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DISCRETE ASYMPTOTIC EQUATIONS FOR LONG WAVE PROPAGATION*

STEVAN BELLEC!, MATHIEU COLIN#, AND MARIO RICCHIUTOf

Abstract. In this paper, we present a new systematic method to obtain some discrete numerical models
for incompressible free-surface flows. The method consists in first discretizing the Euler equations with respect
to one variable, keeping the other ones unchanged and then performing an asymptotic analysis on the resulting
system. For the sake of simplicity, we choose to illustrate this method in the context of the Peregrine asymptotic
regime, that is we propose an alternative numerical scheme for the so-called Peregrine equations. We then study
the linear dispersion characteristics of our new scheme and present several numerical experiments to measure the
relevance of the method.

Key words. Euler equations, Boussinesq models, Numerical scheme, Finite element method, Asymptotic
analysis.

AMS subject classifications. 35Q31, 35Q35, 65M60.

1. Introduction. Wave transformation in near shore zone is well-described by the incom-
pressible Euler equations. Due to their three-dimensional character, these equations are often
too costly if one wants to perform numerical experiments, and often replaced by asymptotic
depth-averaged models known as Boussinesq equations. A major characteristic of these models
is their ability to describe the dispersive behavior of wave propagation. Generally, the linear
and nonlinear dispersion characteristics of the waves represented by Boussinesq models can be
improved by including high order contributions in the double asymptotic expansion in terms of
the ratios wave height over wave length (dispersion) and wave height over depth (nonlinearity)
[18]. Other techniques to improve the linear dispersion characteristics involve the inclusion of
extra dispersive differential terms, derived either from a linear wave equation [4, 20], or by re-
placing depth-averaged values by point values at a properly chosen depth [23]. When numerically
simulating the propagation of long waves, the physics represented by these continuous systems
of Partial Differential Equations (PDE) is further filtered by the numerical scheme, and in par-
ticular by the form of the truncation error. For most of Boussinesq models, the task of designing
an accurate numerical discretization is a nontrivial one, due to the presence of dispersion terms.
Several approaches exist in literature, each with its own advantages and drawbacks. For de-
tails, the interested reader may refer to [8, 9, 13, 16, 22, 25], to the review [10], and references
there in. The objective of this paper is to study the interaction scheme-PDE and to propose
a framework to obtain new schemes with improved characteristics w.r.t. existing approaches.
For this purpose, we introduce a new scheme reversing the model derivation procedure. More
precisely, we propose to discretize partially the incompressible Euler equations with respect to
one direction using a finite element method, and then follow Peregrine’s derivation procedure.
This new paradigm leads to a very promising scheme with nice dispersion properties.

The paper is organized as follows. In Section 2 we introduce some notation, the finite element
discretization of a well known Boussinesq system, most of the algebraic operators involved and
recall our main result. In Section 3, we detail the derivation of the new numerical scheme. The
theoretical analysis of these discrete asymptotic models is presented in Section 4. Finally, Section
5 presents a numerical evaluation of the performances of the schemes confirming our theoretical
results. The paper is ended by an overlook of future developments related to the new approach

*

fTeam CARDAMOM, Inria Bordeaux - Sud-Ouest, (stevan.bellec@inria.fr, mario.ricchiuto@inria.fr).
fBordeaux INP, UMR 5251, F-33400, Talence, France, (mathieu.colin@math.u-bordeaux1.fr).

1

This manuscript is for review purposes only.


mailto:stevan.bellec@inria.fr
mailto:mario.ricchiuto@inria.fr
mailto:mathieu.colin@math.u-bordeaux1.fr

43

45
46
47

48

w N

Y

ot Ut Ot Ot Ut Ut
ot C >

2 S. BELLEC, M. COLIN, AND M. RICCHIUTO

proposed.

2. Setting, notations and main result. Before going further, let us introduce some
notations. For simplicity, in this article, we only deal with 2-D and 1-D problems. Denote by
(x, z) respectively the horizontal and the vertical spatial dimension. Denote by d(z) the depth
at still water and n(t,x) the surface elevation from its rest position. The total depth is then
h(t,z) = d(z) + n(t,z) (see Figure 1).

Bathymetry

FIGURE 1. Sketch of the free surface flow problem, main parameters description.

Let a be a typical wave amplitude, dy a reference water depth and A a typical wavelength.
In view of performing an asymptotic analysis, we introduce the nonlinearity parameter € and the
dispersion parameter ¢ defined by
a - do
A TN
Under the Boussinesq hypothesis ¢ = O(0?), Peregrine (see [24]) first derived, from the Euler
equations, the following standard system of Boussinesq’s type

E =

(2.1) me+ (ha), =0,
Uy + Wiy + 9o + (L Upae — $(d)100) = 0.

The model describes the evolution of the depth-averaged velocity @ and the surface elevation n
within an accuracy of O(eo?,0) w.r.t. the Euler equations. The set of Equations (2.1) is now
well-understood from the computation point of view and a classical numerical scheme can be
obtained by using the finite element method in the following setting. On an interval [r, s], we
introduce a set of nodes

r=xg<r1<---<ITN =S,

where, for simplicity, we take a constant space step A, = x; 41 — x;, Vi € {0,..., N}. We denote
by E, U, D and H the vectors of the nodal values of 7, %, d and h. Similarly to what has
been done in [28, 27] (cf. also [25] and references therein), we apply the P; Galerkin method to
approximate the variational form of (2.1). In particular, we denote by {¢;}o<i<n the standard
piecewise linear continuous Lagrange basis, and introduce the discrete velocity, wave height and
depth polynomials as follows

N N N
22)  aalte) =Y wle@), nalte) = > ne@), da@) =Y dipi(a).

1=0 1=0

The Galerkin approximation of (2.1), under the hypothesis of exact integration w.r.t. all the
discrete polynomials involved, can be written in a compact matrix form

(2.3) /\/lEtJr%(2N(H<>U)+H<>(NU)+U<>(NH)):07

This manuscript is for review purposes only.
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DISCRETE ASYMPTOTIC EQUATIONS FOR LONG WAVE PROPAGATION 3

(2.4) MU+ 5 (N(0?)+ U o (ND)) +gNE — £{D;0) =0,

where the matrices M, A and Q are the usual mass, derivation, and stiffness matrices arising
in the Galerkin discretization and are detailed in [5]. In addition, for given columns vectors
A = (a;)o<i<n and B = (b;)o<i<n, we have introduced the operator ¢ :

RY x RN - RV
(A,B) — Ao B = (aibi)OSiSN

In the sequel, for simplicityfl2 simplifies A ¢ A. As an example, the vector (h; (NU)i)iE{l,..,n}
can be rewritten as H o (MU). Moreover, for given columns vectors A and B, we set

{A;B} = Q(A? 0 B) + Ao (Q(Ao B) +2(Ao B) o (QA) — Bo (QA?).

Equations (2.3)-(2.4) will be taken in the sequel as the classical scheme for the Peregrine equa-
tions and be used in Sections 4 and 5 to make some comparison with the new scheme introduced
in the next section.

The aim of this paper is to propose a systematic method to obtain new numerical models describ-
ing free surface flows. It is based on the following idea : reverse the model derivation procedure
and first discretize partially the incompressible Euler equations and then derive fully discrete
asymptotic equations by performing an asymptotic analysis. To illustrate the potential of this
idea, we apply this method to the couple Euler-Peregrine equations by applying the Galerkin
method to the variable x and then performing the asymptotic analysis of Peregrine’s type to the
resulting equations. Of course, when one deals with non-linear equations, this procedure does
not commute with the classical one. In this paper, for simplicity, we deal with periodic boundary
conditions. Note that the adaptation of our strategy with general boundary conditions is a full
working that is going to be studied in future. The existence of solutions is not a trivial work
even for Dirichlet conditions (see [2]). This strategy is similar to the one proposed for compress-
ible multiphase flows in [1]. As shown in the detailed derivation of the next sections, the new
procedure leads to the following discrete equations approximating the discretized FEuler system
within an accuracy of O(eo?, o%)

(2.5) ME; + M[H; U] =0,

(2.6) MU + % (N(U*) 4+ U o (NU)) +gNE+ M (122 o (K2U,) — go (IC[D;UA)) =0,

having introduced the operator [-;-] defined by
1
[A;B] = Ao (KB) + 3 (IC(A oB)— M (Ao (NB))+2M ' (Bo (NA))),

with £ = M~IA. We see that, while involving similar algebraic operations, the new discretiza-
tion is different from the classical ones, even for a simple case like Peregrine equations. The
main differences are found in the treatment of the third order derivatives terms as well as in
the nonlinear ones in the continuity (wave height) equation. We will show that scheme (2.6)
also converges to an approximation of the Peregrine equations. However, both the linear phase
relation, and the linear shoaling gradient provided by (2.5)-(2.6) (see Section 4 and 5) are sub-
stantially closer to the exact ones than those given by (2.3)-(2.4). In the sequel, we show how
to derive the scheme (2.5)-(2.6) and prove that not only they are consistent with system (2.1),
but that they represent a substantial improvement w.r.t. the scheme obtained by discretizing
directly the asymptotic equations (2.1).

This manuscript is for review purposes only.
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4 S. BELLEC, M. COLIN, AND M. RICCHIUTO

3. A new setting for deriving discrete asymptotic models.

3.1. Semi-discretization of the 2D-Euler equations in non-dimensional form. The
aim of this section is to derive an alternative set of discrete equations, possibly having improved
characteristics w.r.t. (2.3)-(2.4), for example a better evaluation of the shoaling gradient phe-
nomenon. For that purpose, we propose to discretize the 2D-Euler equations with respect to one
direction, = for example, and then to perform an asymptotic analysis on the resulting equation,
similar to the one used to obtain the Peregrine equations (2.1). The Euler equations written in
terms of velocity (u,w), pressure p, constant density p and vertical gravity acceleration g reads :

Pz

(3.1) U + Uty + wu, + — =0,
p
(3.2) wt+uwl+wwz+%+g:O,
(3.3) Uy +w, =0,
(3.4) u, —wy, =0,

where the last equation represents the irrotationality condition. In this paper, since our aim is
to obtain a new scheme for the Peregrine system, we restrict ourselves to the 2D version of the
Euler equation. We deal with periodic boundary conditions in the x direction, while on the free
surface and sea-bed level we use the classical conditions :

e at the free surface z =17

(3.5) w =1 + un., p="0,
e on the seafloor z = —d
(3.6) w = —udy.

Let dy be the averaged depth, a a typical wave amplitude, and A a typical wavelength. The
following usual non-dimensional variables are introduced

R z 7 \/gdot .o . do .ooAa 1 . P A,
T=,2=7,1= ) = —,u= U, W= — w, = ) = 5 -
) do x TN T o avads P gdop )

Using the notation introduced above, the Euler equations and the irrotationality condition can
be recast in a non-dimensional form as

(3.7) ety + €20z + 2z + pz = 0,

(3.8) ey + 20y + 2oz + s +1 =0,
(3.9) iz + s = 0,

(3.10) Uz — oz =0 (s0 1z = O(0?)),

The boundary conditions become :

This manuscript is for review purposes only.
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DISCRETE ASYMPTOTIC EQUATIONS FOR LONG WAVE PROPAGATION 5

e at the free surface Z = &7}

(3.11) W = T + elifjz, =0,
e at the bed Z = —d
(3.12) W = —iidz.

Our goal is to obtain a Boussinesq’s type approximation of the Euler system (3.7)-(3.12), under
the assumptions ¢ << 1, ¢ << 1, and in the specific regime ¢ = O(0?), meaning that there exists
constant C' > 0 such that ¢ < Co?. We now apply a Galerkin method on the variable = keeping
t and z unchanged. It is assumed that Az = O(o) (it transpires that A, = O(dp)). In the sequel
we drop the ”7” and we introduce for all i € {0, ..., N}, u;(t, 2) = u(t, x;, 2), wi(t, z) = w(t, x;, 2),
ni(t,2) = n(t,x;, 2), pi(t,z) = p(t,x;,2). In addition, the discrete horizontal velocity, wave
height, depth, vertical velocity and pressure polynomials are written in the Galerkin basis as
follows

N N N
UA(t,I,Z) = Zui(tvz)wi(x)a wA(thvZ) = Zwi(ta Z)@i(x)v nA(taI) = Zm(t)%’(fc)a
1=0 =0 =0

(3.13) N
alt,x, 2) sz (t,2)pi(x), da(z) = digpi(x)
=0

We focus on perlodlc boundary condition that is we introduce x_; = xny and zxy11 = zg. The
finite element discrete equations corresponding to (3.7)-(3.8)-(3.9)-(3.10) can be written as, for
all i € {0,..., N}

A, d g2 u-2,1 Uit1 — Ui—1 Di+1 — Di—1
7 4 % 71— ry ! 7
g gt vt i) 1+3< o 2 T
(3.14) 5 o ) 5
__EoT [Wi T Wi Wi41 — Wi—1
- + Wy B}
3 2 2
A, d A, d
e0® == —(wiy1 + 4w + wi_1)+—=—(piy1 + 4pi + pic1) + As

(3.15) 6 dt 6 dz

22 Wit1 — Wi—1 . U1 — Ui

=—c“c (u > w; 5 ),

(173 — Uj— AT d
(3.16) % + ?@(’w@q_l + dw; + wi_l) =0,
A, d Wil — Wi—1
(3.17) % i — (w1 +4u; +uimq) — 2# =0.
For the boundary conditions, we propose to integrate (3.11) along the curve z = i and equation
(3.12) along the curve z = —d. For that purpose, we choose to introduce
N
WA = Zw(t enl(t, xl)) ‘Pz( )s

=D _wi
(3.18) =0 -
> u

0
The boundary conditions (3.11)-(3.12) then write

This manuscript is for review purposes only.
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6 S. BELLEC, M. COLIN, AND M. RICCHIUTO
e at the free surface

Ay

= (uvm(t) +adn(t) + wH(t)) -2 (m+1(t) T () + m1(t)>

(319) + 1 Eni+1(t)ﬁi+1(t) - Enifl(t)ﬁifl(t)
3 2
i1 (t) — @i (t N ir1(t) —eni—1(t
e (Bt Z Gl oy oy i (D) —emioa )),
2 2
Ay
(3.20) e pit1(t,enita) + 4pi(t, eni) + pi—1(t.eni—1) | =0,
e at the bed

Ay (. y y

e <wi+1(t) + 4w (t) + wi1<t)> =
e e R )]

2 2 2
Introducing the following column vector
1

W = (wi)o<i<n, U = (uwi)o<i<n, E = (i)o<i<n, P = (pi)o<i<n, D = (di)o<i<n, T= |
1

W= (wz‘(ﬂh))oéiSN, U= (Ui(f‘???z‘))ogiSNa W= <wi(di)>0§i§Na U= (Ui(di))ogigzv,

we can rewrite Equations (3.14)-(3.21) into the following matrix-form :
2 2 2

(3.22) 5%/\/1U + % (N(U?) +Uo (NU)) + NP = _£7 NW?) + W o (NW)),
(3.23) EUQ%MW—F %MP—&-I: —e202 (U o (NW) =W o (NU)),
d
(3.24) NU + MW =0,
(3.25) MLy _o2nw =0
. dZ ag = U.

The boundary conditions become
e at the free surface
€

. d
(326) MW= ME+

<N(E<>U) —EO(NU)—!—QUO(NE)), MP =0,
e at the bottom

(3.27) MW:—;(N(Dof])—D<>(NU)+2[7<>(ND)).

System (3.22)-(3.27) represents the first step in our analysis. The next two sections are dedicated
to the transformation of this system into an asymptotic set of equations.

This manuscript is for review purposes only.
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DISCRETE ASYMPTOTIC EQUATIONS FOR LONG WAVE PROPAGATION 7

3.2. Asymptotic expansions on the velocity U and the pressure p. In this section, we
derive an asymptotic expansion in terms of o for the semi-discrete horizontal velocity U = U (¢, z)
following the procedure presented by Peregrine in [24]. More precisely, we prove the following
proposition.

PRrOPOSITION 1 (Consistency results). The pressure P and the velocity U satisfy expansion
of the form

2
P=¢cE — 2T +e0? <Z21CU0 + z[D; UO]) + O(%0?,e0?)

=0 2D72 277 ,é 277 _ .*72 .77 2 4
U=U+o 5 o (K°U) 2ICU zK[D; U] 2<>(IC[D,U]) + O(eo?,0%),

where the averaged velocity is defined in (3.36).

Proof. Since M is invertible, we obtain from the integration of (3.25) between 0 and an arbitrary
depth z,

(3.28) U(t,z) =U"(t) + O(c?),

where U°(t) is a constant depending only on ¢ and corresponds to the value of U at z = 0.
Substituting relation (3.28) in equation (3.24) and setting K = M~'N, we derive

(3.29) d%w = —KU" + 0(c?).

Integrating each line i € {0,..., N} of equation (3.29) with respect to z between —d; and an
arbitrary depth z (—d; < z < en;), using the boundary condition (3.27) and the estimates (3.28)
on U, we obtain

(3.30) W = —(zI+D)<>(ICUO)—% <IC(D<>UO)—M1(D<>(NUO))+2M1(UO<>(/\/’D))> +0(0?).

In view of (3.30), it is natural to introduce the following bracket
1
(3.31) [A;B] = Ao (KB) + 3 (K(AoB) = M (Ao (NB)) +2M~ (B o (NA))) .

Plugging (3.30) in (3.25) and integrating the resulting equation between 0 and z, one derives the
following expansion on U

2
(3.32) U=U"—-0? (ZICQUO + 2[D; U0]> +O(a).
Looking for a similar expansion on the pressure array P, we substitute Equation (3.30) in Equa-

tion (3.23).Using the fact that MZ = Z, we obtain

(3.33) dilzp =-I- 502% <zICU° + [D; U°]> + O0(e%0?,e0?).

Furthermore, integrating each line i € {0,..., N} of equation (3.33) with respect to z from an
arbitrary depth to the free surface £n;, we can write

2
(3.34) P=¢E — 2T +e¢0? <221CU0 + z[D; UO]) + O(e%0?, e0?)
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Substituting equations (3.34) and (3.32) in (3.22), we obtain an equation for the zero-th order
velocity U, equivalent to Equation 2.28 in [27], which reads :

g

d 0
(3.35) MU+ 2

(VU U + U o (NU®)) + NE = O(e0?,0%).

Note that the choice of the constant of integration in (3.28) is not unique. However it transpires
that the choice of U° (which is the value of the horizontal velocity U at z = 0) is not optimal
as observed in [27]. This is why, in the sequel, we are going to get rid of it by introducing the
averaged velocity matrix U = (@;)o<i<n where

1 Eni
di+eni J_q,

and by looking for the equation satisfied by U. In this direction, we first derive the relation
between Uy and U. Equation (3.32) provides, for all ¢ € {0, ..., N},

wi = — o2 (Z; (K20, + = (K[D; UO])Z.) + 00",

and by integration between —d; and en;, we immediately get, using Taylor expansion,
0.2 EN; 22 ENi

;= ud — ) (/d 5 dz (KQUO)i+[ zdz (K[D; UO})Z.> + O(0"),

d2

?i (IC[D; UO])Z.) + O(ec?,0%),

2 3 '
_,0__ 7 4 20y _
R (6 (K20"),
2 .
_ 0= P (CZG (20°), - % (KiD: UO])i> +0(e0?, ob).

This furnishes the desired relation

2
(3.37) 0=00— o2 (I()S o (K2U°) — g o (K[D; UO])> + 00, 0",
or equivalently

2
(3.38) U0 = 0 4 o @ o (K2U°) — g o (K[D: UO])> +O(e0?, o).

Then it transpires that U° = U + O(e, 02). Substituting in (3.38), we derive

(3.39) U0 = [ + o (12,2 o (K20) — g o (K[D: U])) + 002, 0%,

Finally, plugging (3.39) into (3.32), one obtains the expansion of U as a function of the depth

averaged velocity U

(3.40) U=U+o? <122 o (K2U) — Z—;IC2U —2K[D; U] — g o (K[D; U})) + O(e0?,0%).
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3.3. Depth-averaged equations. The aim of this section is to provide the final new
discrete numerical model of Peregrine’s type. In order to derive the equation on U (known as
the momentum equation in the literature), we substitute (3.39) in (3.35) to obtain :

D? D

(N(0%) + 0 o (VD) + NE + 0?2 M0 (6 o (k20) ~ 2 o KD U]) _ O(c0?, oY)

d _ ¢
aMUJrg

In addition, to derive an equation on E (that is the continuity equation), we combine (3.26) and
(3.27) to get

ot = g M N(Bo D) - Bo WO +20 6 WE))
(3.41) dt M3_1
+ (N(DoU) - Do (NU)+2U o (ND)).

3

We integrate each lines of (3.41) between —d; and en;, for all ¢ € {0, ..., N}, to obtain

6777' ~ ~
/ (KU)idz + W; — W; =0,

which can be recast as

(3.42) E, +[H;U] + B =0,
where
(3.43)
p=([Tovna) O S 0 - M B W) £ M o W E))
- 0<i<N
_%(’C(—DOU) — MY (=D o (NU)) +2M (U o (N(~D))).

We can remark that the expression B is no more than a discretized version of the so-called Leibniz’
Rule!. As a consequence, it transpires that B has the same accuracy of order O(co?,0%) than
that of the equations and then can be neglected in the sequel. In order to be more precise, we
compute explicitly B by taking successively z = en; and z = —d; in (3.40) to obtain the values
of U and U :

R _ D2 B 2E2 _ _ D _
U=U+o* <o(l€2U) £ IC2U5E<>IC[D;U]2<>(IC[D;U]))+O(502,J4)

6 2
(3.44)
U=U+a* <D32 o (K2U) + g o (K[D; U])) + O(ec?,0%).

'We recall the Leibniz’ Rule : Given f(z,2),a(z) and b(x), where f and % are continuous in x and z, and a
and b are differentiable functions of x,

2 ( / i()) f(w)dz) - / l(’(>) 2 fla,2)d= + (@, bV (&) — f(@, (@) (@),
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By substituting Equations (3.40) and (3.44) into Equation (3.43), this provides the complete
expression of B

B =0 (ép o (K(D? o (K20))) — éD?’ o (K30) — ém(m o (K207))

£ SMTD o (W(D? o (K20)) + 2 D o (K2D; U) — 5D (K(D o (K[D: 0))

+ éIC(Dz o (K[D: 1)) %M‘lDo (ND o (K[D:0)))

— SM*(ND) o (D? o (K20)) + éM’l((ND) o (Do (K[D:; U])))> + O(ec?,0%).

Finally, our new non-dimensionalized system reads (note that we have multiply (3.42) by M)

(3.45) %ME + M[H;U] + MB = 0.
(3.46)
d -, € 2 7 ¥ 5, ,d (D? 277 D > 2 4

To go further, we now investigate the behavior of the vector B by establishing the following
proposition.

PROPOSITION 2 (Consistency results). For any bathymetry d, the additional term B in
Equation (3.45) satisfies
B = 0(ec?, o).

As a consequence, the numerical scheme (3.45)-(3.46) becomes

(3.47) %ME—FM[H; U] = O(ec?, o),
d = 1 72\ 1 T 7 2 d (d 7 2 4
(3.48) aMU—&- 3 WN@O*+Uo(NU))+NE -0 pr (B(NICU)> = O(eo”,0%),

and is consistent with the Peregrine Equations (2.1).

Proof. For a better understanding, we first assume that the bathymetry d = dj is constant.
In this setting, one has D = dyZ and the operator D¢ is no more than the multiplication by the
real dy, that is, for example, D o U = dyU. Hence B is equal to

B =0+ 0(co?, 0%).

More generally, assume now that the bathymetry d is not constant. For any regular function «
and its discrete version (u;)o<i<n, a Taylor expansion provides

A2 3
(3.49) wip1 = u; + Agpug(z;) + fum(xl) + ?wumz(xl) + ...,
and

A2 A3
(3.50) Uim1 = Uy — Dpg () + g (T7) — —ZUgga (i) + ..

2 6
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Combining (3.49) and (3.50), we can prove that, for all ¢ € {0,..., N}

A2
(MUY = () — ueal) + O(BY), (KU): = sl + O(A%),

Plugging these expansions in Equations (3.45) and (3.46), we obtain

2

A dzdwz Ugzz

7 _

3 5
+ (iddizdidm + Eddxdzm)am + ddmdmu)) + O(A) = O(eo?, ),

o , [ d? d, A2 ,d?
Ut + Wllg +Ng + 0 Futmz_i(du)txm +? Ut + Qllg +0g + 0 5 Utaa

a2d<da>m>

> — Uy llgy + ng(dmﬂz)z> + O(AY) = O(e0?, ),

TT

proving that our numerical scheme is consistent with the continuous Peregrine equations(2.1).
In addition, B is equal to

2 Aﬁi <d2dxacuxxa:

B=_—
776 6

+ dewdmam +( §ddizd§dm + éddwdmw)aw
6 2 6
+ ddpydyest + O(Ai)) + O(e0?,0%),

from which it transpires that B contains only terms of order A202, 02

consistent with Leibniz’ Rule). Recalling that Az = O(o), one has

or o* (actually, B is

B = 0?0(A2) + O(eo?,0%) = O(e0?, 0%),

which ends the proof of Proposition 2. ]

To end this section, we return to the physical variables and neglect the contribution of B in
(3.45)-(3.46) to obtain our new numerical scheme for the Peregrine Equations (2.1)

(3.51) %MEJFM[H; U] =0,

2
(3.52) %MU + % (N(U?) 4+ U o (NU)) +gNE+ M% (ZZ o (K2U) — g o (K[D; U])) = 0.
4. Study of the linear dispersion characteristics. The aim of this section is to give
some insights to measure the accuracy of the new method developped in the previous sections.
For that purpose, we exhibit the dispersion relation as well as the shoaling coefficients of the
linearized version of the scheme (3.51)-(3.52). This study is widely inspired by the one proposed
by Dingemans in [11] in the context of slowly-varying water depth, that is we assume that
d = d(Bz) with f << 1. For the sake of completness, we also compare our computations with
the ones performed on the linearized version of the classical scheme (2.3)-(2.4).
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4.1. Linear characteristics of the new numerical model. We first introduce the lin-
earized version of the scheme (3.51)-(3.52) around the rest state which reads

(4.1) %MEJFM[D; U] =0,
d, = d (D* oy _ D ) —
(4.2) MU+ gNE+M— (Go(lc U) = 5 o (K[D; U])) =0.

As usual, when one deals with linear equations, a lot of computations can be performed explicitly.
Indeed, differentiating (4.2) with respect to ¢, multiplying (4.1) by N and substituting the
resulting equations, one obtains a decouple equation on the vector U :

(4.3) MUy = gND; U] + M (l?; o (K*U) - go (IC[D;U])> =0.

In order to exhibit the dispersion relation associated with (4.1)-(4.2), we then look for a plane-

wave solution under the form U = (ﬂz) , where
0<i<N

(4.4) ; = a(t, x;) with a(t, z) = U(Bz) exp <—jwt + éK(ﬁx)) , j%=—1.
Owning the solution U, it is pertinent to introduce the wave number k(Bz) = % (%K(Bw)) ,

and for all i = 0,..., N, k; = k(Bz;). Then, we determine conditions on k and U so that U is a
solution to the linear system (4.3). A Taylor expansion around the point x = x; provides directly

2 / i
(4.5) Uip1 = (1 + B(j%k’(ﬂxi) + AxU Efx) )) a;eltiBe 1 O(B?),

2 / .
(4.6) U1 = (1 + 5(;‘%1«(5@) — AEU%@%)Q ae IRiBe 4 O(B).
In view of (4.3), we deduce that, Vi € {1,..,n}
(4.7)

2A2 / . / .
(NU); = (jk:isinc(k:iAw) — Bkgﬁsinc(k‘iAz)k (lfl‘z) + ﬁcos(kiAw)U ijﬁ%)) Ui + (’)(52).
(4.8)
A2 / . 7 )

(MD); = (;(2 + cos(kid)) + jﬁklcé(cos(kiAx) FOT) | sine(king) 2 g‘“) )> 4+ 0(5%).

Note that it is not possible to plug directly (4.7)-(4.8) into (4.3), due to the presence of the
vector (M~1U) in the bracket [D; U]. Indeed, it is necessary to express each term (M~1U) with
respect to u;. To overcome this difficulty, the idea is to introduce the following new variables :

V=M'NDolU), X=M'NU, Z=M""(DoNU)), W=M"YUo(ND)),

Y =MINX, T= <D0X+§(V—Z+2W)), S=MINT.
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To perform asymptotic expansions of order 32 on these variables. Using these new vectors, one
can rewrite Equation (4.3) into

2

D D
(49) MUtt — gNT + M ( <& }/tt — < Stt) =0

Note first that the vectors V, X, Z, W, Y and T depends only on U. It is then natural to
introduce the following exponential functions (in the same form than 4) v, x, z, w, y,t and
s where V(8z), X(Bx), Z(Bz), W(Bzx), Y(Bz), T(Bz) and S(Bx) denote the amplitude of
functions.It is possible to express these amplitude in function of U performing an asymptotic
analysis with respect to the parameter 8 (see [5] for details).

Using Equations (4.7) and (4.8) and these expansions, one can rewrite (4.9) for all i €
{1,..,n}. Collecting in the resulting equation the term of order 3°, one obtains the expression
of w, forall i =0,..., N,

w? sinc(k; A, )?

(4.10) = — .
9dik?  (L(2+ cos(kiA,))? + il sine(k;A,)2

Furthermore, collecting the term of order (3, one obtains a relation between U, k, and the
bathymetry d :

QU | I | ¥ Br)

(4.11) o U, Qs ; 7 as i =0.

Equation (4.11) describes the effect of linear shoaling since the numbers agl) aglz) and ag%g are

known as the linear shoaling coefficients. Using (4.10), one can compute these three coefficients
(we omit the details for simplicity). Differentiating formally the dispersion relation (4.10) and
assuming that w is constant, we deduce that k; has to satisfy the following condition

(4.12) K(Ba;) _ oy d(Br)

k; S T

This relation is used to compute formally k; for ¢ = 0,..., N and for a given bathymetry and
therefore to obtain the coefficients ag 3, aéll) and 04:(,)11) Finally, following [11], we obtain an

expression of the amplitude velocity U“ for all i = 0,....,.N

(1) (1 (1)
U; () d; (1) i 0
(4.13) = —ag 3 where ag ; = aglz)

In order to find the theoretical amplitude of the surface elevation A, we assume that £ =
(mi)o<i<n, where n; = A(Bx;) exp (—jwt + %K(ﬁxﬂ) . Substituting in Equation (4.1), we obtain
an expression of A; in function of U; for all i =0,..., N

4 k2d2 sinc(k; A,)
Ad \/gd 3 1(2+4 cos(kiAy))

4.2. Linear characteristics of the classical Peregrine model. We consider now the
linear classical numerical model presented in Section 3.

(4.14)

U,.
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14 S. BELLEC, M. COLIN, AND M. RICCHIUTO

(4.15) M%E+é(2N(D<>U)+D<>(NU)+U<>(ND)) =0,

d - 1 -

We reproduce the same procedure as in Section 4.1. The terms of order of 3° gives the linear
dispersion relation, for all i =0, ..., N,
w? sinc(k; A, )?

dsz - —cos(k; ;as ’
IGRT 12 4 cos(hiA,)) (;(2+cos(/ciAm))+1 (’“A”’ﬁdf>

A2
K22
2

(4.17)

whereas the terms of order of 8 provides the linear shoaling coefficients. Again, we obtain the
relation between the amplitude U; of the surface elevation and the bathymetry (see [5] for details).
Finally for this numerical scheme,

d; (1 — cos(k;Ay)) 1 k2d?
418 A, = 1 o iy,
(4.18) \/gdi\/ N kQAL (2 + cos(k;Ay)) 3

4.3. Analysis of the computations. In this section, we study the linear dispersion re-
lations derived in Section 4.1 and 4.2. More precisely, we draw the phase velocity and the
amplitude of the wave with respect to the dispersion parameter ¢ in shoaling conditions for each
scheme and we compare the results with the ones predicted by the linear theory associated to
the Peregrine equations (2.1).

4.3.1. Phase velocity. The phase velocity is usually given by the relation C' = w/k. As
observe in literature, we can consider k and d as constant functions (k = ko, and d = dy see [27]
for more details). Then, the phase velocity of our new numerical scheme (4.1)-(4.2) is given by
(4.10) while that derived for the classical scheme (2.3)-(2.4) is given by (4.17). Our aim is to
plot the two curves (4.10)-(4.17) and compare with the one predicted by the linear theory :

gd

2 _

We first fix the wavelength A\ and we put A, = NLA where N is the number of discretization

points by wavelength. A direct computation gives kA, = 27 /Ny. We recall that o = %, showing
that kd = 2mo. In Figure 2, we draw the relative errors between (4.2) and (4.17) and the phase
velocity predicted by the linear theory. The error er is defined, for each scheme, by

er = 100 (C;PCP>
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FIGURE 2. Comparison of the phase velocity (Nx =5 on the left, Nx = 10 on the right) of the classical and
the new numerical scheme with the one given by the linear theory w.r.t o.

In Figure 2, one can observe that for Ny = 5, the error coming from the new scheme is
acceptable (less than 1.6%) whereas the one of the classical scheme is greater than 5% for depths
bigger than 0.3. For N, = 10, although the error of the classical scheme is better than in the
previous case (less than 2%), the one of the new scheme is much better and stay very close to
0. We conclude here that our new numerical scheme seems to reproduce much better the linear
dispersive effects.

4.3.2. Linear shoaling test. We first recall the expression of the shoaling coefficients
given by the linear theory associated with the Peregrine equations (2.1) (see [11]):

k2d2 1 k2d2
ay =2, 042:2*T, as =1, a4—2<13>’

and the expression of the surface elevation amplitude

R d
3 Vgd

Our aim is to compare, for a given situation, the evolution of the amplitude of the waves
with respect to the space variable x given by the two relations (4.14) and (4.18) and the one
derived from the linear theory. To this end, we perform the following test proposed by Madsen
and Sorensen in [21]. We consider a periodic wave with an initial amplitude ¢ = 0.05 and a
wavelength A = 15 starting from the position z = 100. It propagates over an initial constant
water depth dy = 13. The bottom is flat until x = 150 and it has a constant up-slope of % from
x = 150 to x = 790. We compute the evolution of the wave amplitude with respect to z. For
that, we propose the following procedure. Firstly, we integrate formally the relation between k
and d ((4.12) for the new scheme), given by the differential equation

(4.20) A=/1+

K d’

— = —q4—.

k td
We use a Strongly Stability-Preserving Runge-Kutta method (SSP-RK) to compute the solution
k, using kg = 277’ as initial condition. Then, we substitute this function k£ in the expression of
as, and we compute the amplitude of the velocity U by integrating the relation

U’ d

— = —as—.

U *d
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16 S. BELLEC, M. COLIN, AND M. RICCHIUTO

Again, we use a SSP-RK method and U(100) = a% as initial condition. Then, we deduce
the theoretical amplitude of the wave elevation using Equations (4.14) (for the new scheme) and
(4.18) (for the classical one). Fixing the value of A,, it is possible to compute formally the
surface elevation amplitude for each scheme. The results are presented in Figure 3.

0.06

T T
New scheme
Classical scheme
205 ==~ | Exact solution

).04

.03

.02

.01

100 200 300 400 500 600 700 100 200 300 400 500 600 700
X X

FIGURE 3. Ewolution of the wave amplitude for the two numerical schemes and for Peregrine equations. Left
: Ay =3 (Nx=5). Right : Ay =1.5 (N, =10).

We observe that when A, is small, the curves of the two schemes matched the theoretical
one, meaning that both schemes converges. However, when A, becomes larger, one can see
that the curve computed with the new scheme stay closed to the theoretical one while the one
computed with the classical scheme furnishes a bad behavior of the amplitude of the wave.

5. Numerical experiments. This section is devoted to the investigation of the behavior
of the two schemes (3.51)-(3.52) and (2.3)-(2.4). To this end, we present different test cases : the
propagation of solitary waves over a flat bathymetry, the propagation of a periodic wave on a
flat bottom and on a constant slope. These test cases bring to the fore major differences between
the two numerical models and confirms the preliminary results of Section 4. The choice of these
test cases are motivated by the fact that it is an exact theory. But other tests highlight other
characteristics. The interest reader can refer to [3], [17], [19] or [26].

5.1. Soliton propagation. We first consider the propagation of an exact solitary wave
solution to the Peregrine equations, with an amplitude equal to 0.2 (details on the computation
of this solution as well as mathematical conditions for the existence are given in [6]) over a flat
bathymetry dy = 1. The space interval is equal to [0, 200]. In order to check our implementations,
we have performed a grid convergence analysis. Numerical results have been compared with the
initial profile (which is the profile of the exact solution). The meshes used contain respectively
1000, 2000, 4000 and 8000 points. In Figure 4, we have plotted the L?-norm of the error for
each scheme. The scheme (3.51)-(3.52) provide an error 3 or 5 times less important than that
corresponding to (2.3)-(2.4). We deduce that with the same initial finite elements method, the
new procedure decreases the error.
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FIGURE 4. Grid convergence results for a solitary wave propagating over a constant slope (on left) and of a
periodic traveling wave (on right) for the two numerical schemes.

5.2. Linear dispersion and linear shoaling test. In this section, we want to investigate
the linear characteristics of the two numerical schemes. The idea is to confirm the study presented
in section 4.

Firstly, we remark that there exist exact periodic traveling wave for the linear Peregrine equations
with constant bathymetry. These solutions can be writing under the form:

A
(5.1) n(t,xz) = Acos(kor — wt), u(t,x) = i cos(kox — wt),
do ko
where kg = 27/, A is the amplitude of 7, and % = %.
0 1+ 03 0

5.2.1. Linear dispersion test. The first test case consists in the propagation of an exact
periodic traveling wave solution to the linear Peregrine equations, with an amplitude equal to
0.05 m over a flat bathymetry dy = 13 m and a wavelength A = 15 m (then o = 0.87). The space
interval is equal to [0,150]. We have performed computations for the two schemes with meshes
containing 50 points (5 points per wavelength, and A, = 3), using periodic boundary conditions.

0.08

0.06 -

T
New scheme H
Classical scheme
Exact solution

Amplitude

-0.08 : ‘ : :
0

FIGURE 5. Ewvolution of a traveling periodic wave for the two numerical schemes:

Right : Ay = 1.5 (Ny = 10).

AImpiwue

0.08

-0.08
0

. . .
100 120 140

Left : Ay =3 (N =5).

In figure 5, we have plotted the results of the two schemes and the exact solution. One

This manuscript is for review purposes only.



429
430
431
132
433
434
435
436
437
138
439
440

142
443
444
445
446
447

448
449
450
451
452
153
454
455
456
457
158
459
460

18 S. BELLEC, M. COLIN, AND M. RICCHIUTO

can observe a difference in the phase behavior of the two schemes. The solution computed
with the new scheme (4.1)-(4.2) matches very well the reference curve, while the scheme (4.15)-
(4.16) is shifted. Furthermore, for Ny = 5, the green curves exhibits some small amplitude
defects. But for Ny = 10, one can observe that the classical scheme provides better results
without reaching the precision of the other scheme. It confirms the results presented in figure 2.
Finally, to compare the accuracy of the two models in these conditions, we have performed a grid
convergence analysis. In Figure 4, we have plotted the error in the L?-norm for each scheme,
corresponding to successively 100, 300, 500 and 1000 points.

The slope obtained for the scheme (3.51)-(3.52) shows a convergence of order 3.4 while that
corresponding to (2.3)-(2.4) is equal to 1.5. Furthermore, it is clear that the new model gives
better results with 100 points that the classical scheme with 1000 points. We can deduce from
this analysis that the new numerical scheme better reproduces linear dispersion effects.

5.2.2. Linear shoaling test. To further verify the results of section 4, we have performed
the test case described in this section. Let us recall the procedure. A periodic wave of amplitude
A = 0.05 m and wavelength A = 15 m propagates over an initial constant bottom dy = 13. The
periodic wave has been generated using a relaxation zone method [7]. The bottom is flat for the
first 150 m , it has a constant slope of 1/50 from z = 150 m to = 800 m. A wide absorbing
sponge layers of 60 m long have been used at z = 790 m. The wave propagates during a time of
500 s, in order to stabilize the solution.
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FIGURE 6. Left: Shoaling wave profiles of Peregrine schemes (Ay = 0.85). Right: Theoretical envelope of
the two numerical schemes (Az = 0.85).

Note that, to our knowledge, it is not possible to give an analytical solution in this configu-
ration. We then decide to compute a reference solution using a very refined mesh of 10000 points
(A, = 0.085) and the scheme (4.15)-(4.16). This solution is used as a standard in the sequel to
make the comparisons. The conclusion doesn’t changed if one computes the reference solution
with the scheme (4.1)-(4.2).

In Figure 6, we have plotted the linear shoaling wave profile using a mesh containing 1000
(Az = 0.85) points for the two numerical schemes as well as the reference solution, and the
theoretical envelope given by the analysis of the Section 4.3.2. Clearly, one can observe a major
difference in the behavior of the two schemes. The solution emanating from the linear new scheme
(4.1)-(4.2) matches very well the reference curve, showing that the convergence as already occurs
with a few numbers of points while it is obviously not the case for the linear classical scheme
(4.15)-(4.16). Indeed, the green curve exhibit some amplitude and phase defects. This test case
confirms results given in Section 4, presented on Figure 6 on the right.
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6. Conclusions and perspectives. We have presented a new systematic method to obtain
discrete numerical model in the study of incompressible free surface flows. In order to evaluate
the power of this method, we have considered the case of the so-called Peregrine equations and
performed the computations in this academic situation. We have compared our new numerical
scheme with the one obtained by performing directly a Galerkin method on the Peregrine equa-
tions. Finally, by the use of several numerical experiments, we have shown the efficiency of our
new scheme to reproduce the linear effects although it is similar to the classical one in a nonlinear
regime. Moreover, we claim that the method does not give a unique model. The choice of the
initial scheme applied on Euler equations is an extra degree of freedom.

In the future, we plan to apply this new procedure to derive numerical schemes for Extended
Boussinesq’s models as well as for the Green-Naghdi equations. By this procedure, one of our
goal is, for example, to enhance the linear dispersion characteristics of these models.
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