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1. Framework: A Fortunate Meeting of Programs

© BORDEAUX: C. Berthon!, B. Dubroca?, A. S.

then E. Estibals, D. Arégba, J. Breil, S. Brull, ...

@ NICE: H. Guillard, B. Nkonga, A. S.

then E. Estibals

University of Nantes

2CEA-CESTA, and University of Bordeaux
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2. A Two-Temperature Plasma Fusion Model

Assumptions:
e Unmagnetized quasineutral totally ionized plasma
e Particles undergoing the electric field E given by the Ohm's law:

cigradpe — cegradp; = neqeE
where: ce = pe/p and ¢; = pi/p
The Model:

Otp + div(pu) = 0,
9t(pu) + div(pu @ u + (pe + pi)l) =0

1 . 1
8t(,0e€e + Epeu . u) + le((pege + §peu -u+ Pe)U)
- (Cigradpe - Cegra,dp,‘) U= Veé; (TI — Te)

1 . 1
Oc(pici + 5 piu-u) + div((piei + 5 piu - u+ pi)u)

+ (cigradpe — cegradp;) -u = —v& (T; — Te)
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2. A Two-Temperature Plasma Fusion Model

The mathematical properties of the model
e The model is non-conservative

e The seminal work of Coquel and Marmignon 3 make it
conservative under:
assumption of null jump of entropy across shocks

e The same transformation was recently rederived in the internship
of Estibals*

3
[§ F. CoQuEL, C. MARMIGNON, Astro. Space Sc., 260, 1-2, 15-27 (1998)
4

@ D. AREGBA, J. BREIL, S. BRULL, B. DUBROCA, E. ESTIBALS,
submitted for publication

5/41



2. A Two-Temperature Plasma Fusion Model

The mathematical properties of the model
e The following conservative system is then obtained:

dep + div(pu) = 0
Ie(pu) + div(pu @ u+ (pe + pi)l) = 0
O(p&)+div((p& + pi + pe)u) = 0
Bt (pese) + div(peseu) = vipe (T —Te)

where: p& = pigj + %p,-u ‘U pece + %peu - u is the total energy,
Se = Pepe ' is the electron’s entropy
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2. A Two-Temperature Plasma Fusion Model

The mathematical properties of the model
e The following conservative system is then obtained:

Otp + div(pu) =
de(pu) + div(pu @ u+ (pe + pi)l) =
Ie(p&) +div((p& + pi + pe)u) =
Ot(pse) + div(pseu) = v e ple(Ti — To)

ei

o O O

e This system can be written in the following compact form:
U +dvF(U) =S (%)

with:
p pu 0
_ | pu (o — | Pu@u+(pi+ pe)l | 0
Y= e )= (p& + pi + pe)u A
PSe pSeu e

S = Vs e 1 ptTe(T: — To)

ei
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2. A Two-Temperature Plasma Fusion Model

The mathematical properties of the model
e The solution % of the model belongs to the set of physically
admissible states ¢ defined by:

1
ﬁ:{%:(p,pu,pg,pse)TeRﬁ, p>0, £—§u-u>0, se>0}

o A useful Lemma:

Lemma

Let % = (p, pu, p&, pse)" be a solution of the model. Then the
following systems are equivalent:

3tp = 81_-“ = 0téa = 0

OtSe = Veé; Ce_’ye ,07%(7_; - Te)
8,_»/) = (9tu = 0
0 Te = Vﬁ (Ti — Te)

0: T; = _Vg (Ti—Te)
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2. A Two-Temperature Plasma Fusion Model

The mathematical properties of the model
e The model is Galilean invariant
e Hyperbolicity

Theorem

The 1D version of the model without the source term ¥ is
hyperbolic. The eigenvalues are given by the set

=={u—cej, U, u, u, U+ Cej}

8(pi = pe)

dp
The characteristic fields associated to the eigenvalues u & c.; are
genuinely nonlinear while the characteristic fields associated to the
eigenvalue u are linearly degenerated.

where Cof =
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3. A Finite Volume Approximation

A numerical strategy to approximate the model based on our
work reported in:

[1 A. BONNEMENT, et al., ESAIM Proceedings, 32, 163-176
(2011)

@ M. BILANCERI, et al., ESAIM Proceedings, 43, 164-179
(2013)
e Toroidal geometry and cylindrical coordinates for a torus

e Tessellation:
[J unstructured mesh composed of triangles in polar planes
0 structured mesh in the toroidal direction
i.e. curved primastic elements in the toroidal direction
e Our finite volume approximation in curvilinear coordinates:
(] the divergence of the momentum equation is kept in local
cylindrical coordinates

10/ 41



3. A Finite Volume Approximation

e Our finite volume approximation in curvilinear coordinates:

(] the divergence of the momentum equation is kept in local
cylindrical coordinates

[ integration of this divergence form on control cells

[ definition of adequate discrete cylindrical base and
projection of the result of the integration step on this base

This yields the following generic FV approximation:

Pa
3D Palla
23| o, et |4y / (%o, U3, 005) O
SapeS P!
PaSeq

+ > / F (%, %3, 003) d&Q:/ dQ
S Q3D
Saﬂeytor af e

o O O
N
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3. A Finite Volume Approximation

The details:
e Toroidal geometry and cylindrical coordinates

x = Rcosyp
y = Rsinp
z=7

(er, e,, ez) is the cylindrical local base
e The conservative form of the model in cylindrical coordinates is
given by:
0:(Rp) + 9, (Rpu - €¥) =
de(Rpu) + 0¢, (RT - e¥) =
9:(Rp &) + 0g, (R(p & + pi + pe)u-e¥) =
Or(Rpse) + ¢, (Rpseu - €¥) = R

o O O
A\

where: e, € {er, e,, ez} ; ;- e =46 :
T = (puku; + (pi + pe)d)) ex ® e
S = 1/5 Ce e pt (T — Te)
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3. A Finite Volume Approximation

The details:
e Tessellation:

O triangles Tg in (R, Z)—coordinates to mesh polar planes

O interval of angles (¢k, Yk+1), where k € {1, .-+, Nppan} to
mesh the computational domain in the toroidal direction

This leads to curved primastic elements in the toroidal direction to
partition the computational domain

O INRIA (R, Z)—coordinates 2D control cells Q,, leading to
the 3D control cells Q3P associated to each node « of the mesh of
the computational domain

[ The boundary of each control cell Q3P is composed of
poloidal surfaces and toroidal surfaces
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3. A Finite Volume Approximation

The details:
e Our finite volume approximation in curvilinear coordinates:

[0 Two kind of equations:
© scalar equations: continuity, energy, entropy
© vectorial equation: momentum
[0 Our procedure applied to scalar equations is same as the
well-known FV scheme
[J For vectorial equations, our strategy proceeds as follows:
¢ Integration of momentum equation over the control

3D.
cell Q227

1
9271 % <|QgD| /Q3D o dQ) ! Q3D e (RT - e)dQ =0

¢ Crucial choice of components of the vector
1 . .
Rpu d€2 to be stored in order to represent it

Q3P| Josp
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3. A Finite Volume Approximation

The details:
e Our finite volume approximation in curvilinear coordinates:
[ For vectorial equations, our strategy proceeds as follows:

¢ Crucial choice of components of the vector

1 . .
W Rpu d) to be stored in order to represent it
o Q3D

o We chose to store the components of the vector u,
with respect to the local basis (eg(a), ez(a), ey(a))
of the control cell Q3P

¢ This automatically leads to:

1
5301 RpudQ = po (Natr a€r(a) + uz qgez() + oty aey(a))
‘Qa ‘ Q3D
with:
sin <80a+1/2 , SOa—l/z)

Na = , Uq = UR qeR(a)+uz nez(a)+uy aep(a)

Pa+1/2 — Pa-1/2
2
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3. A Finite Volume Approximation

The details:
e Our finite volume approximation in curvilinear coordinates:
[ For vectorial equations, our strategy proceeds as follows:
© This yields the following equation:

123°| 0 (panauia) + /Qw 0, (RT -e¥)dQ =0

where: nou, = N R c€R() + Uz nez(a) + Ny a€p()
e This yields the following generic FV approximation:

Pa
PallaUa
SRR DY / (%, Us, M) dOQ
PaS Sge/PO’
aeq
0
+ Z/ (e, U, 03) dOQ = /Qw g dQ
S eytor « Rye
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3. A Finite Volume Approximation

The details:
e This yields the following generic FV approximation:
Pa
Pallal
‘QgD‘ AR SRS / (U, U3, 005) dOR
S, @G/po,
PaSea
0
0
+S Z;/ (e, U3, 0p) dOQ = o |0 dQ
© RS,

where: .7P° are poloidal boundaries of Q3P
St are toroidal ones

e The fluxes / F(%.,3,n.3) dOS2 are computed with a
Sap

new relaxation scheme
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3. A Finite Volume Approximation

The details:

e The fluxes F (%, %3,n3) dOQ2 are computed with a
Sap
new relaxation scheme based on

[§] C. Berthon, B. Dubroca, A. S., SINUM, 50, 468-491 (2012)

[§ C. Berthon, B. Dubroca, A. S., CMS, 13, 2119-2154 (2015)
and derived in

[ D. ArEcBA, J. BREIL, S. BRULL, B. DUBROCA, E.
ESTIBALS, submitted for publication
(1 The 1D model without source term

( Orp + Ox(pu) =
O (pu) + Ox(pu? + (pe + pi))

Oe(pv) + Ox(pvu)

de(pw) + Ox(pwu)

Ie(p &)+ 0x((p& + pi + pe)u)

( Ot(pse) + Ox(pseu) = 18 /41

1
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3. A Finite Volume Approximation

The details:

e The fluxes F (%, %3,n3) dOQ2 are computed with a
Sap
new relaxation scheme

[J A relaxation approximation of the 1D model without source

term

( Otp + Ox(pu) = 0
Ot(pu) + Ox(pu? + (me + i) = 0
de(pv) + Ox(puv) = 0
9e(pw) + Ox(puw) = 0
I(p&)+ 0x((p& + i+ me)u) = 0
Ot(pse) + Ox(pseu) = . 0
O¢(pe + cea®) + Ox(pmeu + cea’u) = ;p(pe — Te)

1

O¢(pmi + cia®) + Ox(pmiu + cia’u) = ;p(p,' — ;)

L O¢(pa) + Ox(pau) == 0
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3. A Finite Volume Approximation

The details:

e The fluxes F (%, %3,nqp) dOQ2 are computed with a
Sas
new relaxation scheme
(1 A relaxation approximation of the 1D model without source

term
oT = 0= Te = Pe, T — Ppi
¢ The relaxation system for 1D model turns into:

0,U + 0,F(U) = %T(U)

The 1D relaxation system 0;U + 0xF(U) = 0 is hyperbolic. The
eigenvalues are given by: N = {u —a/p, u, u, u, u, u, u+a/p}.

All the associated characteristic fields are linearly degenerated.

20/ 41



3. A Finite Volume Approximation

o The Riemann problem can be solved exactely:
Lemma

Assume U; and U, are constant states and consider

. U, if x<0
UO(X)_{IU, if x>0

as the initial data for the system 0;U + 0,F(U) = 0. Let a; and a,
be positive real numbers a; > 0, a, > 0, satisfying:

by=u —a/p<u*<u+a/pr=br
aju; + aru, . (7Ti,r + 7Te,r) - (7Ti,l + 7"'e,l)
aj+ a a + a,
Then the weak solution of system 0;U + 0F(U) = 0 with the
initial data (U, U,) is given by
U, if b > X/t
7, 0f b <x/t < u*
Uz, if v* <x/t< b
U,, if b <x/t

where: u* =

Ur (X/t, Uy, Ur) =
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3. A Finite Volume Approximation

o With g =1/ or r, and
vt = (au + arur) /(a1 + ar) = (i r + e, r — i — e, 1) (a1 + ar)
v =(avi+a,v.)/(ar + a))
w* = (ayw + a,w,)/(ar + a)
wr = mig+ calmir + e r — i1 — e, — ar(ur — uy))/(ar + ar)
T = Te + Cea|(mi s + Te r — i) — 7,1 — ar(ur — uy))/ (a1 + ar)

Zr = Ti,r + Cl'al’(ﬂ-f,/ + Te, | — Tjr — Te,r — al(ur — U/))/(a/ + a,)

ﬂ—z,r = Tle,r + Cear(7ri,l + Te, | — Tjr — Te,r — al(ur - Ul))/(al + ar)
1/02 =1/pg — (7 i*g + W:g — Tig — 7Te,g)/("’g)2
eo) = e+ (7o) + 7)) = (wes + mi1)?)/(2(cear)?)

e} €Il+(( el+7rll) (7r6,/+77i,/)2)/(2(cia/)2)

3

il
52,r - 56 r + ((ﬂ-e r + 7TI r)2 - (ﬂ'e’r + 7Ti7r)2)/(2(cear)2)
ety = i + (e, +77,0)° = (meyr + 7))/ (2(ciar)?)
ngg = e ag = 22/41



3. A Finite Volume Approximation

© The Riemann problem can be solved exactely:
Then the star intermediate states U and Uy are given by

Pe

pel”

pgV”

PeW”

Uz = %PE(“*)2 t Pgig T Pgleg
PgSeq

PEW;*,g + Ci(a§)2

p;’ﬂ-;g + Ce(ag)z

* ok
Pgdg
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3. A Finite Volume Approximation

The details:

e Practical implementation of our approximation

At time t", we consider a piecewise constant approximation of the
solution of the initial model given by,

UR(R, Z, 0, t"Y=U", (R,Z,p) e Q3P

where
n
Pao
n..n
oy PaUq
« - n..n n n.n n-.n
Epaua “Ug + Pati o + Pafe,
nen
poase,oz
n n
Pi o Pe, o
H n.n __ 5 n _ ’ n __ N n\—"7e
with pagi,a - . 1’ Pe e,a — 1’ se,a - pe,a(ce pa)
Vi — Ve —
To evolve in time this approximation, we proceed in two
steps:
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3. A Finite Volume Approximation

The details:
To evolve in time this approximation, we proceed in two

steps:
Ll First step: Evolution step. We set the relaxation state as:

P

Pala
1
5Pala UG+ Pae] o + Page
n
Ua = post
papla + ci(ah)?
papl . + ce(al)?

n ,n
Pada

where the positive real numbers a)) satisfy a subcharacteristic
condition

25 /41



3. A Finite Volume Approximation

The details:
To evolve in time this approximation, we proceed in two

steps:
Ol First step: Evolution step.
¢ The relaxation scheme leads to the updated
relaxation state [[Njg along the normal n,g of the

interface S,
o The fluxe F (%, %3,n4p) is reconstructed as:

F (%a, 52//3, nag) =7 (W@g)
where: .% is the exact physical flux,
A is the projection operator of relaxation state

space to real state space.
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3. A Finite Volume Approximation

The details:
To evolve in time this approximation, we proceed in two
steps:
Ol First step: Evolution step.
¢ The discrete scheme

~n+1

e Pa
Sntl, ont
Pa na/\ua _ Pgﬂaug . At ’5 |g; JV@"
Ib\n—&-lgn—&-l - o" &n |Q3D| E af o
A,Of_i_lAO;FFl ,? C,% a SQBGKVPOIUKS’”W
Pa ~Seq PaSea

solves, at time t"T1 with the initial data ), the system:

Or(Rp) + O, (Rpu - €X) =
d¢(Rpu) + 0, (RT - e¥) =
8t(Rp5)—l—agk(R(pg—{—p;—i—pe)u'ek) =
Or(Rpse) + ¢, (Rpseu - €¥) =

o O O o
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3. A Finite Volume Approximation

The details:
To evolve in time this approximation, we proceed in two
steps:
O Second step: Relaxation. The following system is solved at
time "1
atp == 0
8tu = 0
8té" - 0
O0tSe = Ve(g; C;’YG ,0_%(7-,' - Te)
N+ N+
o~ u .
with the data %! = pffnJr?%\nil at time t".
P b

~n+12n+1
pa Sea
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3. A Finite Volume Approximation

The details:
To evolve in time this approximation, we proceed in two
steps:

O Second step: Relaxation. Thanks to the useful Lemma, it
amounts to solve at time t"*1 the system:

Op = 0,

omu = 0,

0 Te = yfl- (Ti — Te),
0T = —vg (Ti—Te),

with the data %, at time t" and temperatures T/ and Teo
Solving this system leads to the temperatures T,-'El and Te’”gl, and
then the energy &1 and entropy state s”*! are reconstructed.

The state 2,1 at time t"*! is thus determined.
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3. A Finite Volume Approximation

The details:

Time-step At issue:

Consider the 2D contol cell Q,, that generates the 3D control

cell Q3P Let Tj be any generic triangle that enters in the
construction of €. Let h,g be the minimum of the heights of the
triangle Tg. We set:

—

Aa = max{]u{;,a + Cei,oz‘y ‘Ugya - a~ei,o¢’; ‘ug,anext + abi,omext‘}a

)\aﬁ = max{‘ug ‘Nap + Cei,oa‘y ’UZ ‘Nap — eei,oc’7 ‘Ug ‘Nap + eei,ﬁ‘};

~ B YiPi,c VePe,a
; Cei,o = Max )
CiPa CePa

Pi=P} sPe=PE 0, P=P0,

A h
Then: At = minAt,, with At, = min{f‘”, min (fﬁ) }
o Ao B /\aﬁ 30/41
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4. Numerical Tests

e Sedov problem in 2D axisymmetric geometry®
O Uniform media: T; = T. = 2.901 x 10* K
Hot spot: T; = 5.802 x 10° K, and T. = 1.7606 x 107 K
Other uniform parameters: p = 1 kg.m3,
Ur = Uz = Uy = 0
O A mesh made of 16384 triangles in (R, Z)-coordinates is
used for the simulations

5
[§ S. GALERA, ET AL., J. Comput. Phys., 229, 5755-5787 (2010)
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4. Numerical Tests

e Sedov problem in 3D axisymmetric geometry °
O Uniform media: T; = T. = 2.901 x 10* K
Hot spot: T; = 5.802 x 10° K, and T. = 1.7606 x 107 K
Other uniform parameters: p = 1 kg.m3,
Ur = Uz = Uy = 0
O A mesh made of 16384 triangles in (R, Z)-coordinates is
used for the simulations

6
[§ S. GALERA, ET AL., J. Comput. Phys., 229, 5755-5787 (2010)
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4. Numerical Tests

e Triple point problem in 2D Cartesian geometry’

(0,3)

(1,3) (7.3)
Q
2 Qs
p=0.125, p. = 0.05, p; =0.05
(1.5,7)
p=1
be = 0.9 p=1, pe=0.05 p; =0.05
pi = 0.5 931
(—=1.5,7)
p=0.125, p. = 0.05, p; =0.05
Q3
(1,-3) (7,-3) 35/41



The density p at t




e Sedov problem in 2D axisymmetric geometry

Q)

Figure : The three domain of the triple point problem in the (R, Z) plan.
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T:, T.at t=1.157410"5s

Omega 1
Omega 2
135 Omega 3
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5. Conclusion and Perspectives

e Presentation of a Two-Temperature model for fusion plasma
e Derivation of A Finite Volume approximation to compute the
numerical solutions of this model implemented in PlaTo
e Numerical tests have shown the accuracy and robutness of the
scheme
e Perspectives:

[ More numerical tests to simulate tokamak physics

[J Extension of the model to include magnetic field

[] Extension of the model to include heat flux and anisotropy
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