW738WdKdX+KIoecmyKzVUMmqnSOzjJBdrWiBina1XJ5Wpr18IeUw5TDl0DLRvApgWY1e/qPbD0ns00ARjqV0LBQpN8FCMcLpNNeNJY0wGeMhdbQMsE+lm8zXmcIT7fThIBT6BArO3e8TCfalnPie7vSxGsnfbGb+xZxYDapuwoIoVjQgi4cGMYcqhLOAYJ8JShSfaIGJYHpXSEZYYKJ0jDkdQvpT+L9o2aZVNO2bUqF+uYwjC47AMTgFFrgAdXANGqAJCLgHj+AZvBgPxpPxarwtWjPGcuYQ/Cjj/QvSLZpR</latexit>

12<latexit sha1_base64="7Ik/onLVpIgPsoWSEKqzhxXYmzU="></latexit>

11<latexit sha1_base64="HGzzvIucBK3xv75pM8ELMMraJOw="></latexit>

16
<latexit sha1_base64="Lk06w18kJG9VZCr02l2FIkSDw2s="></latexit>

q00(A) = 100
<latexit sha1_base64="1R2kApVYlEOH8JeSFGwjI+ED0P0="></latexit>

q(B)
<latexit sha1_base64="Ha7ZGE2p7flZDVpSefVUvhEbnPw=">AAAB63icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnokePGIiSAJbEi3dKGh7a5t14Rs+AtePGiMV/+QN/+NXdiDgi+Z5OW9mczMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+POjpKFKFtEvFIdQOsKWeStg0znHZjRbEIOH0IJjeZ//BElWaRvDfTmPoCjyQLGcEmkx6rzfNBueLW3DnQKvFyUoEcrUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14lnXrNu6jV7y4rjWYeRxFO4BSq4MEVNOAWWtAGAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/LGyNqg==</latexit>

q(C)
<latexit sha1_base64="ABTmIjzjdGiBB+cAO9P6bS6Wwds=">AAAB63icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnokcvGIiSAJbEi3dKGh7a5t14Rs+AtePGiMV/+QN/+NXdiDgi+Z5OW9mczMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+POjpKFKFtEvFIdQOsKWeStg0znHZjRbEIOH0IJs3Mf3iiSrNI3ptpTH2BR5KFjGCTSY/V5vmgXHFr7hxolXg5qUCO1qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/ZTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+STr3mXdTqd5eVxk0eRxFO4BSq4MEVNOAWWtAGAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/LfGNqw==</latexit>

−→ More probable behavior.
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Perspectives

1 To date:

We derived a generic framework to build discrete models
from (stochastic) reaction networks.
We show how our formally derived models can be used to
assess logical models.

2 After:

Identify, exploit, and generalize intrinsic properties across
diverse reaction networks in order to obtain more precise
abstractions.
Use exact model reduction to simplify reaction networks
beforehand (for example, Jérôme Feret, Koeppl, and
Petrov 2013).
Use abstraction techniques (e.g., interval approximation,
limited expansion, symbolic handling) to handle the
trade-off between accuracy and efficiency in the
computation of probabilities (for example, Miné 2006).
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Équipe Antique
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Thomas, René (1973). “Boolean formalization of genetic control circuits”. In:

Journal of Theoretical Biology 42.3, pp. 563–585. issn: 0022-5193. doi:
10.1016/0022-5193(73)90247-6.

59 / 59

https://doi.org/10.1007/11609773\_23
https://doi.org/10.1002/9781119716600.ch6
https://onlinelibrary.wiley.com/doi/10.1002/9781119716600.ch6
https://doi.org/10.1016/0022-5193(73)90247-6

	Motivation
	Case Study I
	Birth and death model
	Coarse-graining the BD model

	A Generic Framework
	Concrete Semantics
	Abstract Semantics
	Chemical Goals

	Case Study II
	Competition for resources

	Perspectives
	Conclusion
	Acknowledgements


