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Context

Aim: Modeling wave transformation in near-shore zones.

o dispersive effects;

@ nonlinear effects;

~ enhanced Boussinesq-type models, Green-Nadghi, ...

Sumatra 2004 tsunami reaching the coast of Thailand (from Undular tidal bore — Garonne 2010 (from Bonneton et al.2011)
Madsen et al.2008)
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Introduction

Example : Wave breaking

Question: recover energy dissipation effects ? :
@ by locally reverting to NLSW equations;
@ by locally adding eddy viscosity terms.

Challenge : the capture of these fronts needs to understand the wave shoaling.

Sumatra 2004 tsunami reaching the coast of Thailand (from Undular tidal bore — Garonne 2010 (from Bonneton et al.2011)
Madsen et al.2008)
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Modeling

Several BT models : approximation of Euler equations

Design properties of these models :
o linear dispersion relation

@ shoalling coefficients

Two kinds of BT models :
@ amplitude-velocity system

o amplitude-volume flux system

~~ degenerate to same linearized system but differ from high order derivatives terms !

cf : M.W. Dingemans
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BT Models

Euler system of equations
Euler system:

Oru + udxu + wo,u + % =0
p

Otw + udxw + wo,w + 0:p =0
Oxu+ Ozw =0
Ozu—0Oxw =0

B.C. :
-inz=mn w=0m+udkn, P=0

-inz=—d: w=—u0xd

1)

Bathymetry
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BT Models

Parameters

nonlinearity parameter ¢ = a/dy
dispersion parameter o = dy/L
Weakly nonlinear models e=0(o?)

Obtention of Nwogu equations :

X z . d ~ d
x=",z=2F=YE0 5" G- 2
L o L a o
. do . L 1 - p
u= u, w = — v =
avedy aved " gdop’
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BT Models

Euler system of equations

Euler system:

eliy + e2iiliy + ®Wiiz + pz = 0

eo? W~+ea g + e202Wwws + Pz +1=0

()
iy +Wws =0
iz — o?wz = 0.
B.C
-inZ=7 W=ij;+eiig, P=0
-in:=-d: vT/:—N;(L"l )
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BT Models

Nwogu

Plugging in the irrotational condition

o , 0% ([ .
@7—0 7% ([Judz).

Taylor expansion of 2 — ii(f, %, £) around 2 = 2, (U = i(f, X, Za))
=0+ (- sa)gf . _;a) gf; |5—z,
Integrate
/_ZJ idz = (2 +d)0 + <(2 _25a)2 - @ +22a)2 %\zzza
" <(2 —62a)3 N (d +62a)3> ?;127'5:2‘1 T
and plugg
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BT Models

Nwogu

Apply 95 and 6§ :

020
lizs = —0” ol +O(04)’ 5z = O(c®).
Coming back to Taylor expansion
o2 (2 —24)2 020
5 2 = ~ e 4
i=U-o <(Z_Za)8>?2 [(d+ z2a)U] + > P (o)
and
o [, ~ d+2,)% 8% -
W= —— ((d+2)U+02((+Z)[(d+za)U]
ox 2
(d+ZQ) 8 U 4
—_— (@
6 0x2 ) +0().
Back to Euler :
62
—e0? PIZF <(z+d)U> + Pz + 14+ 0202, e0*) = 0. 3)
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BT Models

Nwogu

and integrate between ¢7j and Z 4+ B.C.

Plugg in the first equation of Euler
Nwogu 1:

2

. . 52 . -~
Uz 4+ 005 + iz + o2 (ﬁ Uges + za[duf];;) = O(e0?, 0%).

(4)

®)
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BT Models

Nwogu

Integrate incompressibility equation :

and using the expression of i

Nwogu 2:

% 9%

e+ [+ D)) +o? <<‘72a - )aons
+
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BT Models

Nwogu-Abott

To go further :
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Nwogu-Abott

Multiply Nwogu 1 by h and Nwogu 2 by eii

@\ L. oo
Qt+a< - >i+h77;+02d <zaom+22( 7).

ot G b0 ((aza D g (U209

Back to physical variables :
Nowgu-Abbott: (Bellec, Filippini, Ricchuito, C.)

Ui3 + QX + |:ﬁ1dzoxx + 62d3 (g) :| =

0
2
Qe+ (L) + g+ a1d? Qoo+ and® (L) —o,
h X d txx

92 1 62
=0+ - ,,32 - a1:9,a2:?4

Remark : OK for Madsen-Sorensen, BeJl-Nadaoka,
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Nwogu-Abott

Dispersion Relation (constant bathymetry) :

n(t,x) = asin(kx — wt)
Q(t,x) = bsin(kx — wt)

w? 11— Bk3d?

VT qked?

1
a=0%/2+0, 5:92/2+9+g

Expansion :
2 w? 2 2,2 4,4 6
k) = 25 = G(1+ (@ — HAPK +ala — A)d*k) + OK)
Optimized for :
2 1
= Bk B= 15
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Other asymptotic model

Peregrine :
ne +[(n + d)al, = 0. ™
o d? _ d.
oy + udx + gnx + Eutxx - E[dut]xx =0. (8)
Abbott ((n, g) version of Peregrine) :
Nt + gx = 0. (9)
2 3 2
q d> /q d
d X — (= — —Qtxx | =0. 10
q‘+(d+n)x+g( o +<6 (@)~ 2 ) (10)
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BT Models

Beji-Nadaoka :

ne + [(n + d)a], = 0. (11)
L d? _ d.
oy + dtx + gnx + (1 + OéB) €Utxx - E[dut]xx
d? d
+ agg (Enxxx - E[dnx]xx> =0. (12)

Beji-Nadaoka-Abbott :

Nt +gx = 0. (13)

Q2 d3 Q d2
Q: + (m)x +g(d + 77)77)< + (1 + OéB) (? (g)txx - 7thx)

d® d
—ox — = [dNx]xx | = 0. 14
+ag (G = S lond) (14)
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Cauchy Problem Nwogu-Abbott

den + Qx + Bo2d? Qo = 0,
2
Q:—i—s( ) + g(d + en)nx + ao?d? Qux = 0
X

d+en
Nowgu-Abbott:
Theorem : Well posedness for T = O(%)
n € C([0, TJ; L2(R)) N L(0, T; H*(R))
Q € C([o, T]; L3(R)) N L®°(0, T; H*(R))
Conditions :

@ constant bathymetry
o d+emg(x) >0 onR

2
° g(d+5770)—£(d+§#>0 on R

Two difficulties :
o loss of derivatives : Bona, Chen Saut [04]

@ h do not vanish !
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Solitary waves

Motivations

Question : Why ?
@ create a hierarchy of models
e verification of numerical schemes

@ practical applications : shoaling, ...

~~ provide existence and uniqueness result + free software to compute!

Main Contribution : exhibit the relation between ¢ and A !

Condition : constant bathymetry
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Beji-Nadaoka

Equations:
Nt + [hE]x =0
ot + gnx + Uix — ’deljtxx - aBgd27']xxx =0

41
= —_
v B 3

Solitary wave
(£,x) = ne(x — ct)
(t,x) = bc(x — ct),

CI 3

diic
Te = Cfﬁc’
- EZ 2 -1 o 1
—clc +gn+ 5 + cyd“i, —apgd®n. =0

Remark : . < c!
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Beji-Nadaoka

Casel: v=0.

3 c?d? c? n
-2 hll 2
n gd2<2( +C0 d>

3 c2d? c? 5s N
o - — —_ G = t dt
g(S) gd2 (2(d + 5)2 2 + <0 d) ) (S) /0 g( )

Th : Beretycki-Lions.
Let f be a locally Lipschitz continuous real function with f(0) = 0 and F(z) = [ f(s)ds.

—u" = f(u), u€C3R), lim u(x)=0, u(xg) >0 for some xo € R.
x—Foo
has a unique solution u € H*(R) N C2(R) if and only if

& = inf{€ >0, F(§) = 0} exists, and satisfies &g > 0, (&) > 0.

Remark : & = mﬂgx u.
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Solitary waves

Beji-Nadaoka

g(s):0<:>(S:Oors:s1ors:SQ),

S _ay_ g4 e 2yt
A A AR AC I

where

s1:=d , S = d
! 4 2 4
o ¢ < ¢y, we have s, <0: NO SOLUTION !
@ ¢ > cp: UNIQUE SOLUTION!
d+ A
GA)=0sc=¢ J;
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Beji-Nadaoka

Case 2 : v #0.

2cc?agd?
(cvd?(c — Gc)? — agd®ecd)d, — 0BT g
(e —c)

+c§ic(c — ) + 5

~ QUASILINEAR !

dc = f(ve)
CgocB CgaB
V() e

s="f(s) —

o . . .
2> Cg—B = fis a diffeomorphism
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Beji-Nadaoka

12 1 CC2 f(VC)2
v =l )+ —ps B+ )-

Conclusion :
Assume that one of the following alternative is satisfied :
i)y=0, ¢c> o,

i)ag <0,v>0 ¢c>c,
ap

2—
i) g >0, 7> 0, ¢ € (o, Oo—)-

-
Then BN admits a unique solitary wave of the form (nc(x — ct), dc(x — ct)).

A3 A2 A+d A ag A2
¢ - +c?c§ | v log( )=~ +—
6(d+ A3 2(d + A)? d d+A 2 d(d+A)
_ oA
0 2q2

Conversely, if v < 0, ag < 0 and ¢ > 0, then BN has no positive solutions of the previous form.
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Beji-Nadaoka
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Figura: Solitary waves for Beji-Nadaoka equations (7. is on the left and & on the right), with d = 1, n = 0.2
and ag = 1/15.
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Solitary waves

Madsen-Sorensen

Equations:
netax =0,
Ge + ghne + (5) — BdGoo — Bgd* oo = 0
X
n(t, x) = ne(x — ct)
a(t,x) = de(x — ct),
Gc = Cc,

_2
—ce + §ne + n + (‘%) +cBd?q; — pgd*n. =0

2
2 2 g 2 2 M
( cn+%n+2n-+cd+n>7

|

3

I
X[+

K = d*(?B — 8cR)
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Solitary waves

Madsen-Sorensen

Conclusion :

In addition, the relation between parameter ¢ and the amplitude A of 7. is given by

C2

a2 A

2 6d

® dA — d?log(LA)

: N
/
. f \\
e \
\
2 \
' A
- \\

For all ¢ > ¢y, MS admit a unique solitary wave of the form (nc(x — ct), §e(x — ct)).

Figura: Solitary waves for Madsen and Sorensen equations (7)¢ is on the left and §c on the right), with d = 1,

n? =0.2and 8 = 1/15.
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Solitary waves

Nwogu

Equations:

Nt + [(77 + d)U]x + Bd3Uxxx = O,
Ut + UUx + gnx + ad?Upx = 0.

remark : 8 =0 or ag =0 in BN ~~ Peregrine.

—cne + [(775 +d)Uc] + /de'U
—cUc + ; + 8nc — cad2U
implies
_cUe/3-BU/2
2B — c2a+ calc’
Positive solutions = 0 < U < ¢ — ﬁi’, 0< Us < 574; and

B2

C>fc
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Solitary waves

Nwogu
2 Ue CU2 u
_ d? " _ (g — ) +t5* %
3 °° a(c? —c2)+—°+acU
0 3 ¢
Conclusion :
Assume that one of the following alternative is satisfied :
i)ae (—7,—7) and ¢ > ¢,

82
i) o€ (—%,0)and c > 2‘_*—2&

Then Nwogu admit a unique solitary wave of the form (nc(x — ct), Uc(x — ct)). The amplitude A
of Uc and parameter c satisfy

_ LA3+ ( " Bco —ozcz)A2Jr (cg—c2 _ ﬂcg—ac2 B (Bcg—ac2)2) A
3a

18c 12ca 2a2 6a2c?
N (B — ac?)? L (Bcg — ac?)? _ (g — cA)(BE — ac?)? log(1 + co ) =0
6c3a3 2ca’ 3ca? Bc2 — ac?

Conversely, if ¢ < ¢p, then Nwogu have no positive solutions of the previous form.
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Solitary waves
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Figura: Solitary wave for Nwogu equations ()¢ is on the left and U, on the right), with d =1, 773 = 0.2 and

B =—1/15.

remark : no result for Nwogu-Abott.....
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Solitary waves

Shoaling

A. Filippini, S. Bellec, M .Ricchuito, MC.

2/hg,

1:35 slope

-20 /b, 0

Figura: Shoaling of a solitary wave; computational configuration and gauges position (Grilli and a/).

A
%:QMm,g—zamnsbm:l:%,az%?&WlZﬂ
0

M. Colin(IPB, CARDAMOM) WATER WAVES MODELING July, the 8th 2015 30/ 32



Shoaling

05l i o]

Figura: Nonlinear shoaling. Comparison between computed wave heights at gauges 1, 3, 5, 7 and 9 and data;
models in amplitude-flux form.

Figura: Nonlinear shoaling. Comparison between computed wave heights at gauges 1, 3, 5, 7 and 9 and data;
models in amplitude-velocity form.
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Shoaling
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Figura: Nonlinear shoaling. Comparison between computed wave peak evolution and data.
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