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A Simpi.@. Random G-rapl« Model
Erdés-—-f&emva model

o The Erdéwﬁemji model s denoked
G(n,p) and is one of the simplest
random models.

o AlL grapks o W vertices,

o Every edqge is formed with Frobabitiﬁv
p € (0, 1) independently of every
other edge.



A Simpi.@. Random G-rapl« Model
Erdés-—-f&emva model

o Griven a vertex v what is the probability v has
degree d7?
o Pldeq(v)=d] = binom(r-1,4) Pd(1,F>“'1“d

o What is the expected mean degree of a vertex?

o e[d] = np

o We can use a poisson approximation to compute
an expected degree distribution of Gn, p) for
sparse graphs.



Degree distribution in the
Erdés-Renyt model

o The Fw»i;som diskribution has mean and
vartance ¢,

o Many realistic networks show a h@.&vv-“&a&t
distribution (A distribution with a “tail”
Ehat is “heavier” than an expomam&at)



Individual clustering
coebficient

o The clustering coefficient measures the deqree of clustering of a
typical node's neighborhood. It is defined as the Llikelihood that
any two nodes with a common neighbor are themselves connected.,
The individual clustering coefficient for a vertex v is given by:

- #Hlriangles that contain v

Claim: The expectation of the individual
clustering clustering coefficient in Gn, F"> Ls p.



Individual clustering
coebficient
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Confiquration models

o A particularly unrealistic aspect of the Erdés—-f&ev\vi model G, F’>
is iks deqgree distribution, which we showed follows a Poisson
distribution when the graph is sparse. In contrast, most real-world
graphs exhibit heavy-tailed degree distributions.

o We can improve this aspect of our random graph model by using a
generalization called the confiquration model. We can define the
random graph models based on the distribution of their degrees.

o G(nk) where k=(k,,..k,) is a degree sequence,

o k can be any sequence. Can be fixed or a sequence of
values drawn Lid. from some deqree distribution
Pr(i). If k ¥ Poisson(c/) then the model produces
something very hear to the Erdos-Renyi model.



Confiquration models

o Fixed degrees: Given a degree
sequence k=(ki,...kn) generate a
graph uMi{orva at random from
the set of graphs on n vertices
having exactly k as a degree
sequence.

e 1s it atwavs passibi&?



Confiquration models

o Fixed degrees: Givelh a degree sequence
k=(ly,0.l,) generate a graph uniformly at
random from the set of graphs on n
vertices having exactly k as a degree
sequence.

o Is itk atwmjs possibte;?
o (531,1,1) ?

g (5}3}1)1}1)2>



Degree sequences

Theorem [Erdos-Gallai]

A non negative sequence of integers diz daz.. 2du is graphical

Le. can be represented as the degree sequence of a finite
simple graph ol 1 vertices U and only U di+ e+ +d. s
even and for every 1 < k S 1 Lk holds:

k

S d; <k(k-1)+ zn: min(d;, k)

=1 i=k+1

Havel -Hakimi algorithm
A non negative sequence of integers di1z doz ... =2d, (s

Srafpmaat on 1 vertices if and only i the sequence dz -1 = &
-lz..zdav1 =1 2 Qe z... 24, is graphical.



Confiquration models

o Fixed deqgrees: Given a degree
sequence ke=(ler,. . k) generate a graph
umi;fformi,j at random from the set of
graphs on n vertices having exactly k
as a degree sequence,

@ Matching algorithm

o Switching algorithm



Matching algorithm

//INPUT: d=(dy, ... , 4d.) o
//OUTPUT: List of edqes

//Iniklalizakion e & e
Edge.Liste-(); /ﬁ\ b \ o\ /e
Node. List<—();

//Create fake Node.List:
For i i {1, ... , n} do
While &; »= 1 do
Node.list <~ concatenate(Node.listi)
di <~ d; -1
Endwhile
EndFor
//Create Edqe.List
while Node.List is not emptly do
Choose randomly i, J in Node.List without replacement
Edge.List <~ concatenate(Edqge.List, {i,ji)
End while

If Edge.list contains loops or mulkipledges repeat.



Matching algorithm

Problem:

//INPUT: d=(dy, ..., d) - May introduce graphs

//OUTPUT: List of edqes

//Initialization with ‘-‘?"OF’S and
Edge.Liste~(); double edqes, and if
Node.List<—(); we have a graph with

//Create fake Node.List:

higher vertex degrees,
For L in {1, ... , nt do ' |

While didil 10 a we may fail to come
Nodelist <~ concatenate(Node listi) id with a SE«MFS'LE
di <~ i -1 generalized random
Endwhile

graph within a

EndFor

//Create Edqe.List

while Node.List is not emptly do
Choose randomly i, J in Node.List without replacement
Edge.List <~ concatenate(Edqge.List, {i,ji)

End while

reasonable amount of
Erials.

If Edge.list contains loops or mulkipledges repeat.



Switching algorithm

Idea: This mebhod skarks bv considering any graph which sakisfies the
required degree distribution (i.e. node i has degree di and change it

by performing a long series of random edge crosses, until it becomes
a generalized random graph.




Switching algoribthm

Idea: This method starts b-j considering any graph which satisfies the
required degree distribution (l.e. node i has degree di and change it
by performing a long series of random edge crosses, until it becomes
a generalized random graph.

//INPUT: Edqge.List so&isfvius d=(dy, ... , d.) and Nr_iterations
//OUTPUT: Edge.List of the random graph
While Nr_iterations »= 1 do
Choose e1= {xy} and e:z{u,v} uniformly ot random nside Edge.List
//Cross the edges randomly for example {xu} and {y,vi
Switch(er, e2)
1f no loop or multiple edge is created then replace e, e; with the hew edges.
Nr_tterations <~ Nr_iterations - 1

EndWhile

Em!airitau.v Nry_Iteraktions=1l00



