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Context and overall approach

Target problem

Typical problem
Unknowns wk(t,x),k = 1,N macroscopic fields.
System of (mostly) hyperbolic conservation laws

∂twk +∇·Φk(w) =Dk(w) +Sk

Φk : fluxes (nonlinear) - Dk : parabolic terms (diffusion).
Systems of interest : Euler/Navier Stokes - MHD

Numerical challenges
explicit schemes

CFL conditions :time scale constrained by space grid
forces to resolve possibly unwanted fast times scales

implicit schemes
large nonlinear system
costly matrix assembly/storage/inversion.
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Context and overall approach

Kinetic schemes

Distribution function f (t,x,v).
Boltzmann-BGK equation

∂t f +∇· (f v) = 1
τ

(F eq(Mf ),v)− f )

with
macroscopic data m(t,x) = Mf =

∫
K (v)f (t,x,v)d3v obtained by linear map

from f
collision vector K (v) ∈ RN .
F eq(m) equilibrium state∫

K(v)F eq(m,v)d3v = m,∀m (macro conservation)∫
s(F eq(m))d3v = max

Mf =m

∫
s(f )d3v , s entropy

David Coulette, E. Franck, P. Helluy, M. Mehrenberger, L. Navoret (IRMA Strasbourg & Inria TONUS, France)Implicit DG November 18, 2016 4 / 29



5/29

Context and overall approach Kinetic schemes

Kinetic schemes
In the limit of short relaxation times τ → 0

∂tm +∇·Φ(m) = 0, with Φ(m) =
∫

vF eq(m,v)d3v

Basic idea
Solving the split transport/relaxation kinetic system for small τ provides a natural

scheme to approximate the relaxed system.

Interesting Features
transport stage (T) is linear

∂t f +∇· (f v) = 0

nonlinearities in the relaxation stage (R) are local :

∂t f = (1/τ)(F eq(Mf )− f )

finite ∆t (splitting) or/and τ generate generate additional diffusive terms.
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Context and overall approach Lattice Boltzmann schemes

Lattice Boltzmann schemes

A particular discretization of f (t,x,v)
v : small set of discrete velocities vi , i = 1,q
Finite set of Boltzmann-BGK equations coupled only through relaxation

∂t fi +∇·vi fi = 1
τ

(f eqi − fi ),∀i

x : structured cartesian mesh xk generated by the velocity set for a given
time scale ∆t

∀(k,k ′),∃(i , j) ∈ [1,q]×Z,xk −x′k = j∆tvi

splitting scheme
1 exact transport : f ?i (x) = fi (tn,x−∆tvi )
2 local relaxation : fi (tn + ∆t) = (1− s)f ∗i + sf eq(m(f ?))

relaxation parameter s = 2∆t
2τ+∆t (Crank-Nicolson)

τ �∆t (over-relaxation) fast oscillations around equilibrium manifold
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Context and overall approach Lattice Boltzmann schemes

Standard Lattice Boltzmann models
Notation : DdQq with d = 1,2,3 space dimension q number of velocities.
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K built from low-order polynomials : macro quantities are moments.
splitting error generates diffusive terms : can mimic physical diffusion
Can be applied to any hyperbolic system of conservations laws (fluid
mechanics [CD98], Maxwell [Gra14], MHD [Del02], etc.)
transport is easy but ∆t/∆x linked : integer CFL-like condition
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A tour in DG Lattice Boltzmann schemes family

Simple example D1Q3 (1)

vi = iλ, i ∈ {−1,0,1}.
K (v) = (1,v)T → w = (ρ,q). Density ρ, momentum q = ρu.
limit system is the Euler isothermal equation{ ∑

i [∂t fi +∂x (vi fi )− τ−1(f eqi − fi )] =0∑
i [∂t(fivi ) +∂x (v2i fi )− τ−1(vi f eqi − vi fi )]=0 →

{
∂tρ+∂xq =0

∂tq +∂x (q2/ρ+ c2ρ)=0

f eq is an equilibrium (Maxwellian) state if:

ρ=
∑

i f
eq
i q =

∑
i f

eq
i vi q2

ρ +ρc2 =
∑

i f
eq
i v2

i

solving the linear system for f eq we obtain

f eq0 = ρ(λ2−u2− c2)/λ2 f eq±1 = ρ
2
(
±λu + u2 + c2

)
/λ2
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A tour in DG Lattice Boltzmann schemes family A toy model

Simple example D1Q3 (2)

Let’s consider the extended moment set (ρ,q,z), with z =
∑

i fiv2
i .

In moment space, the D1Q3 model reads

∂tρ+∂xq = 0,
∂tq +∂xz = 0,

∂tz +λ2∂xq = τ−1(zeq(ρ,q)− z) = τ−1(q2/ρ+ c2ρ− z).

Chapman-Enskog method shows that for small τ we have

∂tρ+∂xq = 0,

∂tq +∂x

(
q2
ρ

+ c2ρ
)

= τ∂x

(λ2− c2−3u2
)︸ ︷︷ ︸

sign!

∂xq +2u
(
u2− c2

)
∂xρ

 .
The viscosity terms are not entropy dissipative → small Mach flows.
Different from the Jin-Xin relaxation [JX95, Dub13].
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A tour in DG Lattice Boltzmann schemes family MHD : Dellar’approach

Dellar’s approach : D2Q9 + 2 x D2Q5 for 2D MHD
Bibliography [Del02]

Basic resistive MHD

 ∂tρ+∇· (ρu)=0
∂t(ρu) +∇·

[
(p + B2/2)I+ρuu−BB

]
=∇· (µS)

∂tB +∇× [η∇×B−u×B]=0

LBM modelisation
fluid part : standard Euler/Navier Stokes ; Lorentz force → included in the
equilibrium flux
induction equation : B cannot be directly cast as a first order moment (due
to antisymmetry).
Dellar’s approach

associate each component of B to a separate DsQq model
α = 1,d : Bα =

∑
i g
α
i .

coupling is done though the equilibrium.
extension to more complex MHD models
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A tour in DG Lattice Boltzmann schemes family General framework

A (too) general approach : Πk(DdQqk) schemes

Generic Multi-LBM Scheme building
For each k = 1,N consider a DsQqk model given by

qk velocities vk,i
a q×q invertible square matrix Pk mapping micro/macro variables m = Pf
a subset of 1≤ ck ≤ qk −1 conserved variables.
q equilibrium functions f eqi ( or equivalently meq

i = [Pfeq]i )
In moment space we have

∂tmk +∇·
[
Pkdiag [vk ]P−1k mk

]
= 1
ε

N∑
j=1

PkΩkjP−1j (meq
j −mj)

With Ω the linear relaxation matrix made of qk ×qj blocks. Ω may depend on
conserved variables.

limit system yields C =
∑

k ck equations on the conserved variables.
diffusive terms are shaped by equilibrium and the structure of Ω.
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A tour in DG Lattice Boltzmann schemes family General framework

(DdQ(d +1))n schemes
Bibliography [Gra14]

Target problem

∂twk +∇·Φk(w) =Dk(w),k = 1,n

For each k one conserved quantity and d flux components : d +1 scalar fields

(DdQ(d +1)n scheme building
For each k = 1,n we consider the "same" DdQ(d +1) model given by

d +1 velocities vi forming a simplex,
∑

i vi = 0
1 conserved quantity mk,0 =

∑
i fk,i . (w = [m1,0,m2,0....mn,0])

d non-conserved quantities are the mk,α =
∑

i fk,ivαi ,α = 1,d
q = d +1 equilibrium functions f eqi obtained by solving wk =

∑
i f

eq
i,k (w) and

Fαk (w) =
∑

i f
eq
i,k (w)vαi .

dissipative provided |vi |> sup{|λ|,λ ∈ spec(dwΦ)}
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Implementation of an implicit DG-LBM solver

Section 3

Implementation of an implicit DG-LBM solver
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Implementation of an implicit DG-LBM solver

Back to our problem

Guiding principle
Replace strongly coupled non-linear hyperbolic system by a (larger) set of
more loosely coupled ones.
in essence : split spatial coupling / inter-variable nonlinear coupling.
compensate for larger problem size by efficient parallelization.

Requisites
unstructured meshes to handle complex geometry
no CFL
high order in space and time.

Project guidelines
unstructured mesh : DG space discretization ( h,p refinement, locality)
no CFL? → implicit schemes
control diffusive terms : high space and time order + relaxation tweaking.

David Coulette, E. Franck, P. Helluy, M. Mehrenberger, L. Navoret (IRMA Strasbourg & Inria TONUS, France)Implicit DG November 18, 2016 15 / 29



16/29

Implementation of an implicit DG-LBM solver High order implicit DG scheme

DG - Implicit upwind transport scheme 1

We consider a coarse mesh made of hexahedral curved macrocells

Each macrocell is itself split into
smaller subcells of size h.
In each subcell L we consider
polynomial basis functions ψL

k of
degree p.
Expansion on the polynomial basis:
discontinuous approximation of f .

f (x ,v ,p∆t)' f pL (x ,v) =
∑
k

f pL,k(v)ψL
k (x), x ∈ L.
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Implementation of an implicit DG-LBM solver High order implicit DG scheme

DG - Implicit upwind transport scheme 2

Implicit DG approximation scheme
∀L,∀k ∫

L

f pL − f p−1L
∆t ψL

k −
∫
L

v ·∇ψL
k f pL +

∫
∂L

(
v ·n+f pL + v ·n−f pR

)
ψL
k = 0.

time step index: p

R denotes the neighbor cells along
∂L.

v ·n+ = max(v ·n,0),
v ·n− = min(v ·n,0).

nLR is the unit normal vector on ∂L
oriented from L to R.

nLR

∂L∩∂R

L

R

Features
implicit scheme , unconditionally stable , (h,p) refinement
requires a priori the resolution of a large linear system for each v .
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Implementation of an implicit DG-LBM solver High order implicit DG scheme

Getting high order in time : symmetric splitting
Bibliography: [MQ02]

Example

D2Q9 model ,Euler stationary state in a constant gravity field g = gey .

Analytical solution ρ= ρ0e−gy/T

Splitting schemes made of symmetric building blocks
All steps implemented as θ weighted schemes.
θ = 0 explicit , θ = 1 implicit ; θ = 1/2 (Crank-Nicolson) → symmetric

Transport (T)
Macroscopic source (S) (gravity)
BGK Relaxation (R).

1st order T (∆t) S(∆t) R(∆t)
2nd order T (∆t/2) R(∆t/2) S(∆t) R(∆t/2) T (∆t/2)
2nd order collapsed R(∆t/2) S(∆t) R(∆t/2) T (∆t)
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Implementation of an implicit DG-LBM solver High order implicit DG scheme

Euler gravity stationary

∆t Convergence of L2 error on macroscopic data wrt analytical solution.
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log2(∆t/∆tref )
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(ε
/ε
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1st order
1st order t1
2nd order full
2nd order collapsed

First order t1 : first order splitting with fully implicit θ = 1 blocks.
First order : first order splitting with θ = 1/2 second order symmetric blocks.
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Implementation of an implicit DG-LBM solver High order implicit DG scheme

Euler Gaussian pulse

D2Q9 model on a square : 8x8 elements, 10x10 subcells, 3rd order
Initial condition : narrow gaussian density bump
ρ= 1+0.1exp(−40∗ (x2 + y2).
Convergence evaluated from highly time-resolved solution.
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Implementation of an implicit DG-LBM solver Getting efficiency

The benefits of upwinding

upwind flux → data dependencies follow the (constant) velocity

transport operator can be cast into Block Triangular Form (BTF) by appropriate
data renumbering.
inversion : BTF + inversion of diagonal blocks.
data blocks at the subcell scale : too small for efficient parallelism.

Coarse grain block structure at macrocell level
L is upwind with respect to R if v ·nLR > 0 on ∂L∩∂R.
In a cell L, the solution depends only on the values of f in the upwind macrocells.

2 5 8

1 4 7

0 3 6
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Implementation of an implicit DG-LBM solver Getting efficiency

Dependency graph
For a given velocity v we can build a dependency graph. Vertices are associated to
macrocells and edges to macrocells interfaces or boundaries. We consider two fictitious
additional vertices: the “upwind” vertex and the “downwind” vertex.

NA 10 10 10 10

9 2 5 8 10

9 1 4 7 10

9 0 3 6 10

9 9 9 9 NA

0

1 3

2 4

5

10

6

7

8

9

The dependency graph yields a coarse block triangular ordering
the local system in each macrocell is solved "on the fly" using the KLU library.
no need to assemble, store, and factorize the global system !
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Implementation of an implicit DG-LBM solver Getting efficiency

Transport solver parallelism

ideal across velocities (uncoupled)
across macrocells : can be high but
load imbalance
realistic mesh : complex to manage...

Toroidal mesh - 720 macrocells

Toroidal mesh - transport graph for (1, 0, 0) velocity.

0

721

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

40

37

41

38

42

39

43

44

45

46

47

168

169

170

171

48

52

49

53

50

54

51

55

56

57

58

59

172

173

174

175

60

64

61

65

62

66

63

67

68

69

70

71

176

177

178

179 72

76 84

73

77 85

74

78 86

75

79 87

80 88

81 89

82 90

83 91

92

93

94

95

96

97

98

99

100

101

102

103

104164

105165

106166

107167

108

109

110

111

112

113

114

115

116

152 117

153 118

154 119

155

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

156

157

158

159

160

161

162

163

180

184192

181

185193

182

186194

183

187195

188196

189197

190198

191199

200 348

201 349

202 350

203 351

204

205

206

207

208

209

210

211

212 336

213 337

214 338

215 339

216

217

218

219

220

221

222

223

224

324225

325226

326227

327

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

292

289

293

290

294

291

295

296

297

298

299

356

357

358

359

300

304

301

305

302

306

303

307

308

309

310

311

352

353

354

355

312

316

313

317

314

318

315

319

320

321

322

323

328

329

330

331

332

333

334

335

340

341

342

343

344

345

346

347

360

361 364372

362 365373

363 366374

367375

540

368376

369377

370378

371379

544

380 528

381 529

382 530

383 531

548

384

385

386

387

552

388

389

390

391

556

392 516

393 517

394 518

395 519

560

396

397

398

399

564

400

401

402

403

568

404

504

405

505

406

506

407

507

572

408

409

410

411

576

412

413

414

415

580

416

417

418

419

584

420

421

422

423

588

424

425

426

427

592

428

429

430

431

596

600

604

608

432

433

434

435

612

436

437

438

439

616

440

441

442

443

620

444

445

446

447

624

448

449

450

451

628

452

453

454

455

632

456

457

458

459

636

460

461

462

463

640

464

465

466

467

644

468

469472

470473

471474

475

648

476

477

478

479

652

536

537

538

539

656

480

481484

482485

483486

487

660

488

489

490

491

664

532

533

534

535

668

492

493496

494497

495 498

499

672

500

501

502

503

676

680

508

509

510

511

684

512

513

514

515

688

692

520

521

522

523

696

524

525

526

527

700

704

708

712

716

541

542

543

545

546

547

549

550

551

553

554

555

557

558

559

561

562

563

565

566

567

569

570

571

573

574

575

577

578581

579582

583

585

586

587

685

686

687

589

590593

591594

595

597

598

599

689

690

691

601

602605

603606

607

609

610

611

693

694

695

613

614617 625

615618 626

619 627

621 629

622 630

623 631

633

634

635

637

638

639

641

642

643

645705

646706

647707

649

650

651

653

654

655

657

717

658

718

659

719

661

662

663

665

666

667

669

670

671

673

674

675

677

678

679

681

682

683

697

698

699

701

702

703709

710

711

713

714

715

720

We need smart task scheduling

David Coulette, E. Franck, P. Helluy, M. Mehrenberger, L. Navoret (IRMA Strasbourg & Inria TONUS, France)Implicit DG November 18, 2016 23 / 29



24/29

Implementation of an implicit DG-LBM solver Getting efficiency

Kirsch : Task-Based parallel DG-LBM solver

Here comes StaPU
StarPU is a task-based scheduling library developed at Inria Bordeaux
[AAF+12]: http://starpu.gforge.inria.fr

Task description : codelets, inputs (R), outputs (W or RW).
The user submits tasks in a correct sequential order.
StarPU schedules the tasks in parallel if possible.
MPI extension easy : dispatch data and declare owner process :
communications handled transparently.

SCHNAPS + StaRPU + LBM = KIRSCH
starting point SCHNAPS : general DG explicit solver.
StarPU + Optimization for Kinetic LBM-like schemes
KIRSCH : KInetic Representation for SCHnaps
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Implementation of an implicit DG-LBM solver Getting efficiency

D2Q9 multithread performance
Full D2Q9 scheme on square grids. Constant dof number per macrocell. Number
N of macrocells N from 1 to 64 = 8x8.

for 1 macrocell : saturation at ncore = nv . This is expected.
efficiency grows with N due to topological parallelism.
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D3Q* multithread performance
D3Q15,D3Q19,D3Q27 models on a cube with 4x4x4 elements and 8000 dof per
elements with eager scheduler.
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MPI Scaling : D3Q15 in a torus

Toroidal mesh : 720 macroelements x 3335 dof
2064 interfaces - 192 boundary faces

Wall time in sec for 100 interations.
Nthreads/Nmpi 1 2 3 4

14 6862 2772 1491 1014
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Conclusions and prospects

Current state
DG-LBM parallel solver
2nd order in time
validation tests on standard 2D LBM-BGK models (Fluids, 2D MHD)
good MPI/Multithreaded scaling in both 2D and 3D.

Next steps
(DqQd +1)n approach is appealing : stable and generic.
optimization : Transport Tasks Optimization / GPU codelets
higher order in time (composition [CCDV09] , complex time steps) :mitigate
diffusion
validate 2D−3D MHD models.
benchmark wrt JOREK.

David Coulette, E. Franck, P. Helluy, M. Mehrenberger, L. Navoret (IRMA Strasbourg & Inria TONUS, France)Implicit DG November 18, 2016 29 / 29



29/29

Conclusion and prospects

Bibliography I

[AAF+12] Cédric Augonnet, Olivier Aumage, Nathalie Furmento, Raymond Namyst, and Samuel Thibault.
StarPU-MPI: Task Programming over Clusters of Machines Enhanced with Accelerators.
In Siegfried Benkner Jesper Larsson Träff and Jack Dongarra, editors, EuroMPI 2012, volume 7490 of LNCS. Springer, September 2012.
Poster Session.

[CCDV09] François Castella, Philippe Chartier, Stéphane Descombes, and Gilles Vilmart.
Splitting methods with complex times for parabolic equations.
BIT Numerical Mathematics, 49(3):487–508, 2009.

[CD98] Shiyi Chen and Gary D Doolen.
Lattice boltzmann method for fluid flows.
Annual review of fluid mechanics, 30(1):329–364, 1998.

[Del02] Paul J Dellar.
Lattice kinetic schemes for magnetohydrodynamics.
Journal of Computational Physics, 179(1):95–126, 2002.

[Dub13] François Dubois.
Stable lattice boltzmann schemes with a dual entropy approach for monodimensional nonlinear waves.
Computers & Mathematics with Applications, 65(2):142–159, 2013.

[Gra14] Benjamin Graille.
Approximation of mono-dimensional hyperbolic systems: A lattice boltzmann scheme as a relaxation method.
Journal of Computational Physics, 266:74–88, 2014.

[JX95] Shi Jin and Zhouping Xin.
The relaxation schemes for systems of conservation laws in arbitrary space dimensions.
Communications on pure and applied mathematics, 48(3):235–276, 1995.

[MQ02] Robert I McLachlan and G Reinout W Quispel.
Splitting methods.
Acta Numerica, 11:341–434, 2002.

David Coulette, E. Franck, P. Helluy, M. Mehrenberger, L. Navoret (IRMA Strasbourg & Inria TONUS, France)Implicit DG November 18, 2016 29 / 29



29/29

Conclusion and prospects

What StarPU does for us
Task graph for 2DQ9 model

a single 2D macrocell
a single time step of the first order scheme ( T + R)
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Pretty simple...
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What StarPU does for us
4 macrocells in a 2D square
a single time step of the first order scheme ( T + R)
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Slightly more complicated....
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