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Why a posteriori estimates?

For O;u — Au = f and its f.e. solution up, a priori analysis gives:

I(u = unr ) (T + 0fTHV(u = unr) > < C(h, 7 I, [[u(0) — unr-(0)]))
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Why a posteriori estimates?
For O;,u — Au = f and its f.e. solution vy, a priori analysis gives:
T
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A posteriori analysis gives fully computable Cyy > G, > 0 and n(-,-) s.t.:
Con 0(unr, T) < dist(u — upr) < Cun(unr, T)
» A tighter upper bound on error can be given with known constants
> A lower bound on error (efficiency bound) can be given.
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Why a posteriori estimates?
For O;,u — Au = f and its f.e. solution vy, a priori analysis gives:
T
I(u = une)(THII? + IS upr) |2 < C(h, 7 |[F], [|u(0) — uar(0)]))
A posteriori analysis gives fully computable Cyy > G, > 0 and n(-,-) s.t.:
Caa (Upr, T) < dist(u — upr) < Cun(upr, T)
A tighter upper bound on error can be given with known constants
A lower bound on error (efficiency bound) can be given.
Predicting the error at each time-step and in sub-domains

Distinguish and estimating separately the different error components

vV Vv v Y

Adapting the numerical parameters based on the estimates
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Richards equation®: modelling flow of water through soil

3:S(p) = V - [Kx(S(p))(Vp + &) + F(S(p), x, 1)

p is pressure, s := S(p) is saturation

1J. Bear. Dynamics of flow in porous media (1972).
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Richards equation®: modelling flow of water through soil
3:S(p) = V - [Kx(S(p))(Vp + &)1 + F(S(p). x, t)

p is pressure, s := S(p) is saturation

» Obtained from combining mass balance
Ois+ V-0 ="f(s,x,t),

» the Darcy Law'

o = —Rn(s)(Vp + g).

1J. Bear. Dynamics of flow in porous media (1972).
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s =5(p) €[0,1]
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Richards Equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Function properties
s=5(p) €10,1] and
» k€ C1([0,1]) is increasing with k(0) > 0 and k(1) = 1.
» S € Lip(R) is increasing in (—oo, pp), S(—o0) = 0 and
S'(p) =0, S(p) =1 for all p > pu.
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1 Nonlinear advection-reaction-diffusion equation

Richards equation: modelling flow of water through soil

3:S(p) = V - [Kx(S(p))(Vp + &) + F(S(p), x, 1)

Function properties
s=5(p) €10,1] and
» x € C([0,1]) is increasing with k(0) > 0 and k(1) = 1.
» S € Lip(R) is increasing in (—o0, pm), S(—o0) = 0 and
S'(p) =0, S(p) =1 for all p > pu.
» K: Qs R js piece-wise constant in Q, bounded, symmetric
positive definite, and satisfies the ellipticity condition,
Km|C|2 < CTRC < KM|C‘2, V¢ € Rd/{o}'
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Richards equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Function properties
s=5(p) €10,1] and
» k€ C1([0,1]) is increasing with k(0) > 0 and k(1) = 1.
» S € Lip(R) is increasing in (—o0, pm), S(—o0) = 0 and
S'(p) =0, S(p) =1 for all p > pu.

» K: Qs RI%? js piece-wise constant in Q, bounded, symmetric
positive definite, and satisfies the ellipticity condition,

Kl¢? < ¢TKE < Kul¢l?, V¢ € RY/{0}.
» f e C3([0,1] x Q x R).




1 Nonlinear advection-reaction-diffusion equation B

Richards Equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Main Challenges

1 Nonlinearity [/
2 Degeneracy [
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Richards Equation: modelling flow of water through soil

3:S(p) = V - [Kx(S(p))(Vp + &) + F(S(p), x, 1)
Main Challenges

1 Nonlinearity
2 Degeneracy [
> Parabolic-Hyperbolic: at s = 0 if x(0) =0
0t+s = f or Ors + V - F(s) = f for multiphase problems
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1 Nonlinear advection-reaction-diffusion equation B

Richards Equation: modelling flow of water through soil
0:S(p) = V - [Kr(S(p))(Vp + )] + (S(p), x, t)

Main Challenges

1 Nonlinearity
2 Degeneracy [
> Parabolic-Hyperbolic: at s = 0 if x(0) =0
0t+s = f or Ors + V - F(s) = f for multiphase problems

> Parabolic-Elliptic: at s = 1 since S'(p) = 0 for p > pu
V- [Kk(1)(Vp +g)] + f(1,x,t) =0

3 Solutions lack regularity /"

Literature: /| [Dolejsi et al (2013)][Bernardi et al (2014)][Cances et al
(2014)] [Verfiirth (2004)]; [l [Di Pietro et al (2015)]; I [Ohlberger

(2001)] pa
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Pressure formulation
9:S(p) = V - [Kr(S(p))(Vp + )] + F(S(p), X, t)
The Kirchhoff transform and some definitions

k)= [ w(S(@)de. 0=50K7 D110
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Pressure formulation
9:S(p) = V - [Kr(S(p))(Vp + )] + F(S(p), X, t)
The Kirchhoff transform and some definitions

k)= [ w(S(e)de. 0=5oK7 D=1
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1 Alternative formulations |6
Pressure formulation

9:S(p) = V - [Kr(S(p))(Vp + )] + F(S(p), X, t)
The Kirchhoff transform and some definitions
P
K(p) = / #(S(0))do, 0=SoK™, D=1/¢
0

Total pressure formulation

For W = K(p),
20(V) = V- [K(VV + k(0(V))g)] + F(O(V), x, t)




1 Well-posedness

Weak total pressure formulation
For the initial condition sy bounded in (0,1] a.e., find W € L3(0, T; H3(2)),
s=0(V) € HY(0, T; H~1(Q)), s(0) = sp satisying ¥V € L2(0, T; H}(Q)),

(015, 6) + (KIVY + w()g], V)] = [(F(s. . 1), )

o— q




1 Well-posedness

Weak total pressure formulation

For the initial condition sy bounded in (0,1] a.e., find W € L3(0, T; H3(2)),
s=0(V) € HY(0, T; H~1(Q)), s(0) = sp satisying ¥V € L2(0, T; H}(Q)),

[(0s5,) + (RIVY + w(s)el, Vo)l = [((5,%,0). )

O—-

Theorem [Alt & Luckhaus (1983)][Otto (1991)]

There exists a unique weak solution VW for the total pressure formulations.




1 Maximum principle E

To avoid the parabolic-hyperbolic degeneracy we need s > S, > 0
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To avoid the parabolic-hyperbolic degeneracy we need s > S, > 0
Proposition

If s is bounded in [¢, 1] for some ¢ > 0, then there exists saturation
lower-bound function Sy, : [0, T] — (0, 1] such that for almost all
(x,t) e Q2 x [0, T],

s(x,t) = S(p(x,t)) > Swm(t) > 0.




1 Maximum principle

Q
S

To avoid the parabolic-hyperbolic degeneracy we need s > S, > 0
Proposition

If s is bounded in [¢, 1] for some ¢ > 0, then there exists saturation
lower-bound function Sy, : [0, T] — (0, 1] such that for almost all
(x,t) e Q2 x [0, T],

s(x,t) = S(p(x,t)) > Swm(t) > 0.

Computing S,

For example, under minor restrictions

Su(t) = minfso(x)} + [ min_ {F(Su(0).x. o)} de

0 XEQ,0>0

is a saturation lower-bound function.
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@ Link between error & residual
Residual
Lower bound on error by residual
Upper bound on error by residual
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Residual
HY(Q)), spr = 0(Wh,) € HY(0, T; H71(R)) the residual

T;H,
T;H(Q))is
T
/
0
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Residual

[(F(shr, %, £), ) = (Deshr, ©) = (KIVWhr +ri(shr )], Vi)

The Hk_l norm

For w Q Q. ”g” - sup < > —1(w),H, (w),
T e IR V)
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Residual
For Wy, € L%(0, T; H3(Q)), shr = 0(V4,) € HY(0, T; H71(2)) the residual
R(Vp,) € L2(07 T; H‘l(Q)) is

T _
f(R(th)a §0> = ({[(f(sh.,-, X, t)? 90)7 <8t5h7'> §0> 7(K[vwh7+ﬁ(sh7’)glv VSO)]
The Hk_l norm
For w C Q,

<Qa <p>H—1(w),H3(w),
||Q||H;1(w) = suUp =1 .
K peHiw) K2Vl

Observe that,

Klloll-roy < lelle) < Karllellorcy
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Theorem 1
For a time-interval / € [0, T], w C Q,

= i,

”R(th)”LZ(I;H‘{I(w)) < [[0:(s — 5/"7')”L2(I;H nt K2V (W — Wi )l 2w

1
)

1K g((5) = (sme Dz + 15,75 ) = Flhrs s Mgt
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Theorem 1

For a time-interval / € [0, T], w C Q,
- =
IR A 2zt wyy < 19e(s = Sho)ll iz oy +IKEVY = Wir )2y

1K g((5) = (sme Dz + 15,75 ) = Flhrs s Mgt

proof: Use triangle inequality for the norm || - ||L2(,;HR_1(W))




2 Upper bound on error by residual |12

Assumptions on numerical solution

> s, >€>0a.e.
> For G2 (t) = K3 Vs, (t)|[3 (), assume that [, Cp2(t) dt < oo,
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Assumptions on numerical solution

> spr > €>0ae.
> For G2 (t) = K3 Vs, (t)|[3 (), assume that [, Cp2(t) dt < oo,

Other definitions
Degeneracy estimator for parabolic-elliptic degeneracy

n**5(t) == D)2 IIF(L, X, )]+ oy
K
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Assumptions on numerical solution

> spr > €>0ae.
» For Cpo(t) = ||R%Vs,,7(t)||2oo(m7 assume that fOT Coo(t) dt < oo.

Other definitions
Degeneracy estimator for parabolic-elliptic degeneracy

0" (t) = D)™ 1L, % )]l (s

» The estimator is evaluated only in a sub-domain {s = 1}
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Assumptions on numerical solution

> spr > €>0ae.
» For Cpo(t) = ||R%Vs,,7(t)||2oo(m7 assume that fOT Coo(t) dt < oo.

Other definitions
Degeneracy estimator for parabolic-elliptic degeneracy

0" (t) = D)™ 1L, % )]l (s

» The estimator is evaluated only in a sub-domain {s = 1}
> The estimator vanishes if (1, x,t) <0 or D(1) — oo
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Theorem 2 (a)
Estimate in the H'(0, T;H (Q)) norm:
[[0:(s — ShT)HLQ(O,T;HR’I(Q)) = HR%V(W = Wi )lli2@x(0,1))

+&1(t)lls — shrllz@x(o, 7)) + HR("’hT)”L2(o,T;HR*1(Q))-
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Theorem 2 (a)

Estimate in the H'(0, T;H (Q)) norm:

[[0:(s — ShT)HB(O,T;HR’l(Q)) = HR%V(W = Wi )lli2@x(0,1))
+Q:1(t)H5 7 SIWHLZ(QX(O.T)) + HR(\I}hT)||L2(O,T;HI_;1(Q))'

Estimate in the L?(Q x [0, T]) and L>(0, T;H }(Q)) norm:

2
IG5 = )Ty 0y +
/oT {H(SJ}S»CES)H’ (14 &,(t)) ol (14+€) ]ot \(50/'5“) } dt

. (1+¢; o 2
(1+f0 (1+€2( )ef ))”50 ShT(O)”HRﬂ(Q)

I (IR ey + (14 €ale) ) [ RO |

proof uses G € H}(Q) as test function, where (KV G, V) = ((s — spr ), ©) -

&imm.
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Theorem 2 (b)
Estimate in the L?(0, T;H}(Q)) and L>(0, T;L%(R2)) norm:

(s = Sfw)l( DI+

V(V—v,. RIV(W-W,,
i [fnzo( wh)))(t)L + &(t) el © [ fn“ 220(9 el }dt

< e flso — sy (O)I2 + Jy [ (e)2 + €(e) e & [ lyee?] at

(Q

WJr&(t )eld & [t "

.
+Jo

ARV ()12 4|R(‘Uhr)li1(m]
—F—F*—|d

proof uses s — s, € L%(0, T; H3(S2)) as test function
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Theorem 2 (b)
Estimate in the L?(0, T;H}(Q)) and L>(0, T;L%(R2)) norm:

s XTI .
3 \u W, K2V(W—W),
0w {fﬁ IO | gy el € [ [, BT )l }dt

< e flso — sy (O)I2 + Jy [ (e)2 + €(e) e & [ lyee?] at

.
+Jo

T t £
oo+ Ga(t) el @ D

HRWhr (DI 1 g 4|R(whf)|:1(m]
' d

The constants ¢; are calculated from D, f, 0, C;°,5,,, €. If the problem is
linear then ¢; = 0 making the exponential terms vanish (the heat equation
case).

proof uses s — s, € L2(0, T; H3(S2)) as test function 22
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© A posteriori estimates
Finite element solution
Estimators
Global reliability
Space-time efficiency




3 Finite element solution |16

> Let {tg:=0,t1,...,ty := T} be the time-discretization, with

Tpo=ty — th1, and I, == (1, ]
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> Let {tg:=0,t1,...,ty := T} be the time-discretization, with

Tpo=ty — th1, and I, == (1, ]
» Let {7,}"_, be a sequence of triangulations




3 Finite element solution |16

» Let {tp:=0,t,...,ty := T} be the time-discretization, with
Tp =ty — th_1, and [, == (£, 1, t,]

» Let {7,}"_, be a sequence of triangulations

» Let {V, ,}"V | be the sequence of finite elements solutions for
backward Euler time discretization of total pressure formulation
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» Let {tp:=0,t,...,ty := T} be the time-discretization, with

Tn =ty — th—1, and ln = (tnflf tn]
» Let {7,}"_, be a sequence of triangulations

» Let {V, ,}"V | be the sequence of finite elements solutions for
backward Euler time discretization of total pressure formulation

» Let {V", 1| be the sequence of approximations of {VW, ,} | upto
{i,}N_, linear iterations
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» Let {tp:=0,t,...,ty := T} be the time-discretization, with
Tn =ty — th—1, and ln = (tnflf tn]

» Let {7,}"_, be a sequence of triangulations

» Let {V, ,}"V | be the sequence of finite elements solutions for
backward Euler time discretization of total pressure formulation

» Let {V", 1| be the sequence of approximations of {VW, ,} | upto
{i,}N_, linear iterations

> Let \Ilz,_T, si_ € [%(0, T; Hi(Q2)) be the time-discrete interpolations of

i i
th’ Shr:

;7T|In = W::,h’ S/I;T [ e(wlr;’,h)




3 Finite element solution |16

>

Let {to :==0,t1,..., ty = T} be the time-discretization, with

Tp =ty — th_1, and [, == (£, 1, t,]

» Let {7,}"_, be a sequence of triangulations

» Let {V, ,}"V | be the sequence of finite elements solutions for

backward Euler time discretization of total pressure formulation

» Let {V", 1| be the sequence of approximations of {VW, ,} | upto
{i,}N_, linear iterations

> Let \Ilz,_T, si_ € [%(0, T; Hi(Q2)) be the time-discrete interpolations of
W;H'? Sfim': 7 i 7 i

;7T|In = W::,h? 5/,17' In = e(wlr;’,h)
» Let V)., s, € C(0, T; L?(2)) be their time-continuous interpolations:
° ¢
Uy — T

—e —_—




3 Error measure and equilibrated flux |17

Error measure
> Forw CQ, ne{l,...,N},

dlStiNn w(wzn'fw)z = f[ Haf Shr — S)Hz}ZI( )
+ [, IRV, = W) |22,y + f), a(t) lIshr — sli2(e)®




3 Error measure and equilibrated flux |17

Error measure

» Forw CQ, ne{l,...,N},

dl%t(ngnw(w;w w)2 = fl,, Hat(sh‘r - S)Hf_llz—l(w)
+f, IREV (WG = W)[2,0,) + [, a(t) [shr — 5|12

> The global error disti’v(\llzw, W) is similarly defined




3 Error measure and equilibrated flux |17

Error measure

» Forw CQ, ne{l,...,N},

+f, IREV(W], = W)|2,,) + [, a(t) sk — 5]l 122

> The global error disti’v(\llzw, W) is similarly defined

diStSN (\Iﬁh‘r W)2 = fln Hat(sh/— - s)“i{jl(w)
K

Equilibrated flux
The equilibrated flux o, , € H(div, ) such that VK € 7,

/ [Otshr +V - oph] = / f(s,T,T, x,t) + linearisation
K K




3 A posteriori estimator |18
> For the numerical flux F, s, the flux non-conformity estimator is

=1, =
mhnk = K2 (K anp + Fon)lk,




3 A posteriori estimator |18
> For the numerical flux F, s, the flux non-conformity estimator is

Sl =
mhnk = K2 (K anp + Fon)lk,

» The time non-conformity estimators are

1

3 i J, L2 . 7
nnhK() IKZV (W, =Wk, 0y k(1) = [l = she Ik




3 A posteriori estimator |18
> For the numerical flux F, s, the flux non-conformity estimator is
Fo. Zli—1
Mh,hK = ||K2 (K Onh+ F'Lh)”Kv
» The time non-conformity estimators are
J,H* . 1 7 J, 12 L H
Mok () = [[K2V (Vi =Wy Dk, 1y 1 (8) = [lshr — eIk,
» Let the data oscillation error be

S () = 1 (she %, ) = (55 %, )0




3 A posteriori estimator |

> For the numerical flux F, s, the flux non-conformity estimator is

=1, =
mhnk = K2 (K anp + Fon)lk,

» The time non-conformity estimators are

J,H1 L R%V \U w7 J,L2 L 7
77n7h,K(t) T || ( ht — hT)HK7 T)nJ‘I,K(t) T HShT - 5h7'||K7
» Let the data oscillation error be

OSsC

nn,w(t) = Hf(SI{IT’X7 tn) — f(slim—’x7 t)”HI{l(w)'

ad,S ad,F ;
> Let 7, % and 7, be quadrature errors for numerical source and

flux terms




3 A posteriori estimator |
> For the numerical flux F, s, the flux non-conformity estimator is

=1, =
mhnk = K2 (K anp + Fon)lk,

» The time non-conformity estimators are
J,H o ek 7 J,L? o i

77n7h,K(t) T ||K2V(\UhT - th)HKv T)nJ‘I,K(t) T HShT - 5hT||K7

» Let the data oscillation error be
osc . i i
Th w( ) T Hf(ShT’X, tﬂ) - f(ShT’X7 t)”HI{l(w)'
> Let ngi‘f( and 77” h K be quadrature errors for numerical source and
flux terms

> Let nh“ L and 171“‘ 2 be linearisation errors for numerical source and

flux terms




3 Global reliability

Lemma 1

For
lin,1

nr(t) := Cp.q ha ||0sf|| 1= ( ﬁnhK 2) {ﬁﬁ?‘i(t)ﬂ?nn

+ KZ [ i+ e (8) + Kol i mp ()
E n

qd,S qd,F lin,272
Tk T bk T Moo ]




3 Global reliability

Lemma 1

For

nw(t) = Cpg ha [|0s fILoc< (¢ 2) + [ (e) +

| 3 [k + e () + Kol 1l k(1)

KE n
qd,S qd,F lin,272
Tk T bk T Moo ]
we have

IRV he ()l 1) < m=(t)




3 Global reliability |20

Theorem 3 (a)
Estimate in the L%(Q2 x [0,T]) and L>(0, T;H1(Q)) norm:

H(S - ShT)(T)”i/gl(Q) +
’OT “(S*S/vfz(f)“’ + (1 + ¢5(1)) ol (1+¢2) -/Ot \(SH()SM)H } 4l

0a,Mm(t)

< (14 Jg (1 + &(t) e ) |5y — 517 (0) 12,1
K

T [Irm(OF + (1 + (1)) €704 [{fpef?] e




3 Global reliability |20

Theorem 3 (b)
Estimate in the L?(0, T;H}(Q)) and L>(0, T;L%(R2)) norm:

||(5—5hv)$ DI+
2V(V—Vy, 3 K2V(V—V,,
i [fn 420( Bt )))( L+ eat) e & fj J REwS 2D(E(V)) I } dt

T e v 3 [ e,
< e flso — sy (O)I2 + Jy [ (e)2 + €(e) e & [ lyee?] at

+f0 [4[nn(t)]2 +es(t )eff &5 fot 4[3:]2} dt.




3 Local space-time efficiency |21

Theorem 4
Forne {1,...,N}, K € T, and a patch wg covering K,

4,5 d,F '
N S (i G i G .21?2[771”%]2 + & [ s, (0
J=4

+dist& (\U;T. V).

o,N,WK




3 Local space-time efficiency

Theorem 4

Forne {1,...,N}, K € T, and a patch wg covering K,

d,8 d,F i
[0 )2 S [ ) + U + ,21:2[77%%]2 + 2 J s ()1
=i
—|—dlsta . WK(\IJ;V. V).

Similar estimates hold for the global error dist"" (W] W),




4 Outline |22

O® Numerical results
Non-degenerate case
Degenerate case




4 Test 1. non-degenerate case |23

Solution

pexact(X,y, t) =9 — e16(1<I>t2))<y(17><)(17y) o

k(s) = s3, S(p) = ﬁr (Brooks-Corey type) ‘
—p)3 A

k = H, g e _eX

f(x,y, t) set accordingly
Domain and discretization
Domain: Q = (0,1)?

Discretization: h = ho/{, T = 79/¢
ho = 0.2, o = 0.04, £ € {1,2,4},

=
L.




4 Reliability of H'-estimates |24
Error measures
> Errp(V, \UL) =

%V(w vl )(0) szw vi)?
e o €3f {fﬂwe('u'?)))+€3(t eft © fo IQW




4 Reliability of H'-estimates |24
Error measures
> Err,.p(\ll,\lliw) =

e M et KV )p
W) o et + @0 o o

» Effectivity Index= Estimator /Err (W, V] )




4 Reliability of H'-estimates |24
Error measures
> ErrH1(\U,\UL)2 =

_1 7
o= I3 € foT I K2V (W—w))(0) +(’:3(t)efrT ¢ fot I K2v(v—v; )I?

2D(6(V], (1)) 2D(0(V],))
» Effectivity Index= Estimator /Err:(V, V] )
018 27
fo'm Estimate ¢ = 1 f:\t 261
o014 ——Estimate £ = 2 S ol [ Blectivity =1
| .+ Estimate £ = 4 o Z8[ | Bffectivity ¢ =2
2012 = ——Effectivity £ =4
v Y24
M 01 =
= 523
o008 =
5 <22
£ 006 // =
bt =1
3] 004 o @21
» i i
002 02 0z 05 08 i 0 02 04 06 08 1




4 Reliability of L2-estimates |25
Error measures

» Errje(s,s) ) is defined similar to Errp

» Effectivity Index= Estimator /ICrrLz(s.s,?,l,)




4 Reliability of L2-estimates |25
Error measures

» Errje(s,s) ) is defined similar to Errp

» Effectivity Index= Estimator /101"112(5«,5/77,—)

-3
5% 10 3
45 =
s Estimate £ = 1 "y 2.8
| ——Estimate £ = 2 | Effectivity £ =1
w 4 —+ Bstimate £ = 4 w —— Effectivity ¢ = 2|
= — 26—+ Effectivity ¢ = 4] 1
o =
S 35 & |y
8 >
= [ £ 24 J
< 3 >
-
= ©
2 4 ﬁ 22F 4
= 2sf/ g 2%h,
,b , t
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1

&Z’ .............




4 Global efficiency |26

Efficiency measure

Effectivity Index= dist""(W, W, )/ Estimator

Global Lower Bound of Error Effectivity Index of dist (¥, ‘Il;,“‘)
2 ; : . . 22— . : .
Estimate £ =1
- Estimate £ = 2 Ll
—+—Estimate { = 4
15 1
18

A 14t
08 M wwmw“*“”w Effectivity £ = 1

st 12[ | ——Effectivity £ = 2 1
t —>—Effectivity £ = 4 t

0 L L L L 1 L L L L
0 0.2 04 06 0.8 1 0 0.2 04 0.6 0.8 1




4 Local efficiency |27

Flux estimator Total Error
IsovValue. IsoValue

0024471 m0.004083
0056651

00seaser

00880271

0100238

015162
0172811
019002
0215193

bt




4  Local efficiency |27

Effectivity t=0.5




4 Test 2: Degenerate case |28

Solution
exact X Y, t (1+t2)Xy(1—X)(1— )

exp v-1) ifv<i
W > 1 ‘

Dl
Y @

I
=)

i ifs>1 Degenerate domains
K = H, = —€ey b t/=‘0§‘

-
~—

(x,y, t) set accordingly




4  Estimators

|29

: : ; : : : - :
16 L=1 | 16} [ L |
——nr, £=1 | —e-nr, £ =2 |

L JH' | L JH I A
14 0 (=1 ! 14r|-- Mo £ =2 !
12f | 12f |
] ]
1r i it i
i i
08t | ; 08t 1
i i
i i
06f : 06f i

| ﬁ‘\oo
04f I 04f 00081
| i eeeeooeweeee@weo"ewee !
02 Degeneracy sets in\;<EH+ / 02 Degeneracy sets in\;
! e ! I
ole DI e < Pl - 0 el
0 02 04 06 08 1 0 02 04 06 08




4 Estimates 30

55 T T T T 45 T T TT T
i T
— 5 i |
- | 4 Efficiency Err,_v(s si)s £ E
. )
'S a5 | —— Efficiency dist{ (¥, ¥}), 1
| ! 35 |——Efficiency Err:(s, s,”_) l 1
> 4 ! = o Efficiency dist® (¥, ),
£ s | £ ! 1
i~ | 2 |
= 3 | & 25 i {
k] ! &= !
25 .
& H 2t Degeneracy sets in H g
Zo2 | |
s | 15 |
i) B . -4
& 15} Degeneracy sets in | !
- 1
1
0 02 0.4 06 08 tt 0 02 04 06 08 t1




4 OQutlook

» Adaptive linearisation: Linearisation would be stopped when

'r;?f;)’j <y po (to be implemented)




4 OQutlook

» Adaptive linearisation: Linearisation would be stopped when

'r;?f;)’j <y po (to be implemented)

» Derive a posteriori estimates for multiphase problems




4 OQutlook

» Adaptive linearisation: Linearisation would be stopped when
Y <l o (to be implemented)

» Derive a posteriori estimates for multiphase problems

> Include heterogeneous media (changing definitions of x and S)




4 Thank you for your time |32

dakujem, Tak, Dankie [Kiitos,
“ Cracno NN %7 terima kasih,

AsanfngféEias \ )S»J rnultumesc, hvala
salamatg B | jThank you. Danke ! Hvala
THOn'ed O 5 ado ,Mer01 Grame ﬁf"gf

U | Tack XBaJIa Sagol o )\ SSab

M /‘PTLI Ct 4TZTQku je C Cnacn61
@seWGderlm ORI S
s
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