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The d-distance property
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» Suppose each row a; of A satisfies ||a;|| =1
» Distance of row to subspace generated by other rows is > ¢

» J-distance property
(Brunsch & Réglin 2013)
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Close to ¢
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Lemma

B C{1,...,m} optimal basis of the LP, B' be an optimal basis of LP
with ¢ being replaced by c'.If
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Sampling a point w.r.t Gaussian

» Consider Gaussian
g9(z) = exp(—||lz — ¢/8|]* [2%))
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Sampling a point w.r.t Gaussian

» Consider Gaussian
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Sampling a point w.r.t Gaussian

» Consider Gaussian

Tot@r==exp(- 1z — ¢/8]]*/(2t)) |

» Sample ¢’ according to Gausssian

» If t = 62/n3 then ||c — || <6/(2n)
W.H.P.

» Idea: Random walk keeps track of pivots
with stationary distribution =~ g(z) -
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Walking in the space of cones

If we

» start within cone of feasible solution
» leave a cone only through facet

» do not cross cones in one step

then we can keep track of optimal basis.
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» Partition space of cones into small
parallelepipeds, as in (Dyer and Frieze
1994)

» Consider Gaussian
9(z) = exp(—|lz — ¢/8][*/(2t))
» At given parallelepiped X:
» With probability 1/2 don't do
anything (lazy!)
» Choose neighbor Y uniformly at
random
» Make transition with prob.

min (23]
{1, u(Y)/u(X)} %«7\
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Some basics in Markov chains
» Pe R;rox Y transition matrix

» Distribution: 7 € RY, with

ml=1

» After ¢ steps: = n P! g TEe T

» Stationary distribution: P= AN M1y 5 aS=1
T P = 75 Era...-.._..\.; \;.C_\a A. Y

» Questions: Does 7, exist? Is it
unique? Does random walk Te = ?2-®
converge to Ts and how fast? [ ?'t- - a_\’- T



The lazy Markov chain with Metropolis filter

QO - QX yd= Qiy)/-v_wnj
» Time reversible! @
» Stationary distribution:
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Markov chains: Stationary distribution and Eigenvalues

towwste A r P-TY=0 @®sWM=0
» T, is left Eigenvector with

Eigenvalue1 &
» All Eigenvalues are |- | <1 L Seppew von (€-3) Lm-2

vonh( °- $) =wn-Aa

» Uniqueness: Dimension of \,-.l., ® P.o=g, U LA
Eigenspace for 1 is one.

» rank(P—1I)is V — 1 < % o Ll
Otherwise Jv 1 1 with Pv = v N ’

U s wess of Sltoptteowry a:\whaal
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The lazy case: Apin = 0 (-_,_.,1

Suppose all diagonal entries of P are > 7y

» P=(1-7)P+ (1—(1-9))I with

~ 1 1
» Eigenvalues of P:

A= (1=t (1= (1-7)
> >0ify > 1/2

J
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The lazy and time-reversable case: Convergence proof
|9t 206 v)= o) -p(Y,X)l :

V'acx) Y Qcy)

A—- - Vae A=
b/c'ﬂ pOny) - T&ew Aksyy - PLYI ) 1"52;)

&ﬁn $ Y mebt pme bo. A, ? lave  dowm
@
Ccy...oulm o ’p )
%) A 5B =
A A=A Uy MaTMare panUs "

y ) e.n\k | g \"/"“'(‘h us



Conductance and Cheegers inequality

e=o- oF 3 b s
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» Ergodic flow: & foon b ®
Q(A,B) = Z . (X)p(X, V)|
XcA,YEB
» Conductance:
voin
&= mur Q(A,A%)/m(A) Tk
0<ms(A)<1/2 k ,A. ﬂquM-n Uare b fAw un A
» If Pisa rever5|b|e Markov chain, then Jane oo F P k. Qo -+
b &Y .F-l‘-
P
28 >|1 A2>% ' r(n. ”3’) )

» In our case: Rapid mixing if
conductance is > 1/poly(n,1/6)



An isoperimetric inequality
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Isoperimetric inequality

K C R™ convex body andJg(z) = e~ I*~#I°/29°) Gaussian. For any set
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Small enough parallelepipeds

If N >3n/t

» For two points z,y € R™ in the same parallelopiped P that intersects
the unit ball, we have
————

9(z)
9(y) =2




Conductance of set S contained in unit ball
Q

» S set of parallelepipeds in unit ball

» A={(P,P'): Pc S,P' € N(P)\ S}
> @(S@Z(P,Pr)@ Q(P)B(P,P)/Q(S)
> =2 (p,pyea QP)P(P, P)/Q(S)
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g9(z)dz & "
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» Random walk is rapidly mixing




Main result

Theorem
There is a random edge pivot rule that solves a linear program using

poly(n,1/d) pivots in expectation. q
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