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Introduction

THE COMPRESSIBLE (ideal) MHD MODEL
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Introduction

MHD waves

Hyperbolic system with 3 different types of waves (+ entropy waves) If n is the
direction of propagation of the wave

o Fast Magnetosonic waves : A\f = u.n+ Cr

1
C? = 5(Vt2 +vi+ (V2 +v3)?2 —4VEC3)
o Alfvén waves : \f = u.n+ C4 C3 = (B.n)?/p

@ Slow Magnetosonic waves : A\s = u.n+ Cs

1
C2= (V2 + i~ (V2 + 37— AVEC))
va=|B?/p va : Alfvén speed
VZ2=n~p/p V; : acoustic speed
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Introduction

Transverse MHD waves

propagation speed depends on the direction w r to the magnetic field.

If n- B =0 (transverse waves) : |

o Alfvén waves : A\p =0
@ Slow Magnetosonic waves : As =0
o Fast Magnetosonic waves : \g = +=Cg with CE— = V,_? + vf‘

only the Fast Magnetosonic waves survive ! J

Hervé Guillard IPL Fratres Annual meeting, Strasbourg—-November 2016- 4



Introduction

Reduced MHD models

Prototypical example : two equation model of Strauss, Physics of Fluids, 19, p
134, 1976)

variables : ¢ : electric potential ¢ : magnetic flux

ou 0
51#

Y it~

U=Vig J=Viy

[f,g] :Z.VJ_f X VJ_g
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Introduction

Two equation RMHD model of Strauss

Assumptions :
Q Slab geometry

@ Large dominant magnetic field B, /B, = ¢ << 1
Q Low plasma 3: B =p/BZ ~ &2
@ Constant density

R
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Introduction

Reduced MHD models and wave filtering

Fast transverse waves are absent from RMHD system J

“An important feature of RMHD systems is that they eliminate the fast compressional Alfvén
wave” (Strauss, Reduced MHD in nearly potential magnetic fields, Journal of Plasma Physics
1997; 57(1):8387)

However the full MHD system is non linear and contains quadratic terms :
QU,U)=(v-V)v or (B-V)B or (B-V)v,---
But the fast wave do exist :
Umip = UrmHD + UFast wave
thus

Q(U,U) = Q(UrmHp, UrmHp) + Q(URMHD, UFast wave) + Q(Urast waves URMHD)
+Q(UFast wave» UFast wavc)

How do we know that the “Reynolds Stress” term : O(Urast wave, UFast wave) iS Not important
for the dynamics of the system ?
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Introduction

Objective of this talk

@ prove that fast transverse magnetosonic waves do not affect the slow
dynamics described by RMHD

@ prove that full MHD solutions converge to the solutions of RMHD
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Re-formulation of RMHD

Formulation of Reduced MHD in term of “primitive”

variables

1o}
fVl-f—(Vl-VL)VL—(BL'VL)BL-FVLTF—BZBL:0 (1.1)

or
o
EBJ_"‘(VJ_'VJ_)BJ__(BJ_‘VJ_)VJ_—BZVJ_:0 (1.2)
VJ_‘VJ_ZVJ_‘BJ_:O (1.3)

Claim : Two equation RMHD model is equivalent to the system (1) :

Vi-vy =V, -B; =0= 3 2 scalar functions 1, ¢ such that :
v, =zxV,¢ B, =zxV_ ¢

@ Plug these expression in egs (1)
@ apply the operator z- V| x to (1.1) (vorticity form of the momentum equation)

this gives the RMHD model J
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Re-formulation of RMHD

Reduced MHD - physical interpretation

In the presence of a large dominant magnetic field, the dynamic can be described by 2D

incompressible MHD in the transverse direction and Alfvén waves propagating in the direction of
the dominant magnetic field.

%VL + (vi-Vi)vi —(BL -Vi)BL+V.rm —-

o
glﬂ + (v V1)BL —(BL-Vi)vy —- =0
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RMHD scaling

Reduced MHD scaling

Start from the full compressible MHD system with constant density :

£u+V(p+B2/2)—(B.V)B =0 (3.1)

Dt

D

5iB—(BY)u+BV.u =0 (3.2)
1 D

%EP'FV.U =0 (33)
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RMHD scaling

Scaling assumptions

Large Dominant Magnetic field B.=By(1+¢eB;) (4.2)
Large Dominant Magnetic field B, = BB, (4.1)
Pressure : Low /3 assumption p = povi(e?q) (4.3)
Velocity : small transverse velocities up =evavy (4.4)
Velocity : very small parallel velocities u, = 2vav, (4.5)
Time : low frequencies t= iT (4.6)
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RMHD scaling

Scaled full MHD equations

1o} 1
EBZ"F(VJ_‘VJ_)BZ"FBZVL‘VJ_"F EVJ_’VJ_ =0(¢) (5.1)

0 1
VLT (vi Vi, —(BL-V1)BL+Vi(B/2+q)— 0B, + EVJ_BZ =0() (52)

0
EBJ_JF(VJ_'VJ_)BJ_7(BJ_'VJ_)VJ_“I’BJ_VJ_'VJ_*@ZVJ_:O(E) (5.3)
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Convergence proof

Some notations

The variables :  #° = (B, ve,B7)"
The equations : 0,%°+ H(¥®,¥°)+ é Lye = O(e)

H(¥,¥') is a non-linear operator (at most quadratic)

(VJ_'VL)BZ“FBZVL'VJ_
H(V,”f/)z (VJ_'VJ_)V—(BJ_'VJ_)BJ_+VJ_(82/2+q)_aZBJ_
(VJ_'VJ_)BJ__(BJ_'VJ_)VJ_+BJ_VJ_'VJ_—aZVJ_

LY is the constant coefficient linear operator

V’VJ_
Ly =\ VB,
0
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Convergence proof

The proof strategy

S. Schochet, E. Grenier, P.L.Lions-N.Masmoudi, B. Desjardins...

@ Introduce a filtered variable ¥ = F¥¢ to remove the oscillations

@ Prove that the filtered variable #° — 7° satisfying some equation
V% + H(¥°,¥°) = 0 with H time-independent.

© Prove that the original variable ¥¢ — F1y°

@ Since ]—'_1“170 — P170 where P is the L? projection on the kernel of L

Ve —>? — P¥° and 7 satisfies :
%V + PH°, 7% =0
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Convergence proof

The wave operator L

V'VJ_
Ly = VB,
0

o [%(Q) x (L?(R2))? = KerL & ImL
KerL = {(Bz, v) B, =cte,V, -v=0}
InL = {(B,,v); [ B, = 0,3v = V., &}
@ Spectrum of ]L on ImlL
Let {4k, k > 1} the eigenvectors of the Laplace operator

— Bk = Xt A >0
then the eigenvectors of LL are :
(o
+ . + : +
o = Vi with L = £iX P
+—
I)\k
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Convergence proof

The solution operator £ of the wave equation

Let £(t) be the semi-group (L(t), t € R) defined by
L(t) = exp(—Lt) (6)

In other words
o .
Y (t,x) = L(t)Vo(x) means that B +L¥ =0 with  7(t=0,x) = ¥o(x)

Using the expression of the spectrum of I we can have an explicit representation of the solution
operator £(t) : Let P be the L? projection on KerlL

on the velocity component £, (t)7

eV
if ¥—PY¥ = Zakicbki then L,(t)¥ =wv, + Z:I:akiei"\ktka
kox kot e

a, = (a])* conjugate (real functions)
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Convergence proof

C

Step 1 : Equation satisfied by the filtered variable Y4

1
OVE+ H(VE,VE)+ = LYE =0(e)
€
introduce the filtered variable ¥° = £(—t/e)¥®
with
L(t) = exp(—Lt)
From the definition of £, we deduce that

e L .e ave

& 2 (¢

ot c Tt
L

P — L(—t/e)H(L(t/e) ¥, L(t)e) V") — E(—t/s)%ﬁ(t/a)”is + O(e)

= —L(—t/e)H(L(t/e) ¥, L(t/e) V) + O(e)

since £(t/e) and L commute.
Initial data : ¥ (t = 0) = ¥°(t = 0) since £(0) is the identity

. -
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Convergence proof

Limit Equation

Step 2 : Limit Equation for the filtered variable e J

~E
% + L(—t/e)H(L(t/e) V5, L(t)e) V) = O(e)
70 = lime_yo ¥
~0
oY ~0 .~0

—_— Y,¥Y)=0

ot +H( )
where 7-[(“170, V~0) = lims—o E(f1.“/5)1[-]I(£(t/z-:)7707 L(t/s)fo) is a time-independent operator
whose expression can be computed explicitly (see next slides)

Step 3 : Go back to the unfiltered variable ¥© J

Ve o L(t)e) P
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Convergence proof

Limit for the original variable

But we have i ”
L(t/e)V — PV

since
L(I.‘/s)”/70 =Py Z:i‘a,(iei")‘kt/€<1>,<i —~ py°
k, %

. .. ~0 .
Final result : weak limit of ¥° = P¥ " that satisfies

op7°
ot

+ PR, 7% =0
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Convergence proof

. . . . . A
Explicit form of the limit equation for P¥

example : computation of the quadratic term (v - V)v = (v );0jvy

(Lo(t/)QY - V)Lu(t/e)QY =

{Z(a eikt/e _ a; e—:Akt/s)vw 1oAY, (a eiNit/e _ a) e—:A,t/s)vd}/

Y

} =
Z[_a a; el(/\k+)\,)t/s _ ak 3/ e I(>\k+>\/ t/s] (vd)k) -0: (v,(r/)l)

+Z[ak ei(A— >\k)f/5+a 3 — el Mk— >\/)f/6] (V¢k)1 i (Vi)
k,l

lim.—o (distribution) of all the terms is 0 except when k = / and we get :

+
(EA/EIQY VIEA/QY —+ S 3+ 7 )35 (Ve (T) = > B vava)
k

On the average (weak limit) fast k-waves interact with l-waves only if k =/ and the result is a
gradient

no interaction between fast waves and slow dynamics J

A.
-
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Convergence proof

Summary

Weak limit of the solutions of full MHD system :

0 1
VLt (vi- Vi) —(BL-V1)BL+V (B*/2+q)— 0.8, + ;VLBz =0(e)

0
EBL+(VL'VL)BL_(BL'VL)VL+BLVL'Vl_anL:O(S)

are the solutions of the “incompressible” reduced MHD system

1o}
EVL—‘F(VJ_'VJ_)VL—(BL'VL)BL“FVLW—azBJ_:O

8TBJ_+(VJ_'VJ_)BJ__(BJ_'VJ_)VJ__62VJ_:O

VL‘VL:VL-BLZO

no interaction between fast waves and slow dynamics J
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Convergence proof

Perspectives

@ Direct discretization of the “almost 2D incompressible” RMHD instead of the
RMHD expressed in term of ¢ and

@ same proof for high 3 ordering 8 ~ ¢
@ get rid of slab approximation
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